On the Possible Trajectories of Spinning Particles.
I. Free Particles

A. N. Tarakanov

By means of the method of moving Frenet-Serret frame the set of equations of mo-
tion is derived for spinning particle in an arbitrary external field, which is determined by
potential depending from both position and the state of movement, as well as by two pseu-
do-vectors one of which is easily associated with external magnetic field, and another still
remains undetermined. The equations give a possibility to describe the motion of both mas-
sive and massless particles with spin. All solutions of the equations of motion in the ab-
sence of external fields were found, and besides, we give more precise definition of a free
object. It turns out that the massive particles always possess a longitudinal polarization.
There are possible transversal motions of the following types: 1) oscillatory motion with
proper frequency, 2) circular motion, and 3) complicated motion along rosette trajectories

round the center of inertia with the velocity, varying in the limits v . <v <w . Free
min max

massless particles can either fluctuate or move along complicated paths around fixed cen-
ters of balance, when the spin of the particles can have any direction.
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1. Introduction

Explanation of electrodynamic phenomena by means of an interaction of moving electri-
cal charges goes back to the theory of Weber which has analyzed experiments of Ampére and
has established «the fundamental law of electrical action» for the force of interaction of moving
charges, depending both on the relative position of charges, and on their state of a motion [1],
[2]. Alternatives of the Weber’s theory, distracting from how much they have appeared adequate,
were considered by Gauss ([3], S. 616), Riemann ([4], S. 326), Clausius [5]-[7], Edlund [8],
while Tisserand [9] and Zdllner [10] have extended the Weber’s law to gravitation, believing that
laws of Newton and Coulomb are only approximations of the more general Weber’s law which
should be applied to interaction of atoms which structure was not known yet about. If these theo-
ries are to be considered as first steps in an establishing of real electromagnetic interaction, then
Maxwell has initially refused from any “assumptions as to the physical nature of electricity, or
adding anything to that which has been already proved by experiment”, using hydrodynamic
analogy for electromagnetic field ([11], p. 30). In equations of motion with force which Lorentz
has added to the Maxwell’s equations, charged particles are assumed to be pointwise so their
proper angular momentum is not considered. After the discovery of electron spin there was a ne-
cessity of its account in equations of motion that has partially been made within framework of
special relativity and quantum electrodynamics (see, e. g., [12], [13]). It became clear after theo-
retical discovery of Zitterbewegung by Schrodinger [14] and numerous papers devoted to it, that
the spin makes essential impact on a trajectory even for the free particles. However a possibility
of taking account of spin in terms of classical nonrelativistic theory has not been properly ana-
lyzed.

In the papers [15]-[18] an idea was proposed for the description of objects with internal
degrees of freedom (spinning particles) by generalization of the Second Newton’s Law, and clas-
sic non-relativistic theory of such objects interacting with external fields has been developed.

Pseudo-vectors S =¢s+S™ and C = —gﬂés + C**, included in the equation of motion, con-
tain pseudo-vector of spin s, representing internal degrees of freedom of the object, and pseudo-
vectors S™ and C™* determined by external fields. Constant ¢ has dimension of the inverse

square of the velocity dimension. When ¢ =—c, where ¢ is the velocity of light, equation of
motion reduces to non-relativistic limit of the Frenkel-Matisson-Weyssenhoff equation [19]-[22].

" Electronic address: tarak-ph@mail.ru



Consequence of the equation of motion is equation of energy balance, which is an integral of
motion only at certain condition.

In [17]-[18] solutions are found for non-relativistic equation of motion for free mass point
in the center-of-inertia reference frame (r. f.), which generally does not coincide with the center-
of-mass r. f. moving through the complicated trajectory around the direction of movement of the
center of inertia that can be interpreted as Zitterbewegung. In this connection a particle should be
considered as non-inertial r. f. with some structure, whose spin is classical proper angular mo-
mentum. The main conclusion, which was done in [15]-[18], lies in the fact that the electric
charge should not be seen as a physical quantity characterizing electromagnetic interaction, but
as a consequence of the presence of the particle spin. Then electromagnetic interaction can be
interpreted as interaction of the spin with external field. So the question arises, how the motion
of spinning particles in an electromagnetic field and their interaction with each other can be as-
sociated with the behavior of charged particles considered in the framework of the standard
(classical or quantum) electrodynamics.

