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C ¢usuyeckoil TOUKM 3pEHUs] AUCKPETHBIE MOATPYHIbl Ipynns! JIOpeHIa BO3HUKAKOT IpU
TIONBITKE TIOCTPOMTH TEOPUI0 KBAaHTOBAHHOTO TMPOCTPAaHCTBAa-BPEMEHM, KOTOpoe o00jagano Obl
HEKOTOPON NHCKPETHOM CHUMMETpUEH, NMepexosuieil B JOPEHUEBY CUMMETPUIO B KOHTHMHYaJbHOM
npenene (cm., Hampumep, [1]). Ilpu Takom IHCKpEeTHOM MpPeoOpa3oBaHHU MPOCTPAHCTBO-BPEMS,
npeacTaBisiMoe 1+3-MepHOH peméTKol, JOMKHO NepexoquTh caMo B cels. 3amava, TaKUM 00pa3oM,
3aKJIF0YAETCsl B TOM, YTOOBI HAlTH 3TH AMCKPETHBIE IpeoOpa3oBaHus, KOTOPbIE, OUEBUAHO, JOKHBI
NpUHAIeXKaTh AWCKPETHBIM moxarpynnaMm rpynnsl Jlopennma. Hecmorpst Ha MHOrOYHCICHHBIE
MOJXOMBI K MOCTPOSHHIO 1+3-MepHBIX PEemETOK, 3Ta mpodiieMa OCTaéTcs 10 KOHIA HepemEHHON 10
CHX TIOP, XOTsI CYIIECTBYET HEKOTOPOE MPOJBIKEHUE B 9TOM HampasjeHuu (cM., Hanpumep, [2]-[6]).
OrmeruM Taxske padotsl [7], [8], B KOTOPBIX CTPOSTCS HEKOTOPBIE JUCKPETHBIE TIOAIPYIIIBI TPYIIITBI
Jlopenna wucxomst u3 romomopdusma mexay SO(1,3) m SL(2,C). B uactHocth, umes Jlupaka
3aKJlo4ajack B TOM, 4YTOOBI CKOMOHMHHPOBATH IUCKPETHble HOArpynmbl Ipynnsl Jlopenma c
JUCKPETHBIMH TPAHCISIIUSMHU TaKUM 00pa3oM, 4ToObI CHOBA MOJIydallach MCXonHast pemérka. Jupak
TOTYYMJI LieNIble PeoO0pa3oBaHusl U, MO-BUAMMOMY, HE 3aMETHII, YTO €0 METOJOM MOXKHO MOJYYHUTh
TaKXXe palMoHANbHBIE NpeoOpa3zoBaHus JIopeHna, yAoBIETBOPSIOMUE YKa3aHHOMY ycnoBHio. Kpome
TOro, TpEXMEpHBIC BpAICHUS, MOPOXKIaeMble AMCKPETHBIMU TpeoOpaszoBaHusiMu JlopeHna, He
OTPaHUYMBAIOTCA TPEXMEpHBIMU TOoBopoTamMu Ha 120 wmum  180°, mopoXgaeMbIMH — IICIIBIMHU
npeoOpa3oBaHuAMU. B kauecTBe (QHU3MUECKUX MPUIOKEHUH, HEM3BECTHHIX [lMpaKy, MOXKHO yKa3aTh
pabory [9], B KOTOpOI NpHUMEHSETCSs NPUHLMI MHBAPHAHTHOCTH OTHOCHUTENHHO TAKUX IIOATPYIIIL,
I[eﬁCTBy}OIHHX HE3aBUCHUMO Ha COCTOSHHA 4YacCcTUIl C pPa3jMdYHbIMHU HMIIYJIbCAMHU, YTO ITIO3BOJIACT
OTIPEICJIUTh BCE DJIEMEHTHI S-MaTpPHILIbL.

Henbto naHHON pabOTHI SBISIETCS JATh MPUMEP MOCTPOCHUS TUCKPETHBIX MOJATPYIIT TPYIIITbI
JlopeHnia, MOpPOXKAAIOMIMX PEIMETKH B MPOCTPAHCTBE MUWHKOBCKOTO, Ha OCHOBE BBIOpaHHOU
napaMeTpHu3alry, B KauecTBe KOTOPOW BocmoisibdyeMcsi napamerpusanueii @. M. dénoposa rpymnms
JlopeHlia ¢ MOMONIBKO KOMIUIEKCHOTO BekTop-mapamerpa O =a+ib [10]. IlpuBeném ocHOBHBIE