The structure of this paper is as follows. In Sec. 2 the equations of motion in any external

field are obtained. It follows that pseudo-vector C™* represents an external magnetic field. Us-
ing the method of moving Frenet-Serret frame equations of motion reduce to the set of equations,
applied for obtaining of trajectories of both massive and massless particles. It is shown in Sec. 3
that the definition of “free object” allows existence of non-zero potential function. All solutions

of free equation of motion determining by conditions U /oR =0, S™ =0, C* =0 are ob-
tained. Interestingly, the equation of motion admits solutions corresponding fluctuations of mass-
less particles with arbitrary spin direction about the fixed center of balance. Conclusive Sec. 4
includes short discussion of the results. Appendix contains information on the moving Frenet-
Serret frame.

2. Equations of Motion in-Arbitrary External Field

The equation of motion of a particle with spin in an external field can be written as the
Second Newton’s Law dP / dt = F([15]-[18]), or

d - ou d[ou d -
— mV Vv 2 V]i=——+—|— C* xV]——[S™xV], (21
dr o Felsx V] + lsx V] 6R+dt[ﬁv]+[ <Vl dt[ xV], @)
where
F=F +F~, (2.2)
is a force, containing the gyroscopic force,
F = —c[sx V], (2.3)
arising due to non-inertial object, and external force
ou
F* = ——— +[C™ x V], 2.4
o TICT V] 24)
Here
2 ex
U=U,+([RxV]s)—([RxV].C™) (2.5)

is potential energy of interaction, €, is Zitterbewegung frequency of free particle.
Dynamic momentum of the object

.. ou -t v
P:Pkin+A:m0V+g[SXV]_8_V+[S‘tXV]’ (26)

contains proper kinetic momentum
P, =MV +glsx V], (2.7)

ki
which does not depend on external fields (that’s why we should include here the term g[s x V] ),
and addition
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arising due to interaction with external fields (that’s why we should not include in A the term
cls V] ). This addition leads to a renormalization of the force F, so that the change of the prop-

er kinetic momentum (2.7) is determined by the right-hand side of the equation of motion (2.1),
which can be compared with the Lorentz force, if we put

oU  d(ou ) U dA
E J— e _ Sext V - _ . .
R dt[av 7 ]] oR dt’ (29)
B=_C, (2.10)

which shows that addition (2.8) has a role of vector potential, introduced by F. E. Neumann
([23], [24]). However, as distinct from standard definition of the electric field (2.9) contains total
derivative of the vector A with respect to time, but not the partial one.

Assuming magnetic field has to be caused exclusively by moving charges, i. e. by parti-
cles with spin, for determination of magnetic induction B in terms of interaction potential one
should consider the problem of two interacting particles with spin, what will be done in a sepa-

rate paper. For the purpose of this article it is enough to accept the identification of C™ with
magnetic induction, according to (2.10).
If we assume the definition (2.9)-(2.10), the equation of motion (2.1) takes the form

%(mOV +efsx V]) = E +[V (B + c39)], (2.11)

coinciding with non-relativistic equation for a charged particle in electric and magnetic field at
s=0.
The equation of motion of the spin is given by
§=[Qxs], (2.12)
where € is angular velocity of spin precession.
Equation (2.1) leads to the equation of energy balance

d& U <, 0U
‘=N — .\ 2.13
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where
V2 : :
g:moz +g(V-[s><V])+(V-[Se’“xV])—(V-Z—\ZH—U (2.14)

is total energy of the object.
It'is necessary to say a few words about the structure of potential function (2.5), defining
an interaction of the object with fields produced by external sources. Every source can be con-

sidered as a collection of point sources, characterized by the radius vectors R, and their deriva-

tives V.=R ,V,, ..., k=12,..,K, where K is the number of sources. Since the potential
function is a scalar, its dependence on time, coordinates, velocity and accelerations can be ex-
pressed as

U=UtIR-R,||IR-R, ;.| R=Ry ;]V=V, ;... ] V™ =V |) =

K
=D U GIR-R LIV =V |, [V =V, (2.15)
k=1

where U, is a potential function of interaction of k-th point source with the object in question.

Representation of the potential function as the sum of (2.15) may be considered as an expression
of the principle of superposition: the contribution of each point source in the interaction does not
depend on contributions from other sources.

In view of (2.15) we have
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If all point sources a flxed, then V. =0 and
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Letar. f. K', whose origin in K is specified by radius vector R, be the r. f. moving

relative to absolute one with the velocity V.
in absolute r. f. K, in moving r. f. K'. Then
R=Ry,+r, V=V, +Vv, ..., (2.18)

where r and v are radius vector and velocity of the object relative to the origin of K'. It is easy
to see that relations (2 16) in K’ are the same form as in K, i. e.

-r) 8U BU K (V—v,) oU
— ,....(2.19

8R Za|r r||r—r| or Z8|v vV, [V~ v| ov (2.19)
Substitution of (2.18), (2.19) into (2.1) leads to the form

Let’s represent the equation (2.1), written down

i(moV+€[5><\'/])+§QS[S><V]+ (m (K9 +§[SXV(K0]) + e[ x V1=

dt
5U d 8U ext ext
:—E't'EE—F[VXB]——t[S XV]+[ (K')XB] [S (K’)]
There is no necessity to use vector potential to describe the motion in a constant electro-

magnetic field. In this case electric field is defined as

(2.20)

. o A (2.21)

whence it follows
U= —f(E CdR) + u(V, V, V..., VM) = —f(E-dr) Fu(v, v, YY), (222)
where u(v,V,V,...,v™")) = 0-for the rest particle.
On the other hand, in the case of varying field its dependence on time may be considered

in potential function (2.15) together with conservation of the definition (2.21) instead of general-
ly accepted definition E =—VU — 0A /cot in Maxwell electrodynamics. Then the equation

(2.1) will become

dt B, =E+[Vx(B+gys)], (2.23)

which coincides with classical equation if conditions s =0, du / OV —[S™ x V] = const are
fulfilled. As a result (2.20) turns into

:t(m v—gt+g[s><\'/]+[Se“x\'/]j+gQ§[sxv]+

d ’ ex y
Olt(mv(m+g[s><v(m]+[s % Vi 1)+ %[5 % Viey 1= E+[VxB]+ [V, xB] . (2.24)

In the moving r. f. K’ relations V,,, = 0, \'/(m = 0 should be fulfilled. Therefore equa-

d [ V—a—-t—g[sxV] [S™ X V]

tion (2.24) is splitted into two equations

gt(m v—ngrg[s><\'/]+[SeXt xV]jJrgQS[sxv]: E+[vxB], (2.25)
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We shall introduce in K' orthonormal basis (A.1)-(A.3), where the velocity V should be
replaced by v. Then any vector or pseudo-vector can be expanded in this basis. Hence

+ 65 % Viy 1+ [S™ x Vi) 1) + 6% [ Viyy 1= [Vy X BI. (2.26)

Q=Qe +Qe +Qe, (2.27)
S=s€ tse +s56€ =|s —5 (VV) X+s UV‘ +5, [v > ] , (2.28)
o Co vy o vVl P [vx ]|

and it follows from (2.12) that s* =s* =s’ +s?+s = const. Substitution of (2.28) into (2.12)
gives equations

§ =Qs +(vK~-Q)s (2.29)
5 =(Q, —vK)s + (T -Q)s,, (2.30)
§,=(Q —vT)s —Q s, (2.31)

only two of which are independent since any equation is derived from a linear combination of
the other two. If (2.27) is the Darboux vector (A.9), Q =Q_, then (2.29)-(2.31) imply that spin

components s, s and s are constant. In addition, (2.28) ‘leads to the relation

(V-[sxV]) =—s |[vxV]|.
We choose the r. f. K’ so that its velocity was orthogonal to the plane of vectors v and V.
When it is inertial frame, then V(m = 0. In this case the binormal direction is kept constant

[V x V]

Vi = Voo T = 1ol (2.32)
i. e., as it follows from (A.8), the torsion vanishes
T = M =0, (2.33)

[V x V]
which greatly simplifies the equation of motion.
For the sake of simplicity we assume that the source of the field U is at rest and function

u does not depend on accelerations Vv, V,...,v™") of the particle. Then

d ou d| du du . d| du du . . d [ du
——=—|—V|=—V+—| — |V=—V+(V-V)—| — |V. (2.34)
dt-ov < dt \vdv vdv dt \vdv vdv vdv \ vdv
We seek a solution of equation (2.25) in the form
v(t) = v(t)e, = v(t)[cosD(t)e, +sind(t)e, ], (2.35)

where e, e, are unit vectors of coordinate system in the plane which is orthogonal to the Z ax-
is in absolute r. f., e, =e_ . In view of the spin components s_, s , s can be either positive or
negative, we can assume that @ > 0. Then the spin of the particle according to (2.28) is equal to