CBE/ICHUSL.
Kak m3BecTHO, rpymma JlopeHna sBiseTcss TPYNIION IBHKEHHUHM MpocTpaHcTBa MUHKOBCKOTO
R .
E ,. JluckperHas TOuYeYHas IpyNIa CHMMETPUM JIOJDKHA YJOBJICTBOPSTH [BYM YCIOBHSM: a)

CYIIECTBYET XOTS OBl OJiHA TOYKAa, Ha3plBaeMas OCOOCHHOW, MHBAapHUAHTHAS OTHOCUTEIILHO BCEX
npeobpa3oBaHuil rpymmbl;, 6) opbura 060 HeocobeHHoW Touku auckperHa ([6], c. 94). Ecmu

R
L eSO(1,3), x € E,,, TO IepBoe yCIOBHE JUCKPETHOCTH MOArPYIbl rpymmsl JlopeHua o3Hadaer

Lx =X, kotopoe ans X # 0 BeIomHsETCS, TONBKO ecnu L mpunayuiexkut manoi rpymnme Jlopenna. B
cllydae BCEX NpeoOpa30oBaHUil TPYMIIBI 3TO YCIOBHE BBINOJHSAETCS ISl €AWHCTBEHHOM Toukn X =0,
KOTOpasi TakuM o0pa3oM sBisieTcs ocoOeHHOW. BTopoe ycnoBue 3amaér pemérky B NMPOCTPaHCTBE
MHHKOBCKOT0, Y3JIbI KOTOPO# ONpeAesstoTcs u3 ypaBHeHus X = LX.

B napamerpuzanun @Enopora Mmatpuiia rpymisl JIopeHiia 3ajaé€rcsa nocpeicTBOM
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Pa3pépuyTtoe neiicteue L(q) Ha BekTop X = (X°,X) MMeeT BUA
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PaccmoTpum auckperssie npeodpazoBanus Jlopenna. Ilycte KOMIOHEHTHI BEKTOp-TIapaMeTpa

q =a+ib sBsorcs panMOHAJIbHBIMHA KOMIUICKCHBIMU YHCJIaMH, T.€. TaKMMH, Yy KOTOPBIX
BCUICCTBCHHBIC U MHHUMBIC YaCTU ABJIAIOTCA YMUCIIaMU BHJA m/n , rme M u N nensle. Tornma 3axkon
KOMIO3uIMU (2) JIBYX palMOHAJBHBIX BEKTOP-NApPaMETPOB IMPUBOJMT TAKKE K PAalUOHATBHOMY
BEKTOp-TiapameTpy. EnuHuyHOMYy W 00paTHOMY OJEMEHTaM COOTBETCTBYIOT (] =0 u q'=—q,

KOTOpbIE, OYEBHUIHO, Takke panroHansHel. Marpuia L(Q), 3anaBaemas (1), BooOuie roBops, He

SIBISIETCS. PAMOHANBHOM, Tak Kak |1+Q° |:\/(1+ 0°)(1+Qg™?) B obmem ciyuac MpPALHOHAIBLHO.

Opnnako €€ KOMIIOHEHTH! NMPUHUMAIOT JUCKPETHBIN psJl 3HAUYEHUH, ONMpeaesseMblil TUCKPETHOCTHIO
palMOHANBHBIX 3HAYEHUI BEKTOp-IapaMerpa (], ONpEeNeNSIONINX, TaKUM 00pa3oM, IUCKPETHBIE
noarpynnel rpymnsl Jlopenna. JlefictBue mpeoOpa3oBanuii JlopeHIla Ha HEKOTOpbIE HadaJbHBIE

0 . "
koopauHaTtel X = (X, X), He 00g3aTeNbHO 00IaJal0NME CBOWCTBOM PAllMOHAILHOCTH, TaET HOBBIE
koopauHatel X' = L(Q)X, a mepebop BCeX BO3MOKHBIX PAIMOHANBHBIX 3HAYEHUH (] MPHBOJUT K

JIUCKPETHON COBOKYITHOCTH TOYEK, ONPEIENIAIOMMNX y3JIbl pEmETKH. ECTeCTBEHHO, MBI HE MOJIYYHUM
TaKOW COBOKyMHOCTH, eciu L(Q) npuHamiexur wmanoii rpymnne JlopeHna, oOCTaBIsOIICi

HETIOJIBUKHBIMU TOUKH X. Takum o0pa3oM, 0as moeo, wmobdvl OUCKpemHasi NOO2PYnna 2pynnol
Jlopenya He cooeporcana nemMenmos, OCMAGIIIOWUX 6EKMOPbL HENOOBUINCHLIMU, OHA He OOJNCHA
cooepaicamy OUCKpemublx nodzpynn manou epynnel Jlopenya.