$=(s cos®~s sin®)e, +(s sin®+s cosDe, +s¢e,. (2.36)

In view of (2.34), (2.36), (A.23) equations of motion (2.25), (2.26) and spin precession
(2.12) are



i[[mov _j_u —(gs, + S;“)mb)coscb —(gs, +S5*)vsin cb}ex +
v

+%Km0” _j—u— (gs, + S;“)véjsin@ +(gs, + SZ*")‘t)q')cosq)}eY -
v

—¢5,0Q [sinde, —cosde, |+ s, (vd +id) — g5, (i + Q) |e, + (2.37)
+%[(S§% +SPvd) sin @ + (SP'vd — SP5) cos ® Je, =

= (E, +vB,sin®)e, +(E, —vB, cos®)e, +(E, +vB, cos® —vB, sin®)e, ,

%[\/M (S5 +gs.Sin® +g5, cosd))]eX +[gs,SIND +¢5, COSD| QN8 —
‘%Nm (SP* +¢s.cosd —gs, sin CID)]eY +[gs,siN® —gs, COSD|QNV ey +  (2.38)
MV 182 = Vier Br€x +VierBx®y
§=[Q, xs]= Ci)[—(sT sin® +s cos®)e, +(s;cos® —s_sinD)e, } : (2.39)
where
[VX V] .
Q, = Q,¢, = vKe, = === e, (2.40)

It follows from (2.38), that \/'(Kj =0 at my=0, i. e. moving r. f. K is inertial one,
Viky =const, so that (2.38) is equivalent to equations

s Q2 =B, sin®=B, cos®, (2.41)
gsth =-Bycos® - B, sin®, (2.42)
whence it follows
¢'(s"+ 520 = By + B, (2.43)
’(sB.~sB ’(sB, +5 B
sinw = L5 By) | opy o Ehle By * By (2.44)
B} + B, B, + B,

Note that the relation (2.43) contradicts to the condition €, =const when the projection

of the magnetic field B onto the plane (XY) is not constant. Therefore, in general, it should be
assumed that either the frequency Q, may be variable, and its dependence, as well as the same

dependence of function @, on time and coordinates are determined by the relations (2.43) and
(2.44), respectively,or s =s =0, B, =B, =0.

In the case m, =0 the moving r. f. K’ may be non-inertial one. Then (2.38) reduces to
the set of two equations

%[V(KsteXt] + [gsT Vi + QN e)) — gsn\/'(mcb} sind + 2.45)
+[ 68, Viy + QViy) + 65V, ® |COSD + BV, =0,
%[\/Ms;ﬂ +[ 65, Vigy + QN ey) — 68,V ® |COSD — 2.46)
[ 68, Viy + QVy) + &5V, ® [SiND + BV, =0.
The energy (2.14) is conserved and may be represented as a sum of energies,
E=EN 1N 1€, (2.47)
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where

AL oU
®) _ 0 VK) ext
& 5 M '—av(K,)) + (Vg -[(68+5™) x V. ]) (2.48)
is an energy of the r. f. K',

v U _

& =0 (v- S+ U+ (v [(g5 + ™) x V]) =
2, ; ov (2.49)

myv U ext
=Ty g tus s Ese

is the self-energy of the particle in the r. f. K',
55” = my(V - Viey) + (Vyey (68 + ST) xV]) + (V- [(65 + ™) x V) =
” [U(D (ss, + Se"t cos® + 5. sin @) — o(gs, — Sy sin® 4.5 cos CD)] +  (2.50)
+ V(K,)U(gsn — 57 sin® + 57 cos D)

is additional energy due to movement of the particle relative to r. f. K’.
From (2.49) it is easy to obtain the relation

oxt . . oxt d du
(¢s, + 5, )(U(I)+2vd))+vSZt<D:—[mv——]. (2.51)

dt
In view of (2.41)-(2.42), (2.51) and V'(m =0 for massive particles (2.37) reduces to the

set of equations
E, cosd+E, sind=0, (2.52)

(mov —g—u)d) +(g8, + S (i — vD?) + SF%+ (5,0 + B, )u=—E, sin® + E, cos® , (2.53)
v

%[gSTUCb — 5,0+ (SP%0+ Stud) sin @ + (SZvd — SP) cos @ | = E, . (2.54)

For massless particles one should set m, =0 in (2.53) and instead of (2.41)-(2.42) one

should use (2.45)-(2.46). We emphasize that obtained system of equations holds for arbitrary ex-
ternal field produced by stationary sources, potential of interaction with which depends on the
velocity of particle.

To conclude this section we note that the dynamic momentum (2.6) of the object can be
represented as

P =Py, +P+P,, (2.55)
where

Py = MyVyey +6l8 % (m] [S™ x V(Kﬁ] (2.56)

is-a kinetic momentum of the r. f. K’ in absolute r. f. (with no interaction we have V Vi, =0 and
Py = MViy)

ou
=mV——+[S™xV 2.57
p=my——+] ] (2.57)

is a dynamic momentum of the particle (excluding spin) inr. f. K',
P, = ¢[s x V] (2.58)
IS a spin momentum that exists when the particle has spin.



3. The motion of free Particle
In [17]-[18] there considered equations of motion (2.1) and (2.12) for the case U, =0,

§** =0, C* =0, and all solutions of them are found. By definition an object will be free if
the latter two conditions are fulfilled and the force (2.2) vanishes at all time. Then U, =0 is
special case of the condition dU, /6R =0, whence it follows that I/, may be function of the ve-
locity and accelerations. On the other hand, if free object will be defined by the condition
AU /R =0, whence U = u(t,V,V,V,..., V™) then in the I. h. s. of (2.1) a term (2.3) remains

that makes sense of gyroscopic force. If U does not depend explicitly on time, and velocity, and
accelerations, then it is constant, and it may be set zero. It is easy to show in this case that joint
solution of (2.1) and (2.12) leads to the fact that spin of the object is always collinear to the ve-

locity V which remains constant, VV =0. Hence, the force (2.2) vanishes, and (2.5) gives
U =U_, so that the object in question moves inertially in total concordance with standard New-

ton’s mechanics.
If U=u=0, then one should be based on (2.52)-(2.54) and (2.41)-(2.42) for massive par-

ticles or (2.45)-(2.46) for massless particles at E=0, B=0 and S™ = 0. It follows from
(2.41)-(2.42) that s. =0, s, =0, and (2.45)-(2.46) reduce to the set

S N(M + Q(2>V <Kn) = Snv(qu) ’ (3.2)
Sy (Viy + Q(Z)V ) = —SV @, (3.2)
which are valid also when s_#0, s, # 0. Equations (2.52)-(2.54) reduce to
(mov—%}b =—¢s, [+ (Q2 - D], (3.3
i[smb—s ]=0, (3.4)
dt I n

where (3.4) takes place for massless particle and becomes identity for massive one.
Substitution of (2.51)at S;" =0 into (3.3) leads to

. QZ )
%[H@ °“J+@c1>:0, (3.5)
whence it follows the first integral
. QZ 2
u +0° + Q%° = D? = const, (3.6)
and
: i + Qv
— 0
D = \/Dz — o7 (3.7)
0
Now substituting (3.7) into (3.3), we obtain the equation
mov—du/dv . (i + Qv
e (U + Q2v) = —¢s, (U + Qv) [ 1— "> | (3.8)
\/DZ—UZ—Q(Z)UZ D* —v" = Qv

which is valid in two cases: |. U + Qév =0, ®=0,and Il. ¥+ ng #0,® = 0. Let us consider
them in details.
1.1. my 20, 5+ Qv=0, =0, s. =s = 0. Inthis case we have
v =1, cos(Qt +9,), (3.9)
whence it follows



V(t) = v, cos(Qt + @,)(cos e +sinde, ). (3.10)
The equation of the trajectory in the absolute r. f. is given by

R(t) = R(0) + ;;—O[sin(QOt +¢,)—sing,|(cosde, +sinde,)+ V. te (3.11)

K) 'z
0

I. e. the particle has a longitudinal spin polarization and oscillates in the plane (X,Y) around the
center of inertia moving along the Z axis with velocity V, = V(K) At QO =0 oscillations are
absent, and particle moves along the Z axis in accordance with the law of inertia of Galileo-
Newton.