B ciydyae BpeMeHH-TOMOOHEIX BEKTOPOB Maiyoi rpymmoi Jlopenia sisercs rpymma SO(3),
Ul [IPOCTPAHCTBEHHO-NIOJOOHBIX BekTopoB — rpynma SO(1,2), a s M30TPONHBIX — Tpymia,
n3oMop(dHas TpyIme ABMKCHUN MIOCKOoCcTH E(2), Tak kak BeKTOp-apaMeTp MOXHO MPEICTABUTH B
BUjIE

*
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b=be +be+be’, b=0,b=ia. 9)

Bekrop-mapamerp 8,8, COOTBETCTBYET BpAIICHHIO Ha yron ¢ = 2arctga, Bokpyr HampaBiieHUs X, a

*

BEKTOp-TIapaMeTp € COOTBETCTBYET TPAHCISIINH B IFIOCKOCTH OPTOTOHAIBLHOM X.

+1a,

Takum oOpa3om, moxarpymmsl rpynnsl JIopeHIla, He HMEIOIINe HEMOABIKHBIX TOYEK,
comeprkarcsi B OycTax BJOJIb HAllpaBJICHHs BEKTOpA X JUI BPEMEHH-TIOJOOHBIX M MPOCTPAHCTBEHHO-
NoJOOHBIX BEKTOpOB, oOpasyrommx rpymnsl SO(1,1). B ciaydae H30TpONHBIX BEKTOPOB TaKHe
MOATPYIIBI COAEPKATCS B TPYIIIIE, TOPOKAAEMON BEKTOP-TIAPaAMETPOM

. . c
g =ibe, +ce=<ibe,——e>. (10)

1+b
Bexkrop-napamerp ibel COOTBETCTBYeT OycTaM B HampaBieHHH X (THIIEpIOBOPOTaM ~Ha Yroi

C
w =2arthb), o6pasyromum tpymmy SO(1,1), a BekTOp ﬁe IPHUBOAUT OJHOBPEMEHHO K
_I_

IuIaTanysaM (pasIHYHBIM) BPEMEHHOW KOOPAMHATHI W BEKTOpa X M TPAHCISIHAM B IUIOCKOCTH,
OpTOTOHANBHOW HampaBiieHHI0 ocu X. OOo3Hadas 3Ty rpymmy depes E(1,1), MOXHO cka3aTh, 4TO
JIMCKPETHBIE MOATPYIIBI H30TPOIHOTO BeKTOpa siBjstorcs noarpymmamu rpymsl SO(L,1) x E(L,1),
7€ 3HaK X 03HA4aeT MOJIyNpIMOe NPOU3BEICHUE.

Paccmorpum Oycter SO(1,1) B HampaBneHHH X, MPUMEHSEMbIE KO BCEM THIIAM BEKTOPOB,
3aJ]aBaeMbIM BEKTOP-TIAPaMETPOM

q=ibe,. (11)
3aK0H KOMIO3UIIMH (2) CBOJUTCS K KOMIIO3UIIMHU napamerpa b:
b +b’
b" = 4 (12)
1+bb

31ech MOXHO cpa3y YBHIETh, IO KpailHel Mepe, ABa THUITa JUCKPETHBIX NOArPYIII.
1. b mnpencraBisiOTCs panMoOHANBHBIMU uuciamd b=m/n. OpOura omnpenensercs wu3
cooTHomenwuit (3)

o (MP+m?)x’—2mnx ,  —2mnx’+(n*+m?)x .

: X , (13)
|n2_m2| |n2_m2|

2. b=th(y/2)=thur, tTme r=m/n — uemoe WIX paIHOHAILHOE YHCIIO, 3aKOH

KOMIIO3MIIMKM JUIsi KOToporo TtpusManeH: I"=r+r'; O0<u<1l — ¢ukcupoBanHoe

BEIIECTBEHHOE YHCIIO, KOTOPOEe 3a4aéT KOHTHHYYM IWCKPETHBIX MOJTPYII 3TOTO THIIA.
31ech BhIIEISICTCS OrPYIINa, Koraa I — mejioe uucio. OpouTa 3a1a€Tcsi COOTHOIICHUSIMH

'x% = x%ch2ur — xsh2ur , 'x = —x°sh2ur + xch2ur . (14)
Jst rpynime E(1,1), 3agaBaemMoit BeKTOp-miapaMeTpoM