.2. m,=0, 1'}+sz:0, ® =0. Equations (3.1) and (3.4) give s, =0, s #0,

V(Kj +Q§V(K, =0, Vixy =Viky COS(t +¢,) . Thus, we obtain a trajectory

R(¢) = R(0) + ;;—O[sin(Qot + ) —sin g, ] (cos De _ + sinDe, ) +
V 0 (3.12)
KX [sin(Q,t + ¢ ) —singp]e, ,
QO
which in general is an ellipse, transforming into either circle at Ap =@, —¢p, =(2m+1)7z/2 or

line segment at A =mz, where m is integer.
Il. The second case of equation (3.8) for function wu(v) is specified by conditions

i+ Qv=#0, d=0,s =s =0.Wehave

Q,
d“ L . (”_+ ”2 2 }J fes,DP Okt (3.13)
JD* - 9" - Q
Substituting (3.7) into (2.49), we obtain
2 Qv &
du l[ gs(v+ ) __(2,’ (3.14)
dv v \/DZ v

whence it follows

u(w) = o DF — 7 — O 4 €, (3.15)

Equation of motion has the infinite set of solutions, one of which corresponds to

O =Q t,where Q =+ Qé = const . In this case equation (3.7) admits first integral of mo-

tion \/Dz —4* =" + Qv = F = const, which reduces to equation for velocity

0 =4|D? — F? + 2FQ v — (QF + O’ . (3.16)
Substitution of (3.16) into (3.7) leads to equation
b+ (0 + Q0w =FQ_, (3.17)
which has general solution
FQ
u(t) ===+ cos(gt+ @), x =+, (3.18)
X
FQ .
v(t) = [ 2 + v, cos(yt + qoo)] (cosQ te, +sinQ te ). (3.19)
x

It follows from (3.16) and (3.18), that velocity may vary in the limits v = <v<wv_
where



FQ FQ DZZZ _ FZQZ

0
v = }(ZD ~v,20,v = ;(—ZD +,, v, = 7 : (3.20)
For u(v) we obtain the expression
2
m.v
uv) = ——+gsv| F—Qu|+E,. (3.21)

(2.18) and (3.19) lead to the law of motion for both massive and massless particles with
longitudinal spin polarization

R(f) = R(0) + = [sinQte, +(L—cosQ,tle, | + V. te, +
X

K~z

v . . .
+ 2;;2 [(r —Q)sin[(x + Q) + @]+ (1 +Q)sin[(x — Q) + ¢, ]~ 2xsing, |e, —
0
v
_ 2;;5 [(Z —Q Jcos[(x +Qu)t + @ ] — (¥ + Q) cos[(x — Q)L + @, |+ 2Q COS¢0:|€Y .

(3.22)
Initial phase in (3.22) may be put zero, ¢, =0; then, ¢, =0 corresponds to rotation of the plot

by the angle ¢, in the plane (XY). In the center-of-inertia r. f. the motion is in a plane perpen-

dicular to the direction of spin. In general, the trajectory is a rosette, the form of which is shown
in Fig. 1 for v, =0 and Fig. 2 for v, =0.

O<t<5 0<1<50 0<r<300
v, =0,36, ,=3,0, Q,=2,5, v, =005, v, =077, ¢,=0

Figure 1. Types of trajectories (3.22) of free massive particle v = <v<w

max

—~

y
CAN
SN
:g I/

0<1<50 0<1<300
'U(]:()asl QD=Q{):3,O, vmin:()l vmale’ ‘p{,‘l:o

Figure 2. Types of trajectories (3.22) of free massive particle 0 <v <wv

ax
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The closed path can be obtained from the condition v(t+T)=v(t), which leads to the
condition QT = 2ms, implying the ratio my =1Q,, or
m’Q = (I —m*)Q; (3.23)
where 1=1,2,..., m=—1+1-1+2,.,012,..,1-1, and m=0 corresponds to 2, =0, i.e. to
oscillations along the X axis. Examples of closed paths for | =2,3,4 are shown in Fig. 3.

/= 2m—1 ]:3 m=1
[=4, m=1 =4, m=2 =4, m=3

Figure 3. Shapes of closed trajectories (3.22) of free massive particle

Note that there is another possibility that the equation of motion (3.3)-(3.4) are satisfied.
lIl. v =0, v =1, = const. Then'it follows from (2.49), (2.51)

d|du : du :
—_— | —F s v :0,——1— S’U(D:C’ 3.24
dt[dv *% ] PR (3.24)
2 du 2
u(v) : [ s (3.25)
Equation (3.3) reduces to
2
My + ¢S, O _du gs,pd=C, (3.26)
d do
whence
2
D=Q, _ S5 %% _ ot (3.27)

— My
As a result we obtain following solutions.
.1 my >0, v=v, D=Q_t, s, =s = 0. Trajectory looks like helix along the Z axis

R(t) = R(0) + ;;—O[sin Q_te, +(1—cosQ_te, ]+ V. te, (3.28)

K)
D
De facto this solution coincides with solutions 1.1, 1.2 from [17], [18].
2. m=0, v=v, ®=Qyt, s =0. From (3.1) we find V,+QN, =0

Viky =Viky C0S(Qt + ) . Then the conservation of total energy (2.47) leads to s =0. Trajectory

IS represented by radius vector

11



v
R(t) = R(0) + ;;—0 sinQyte, +(1-cosQpte, | + - L2 [sin(Qyt + ) ~single, . (329)
D 0

I. e. the particle performs complex movement around the stationary center of balance. At
Q, = Q, the trajectory, which looks like three-dimensional Lissajous figure, becomes an ellipse

(@t Vi
in Fig. 4.

# v, ) or circle (at Vi =V OF Viepo = 0). The shape of non-elliptic trajectory is shown

Figure 4. Type of trajectory (3.29) of free massless particle
Qp 19, =12,V /v, =215

4. Conclusion
We summarize the results of this section. We assume that in a homogeneous isotropic
space behavior of a free spinning particle is described by equations (2.11) (with E=0, B=0)

or (2.23) (with E=0, B=0, S = 0)and (2.12). The problem of the dependence of poten-
tial function (2.15) and its physical sense requires special scrutiny. In this paper, solutions of
equation of motion are found at quite natural simplifying assumption about the dependence of
potential function on the velocity of the particle relative to an arbitrary moving center of inertia.
As a result we have the following types of motion.

1. Oscillatory motion of massive or massless particle with longitudinal spin polarization
in the plane, which is orthogonal to direction of movement of the center of inertia, described by

radius vector (3.11). At Q, = 0 oscillations are absent and particle moves uniformly in a straight
line. The self-energy & of the particle may have any constant value, u(v) = mgv® 2+ Cv+E,.

2. Oscillatory or cyclic motion of massless particles around fixed center of balance with
proper frequency €, described by the law (3.12). Spin S = sr(cos <DeX + sin CDeY) +5.8, hasa
constant direction. The self-energy & of the particle may have any constant value,
w(v) =Cv+&,.

3. A motion of massive or massless particle with longitudinal spin polarization along
complicated trajectory (3.22) clockwise (€2, > 0) or counter-clockwise (€2, < 0). The velocity

of particle relative to the center of inertia varies in the limits v . <wv <wv__ . Condition of closed

trajectories leads to the relation (3.23), which implies that the integers | and m are as similar to
the values of orbital and magnetic quantum numbers.
4. A motion of massive or massless particle with longitudinal spin polarization along he-

lix (3.28) clockwise (€2, >0, s, <0) or counter-clockwise (€2, <0, s, >0) with constant ve-

12



locity v, relative to the center of inertia, which moves in absolute r. f. with constant velocity
V. = V(K,)eZ.

5. A motion of massless particle along complicated trajectory (3.29) around fixed center
of balance. Spin s = s e, is precessing around Z axis with angular velocity Q.

6. Besides the above types of motion, presumably, there may be other solutions corre-

sponding to @ = const. Potential function and function @ in a one-to-one manner determine
each other. Their choice should be determined on the assumption that time interval of motion
between two points of real path should be minimized, as required by Fermat’s principle. Howev-
er, it is not clear how it can be applied in this case.

In the cases above the movement comes from the infinite past to the infinite future. Most
of the real problems is that a free particle flies in a certain region of space where the field is pre-
sent, and then departs from it, again becomes free. Therefore, solutions of such problems can be
obtained by combining the results of this paper with solutions that will be obtained in subsequent
papers devoted to the motion of spinning particles in external fields.

Pay attention to the fact that the equation of motion allows the solution (3.12) and (3.29),
corresponding to oscillations or movements of massless particles about fixed points balance .
This suggests that the space can be filled with such particles, forming immovable Cartesian ether
filled with vortices. However, discussions on this topic are beyond the scope of this article.

Appendix A. The moving frame

As it is known from differential geometry, with any trajectory of material point, moving
in three-dimensional space, one can associate the moving frame, formed by three orthogonal unit
vectors, called the tangent, principal normal and binormal. They are expressed as follows

V85
e :V:R =le xe,], (A1)
V[V xV] VV-(V-V)V
"IV VI T VIV (A2)
_ [R'x[R"xR] =R"—(R'~R")R'=[e ‘e,
[R'[R">xR]|  [[R"xR"]| v

J= DL IRORL e e, (A3)
I[VxV]| [[R'xRT]
respectively, where the point means differentiation with respect to time t, whereas the prime
means differentiation with respect to natural parameter s (length of trajectory arc), defined by

dS t t
g s:!V(t)dt:£|V(t)|dt, (A.4)

sothatd /dt =()=Vd /ds= V().
Basis vectors (A.1)-(A.3) satisfy the orthogonality conditions

(e,-e,)=0, (e, -e,)=0, (e,-e,)=0 (A.5)
and the Frenet-Serret equations

d
de{ —6 = Ve =VR"=[Q° xe | = VKe_, (A6)
de 2 ’ D
— =8, =Ve =[Q%xe]=—VKe +VTe,, (A7)
de, . , b AS
E:eb:Veb:[Q xeb]=—VTen, (A.8)

where
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Q° = V(Te, + Ke) = LV VD y MV [RERURD oy RxR7 | (ag)
f [V x V] V? [R'xR"]
is Darboux vector defining the angular velocity of the moving frame,
1 |[[VxV]] y
K=—=———2=|[R"xR A.10
= =l RxRY (A10

K
Is curvature, R, is curvature radius of the trajectory in the given point,

1 (V- [VxV]) (V-[VxV]) (R-[R"xR") (R-[R"xR")

RT [V « V]Z VGKZ [R/ % R!!]Z KZ ( )
Is torsion, R; is torsion radius of the trajectory in the given point,
QD
K, _| y |:«/K2+T2 (A.12)

is total curvature of the trajectory.
Differentiation of radius vector R with respect to natural parameter gives

R’:e = —, A.13
=y (A.13)
: £\
R,,:Ken:_[vx[v\/‘txv]]zvv ‘(/\4/ V)V’ (A14)
R"=K'e +Ke =K'e —K’% +KTe, :%R”—KZR’+KTeb =
__[vx [‘\//sx V] [Vx [;,/5)( V]| + 4(V.V)[\‘;7>< [VxV]] _ (A.15)
V. 3V-VIV VAV (V-V)V 4V V)RV
_?_ V5 p VS ] VS + V7 :
RY=K" +K'¢ -2KK'e —K’ +K'Te +KT'e +KTe, =
= 3KK'e +(K"=K°-KT%)e +(2K'T +KT')e, =
' i rmr " 12
_2K'T + KT R,,,_(K2+T2+KT K'T 2K jR"+ (A.16)
KT KT K?
+%(KT' _K'TR',
where
R/ R” . Rl Rﬂl RI2 RII.RW _ RI.RH R!'Rm
- (RxRTR<RY) _R*RRY)-(R-R)R-R") A7)
[[R">xR"| [[R"xR"|
Koy < WXV V]) 3V V)[[VV]]
ViV x V]| Ve (A18)
VAV V) =VAV V)V V) =3V V)V V] '
VoIV x V]| ’
r. " (4) '
m_ (R-[R :R ])_ZTK, (A19)
K K
7oy = VoV X \2/]) _2AV [V X V])([V.XAV] [VxV]) (A.20)
[V x V] [V x V]
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K” _ [R! x Rm]z + ([R’ x R”] . [RH % Rm]) + ([R! % RN] X [R/ x R(4)]) ~
[[R">R]|
([R/ % Rn] . [R’ > Rm])Z
| [R/ % R”] |3

Equation (A.16) is ordinary differential equation of the fourth order for radius vector R,
which implies that the derivatives of R above the third order are expressed linearly in terms of
derivatives of the first, second and third order.

For flat trajectories torsion vanishes, 7' = 0. Then (A.16) reduces to differential equation
of the third order

(A.21)

R"=K'e +Ke, =K'e — K’ = % R"- KR, (A.22)

which is equivalent to the second-order equation for the velocity V
U= VZ(\'/.\"/)—(V.\'/)(v.\"/)\./+ V2V V) = (V- V)(V- V)
[V x V] [V x VI

V. (A.23)
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