C
=de=——¢e, 15
d 1+b (15)
3aKOH KOMIO3HIUH (2) CBOAUTCS K
,  d+d ¢" c(l+b)+c'(L+b)

, WK = . (16)
1-dd’ 1+b" (@A+b)L+b")—cc

31ech TakKe MoJIydaeM JBa THIA JUCKPETHBIX IO PYIIIL.
1. dnpencraBistoTcs paloHAIBHBIMU yucaaMu d =m/n.
2. d=tgur, tne r=m/N — nenoe WM PaUMOHAILHOE YHUCIIO, 3aKOH KOMIIO3HIUM IS
koTtoporo TpuBHMaieH: " =r+r'; 0< u<1 — (QUKCHPOBAaHHOE BEIIECTBEHHOE YHCIIO,

3aj1al01Iee KOHTUHYYM JUCKPETHBIX ITOJTPYIII 3TOrO TUTA. 3/1€Ch BBIIEISAETCS MOATPYIIa,
Korja I — [esoe Yuciio.
Jns rpynmer SO(L,1) x E(L,1), yunteBas B (16) 3akon (12), momyyaem 3akOH KOMITO3HIIUH

I C:



o [c(1+Db")+c'(1+D)] . (17)

{1— CC} (L+Dbb)
L+b)A+Db")

k n
1) ecim b=m/n, 1o ¢ Takxke paumonansho: €= P/ ( , npuuém d _x__ oy
I g(m+n)

Orcrona cienyer, 4To,

P"_[pg'(n’+m’) + p'g(n +m)J(n +m)(n'+m’) 18)
9" [ag'(n+m)(n’+m’)—nnpp’] (N0’ + mm)

2) ecim b=th(um/n), d = th(vk /1), 7o ¢ = th(vk / D)[L+th(zm /n)].

Ha nuwarpamMmme MUHKOBCKOTO HWXKE IOCTPOCHBI Y3IIbI «BPEMEHH-TOJIOOHOM» PEmETKH,
3amaBaeMbie Gopmynamu (13), s s3Havenwit M=+142 u -5<n<5. [Tog0XKHUTENBHBINA 3HAK M
COOTBETCTBYET BEpXHEW MOJE JBYXIOJOCTHOI'O THIEPOONIONIa, OTPHIATENBHBIN — HIDKHEW Tole.
«[IpocTpaHCTBEHHONOAO0HA PEMIETKA BHIMISIUT aHAJOTHYHBIM 00pa3oM, €ciu rpapuk MOBEPHYTh
Ha 90°. Torma runepOoJBI OYAYT MPEACTABIATh CEUCHUE OJHOIOJIOCTHOIO THIepOoionaa. Pemérkuy,
3agaBaemble (opmysnamu (14), BBINISAAT aHAJIOTHYHO, HO KOOPAMHATBI Y3JI0B HMEIOT JPYTHe
3HAUCHMs, onpeessiembie u3 (14).

j <

B 3akmrouenue ormerum, 4to XoTs napamerpusaunusi D.J.DEnopoBa okazanack ymoOHBIM
MHCTPYMEHTOM JUIsl ONpPENENIEHUs IUCKPETHBIX MOATPYII, OCTaeTCsd OTKPBITHIM BONPOC O TOM,
MCYEPNBIBAIOTCSA JIH JUCKPETHBIE MOJTIPYMIIbI, MOpoKAaaromue 1+3-MepHble pemeéTKy, HalIeHHBIMU
ciygasimu. Kpome Toro, BozHuKaeT mpobieMa KilacCH(OUKAIUH TAKKX PEIIETOK.

ABtop mpusHateneH npodeccopy E.A.TonkauéBy 3a 3aMedaHusi U Mojie3HOE OOCYXKAECHHUE
pabOoTHI, 4TO TO3BOIMIIO YIIYUIIHUTh €€ cOollep KaHHe.
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A. N. TARAKANOV

ON DISCRETE SUBGROUPS OF THE LORENTZ GROUP, GENERATING LATTICES IN
THE MINKOWSKI SPACE

Summary

Some discrete subgroups of the Lorentz group are found using Fedorov’s parametrization by
means of complex vector-parameter. It is shown that the discrete subgroup of the Lorentz group,
which have not fixed points, are contained in boosts along a spatial direction for time-like and space-
like vectors and are discrete subgroups of group SO(1,1), whereas discrete subgroups of isotropic
vector are subgroups of SO(1,1) x E(1,1) . An example of construction of knots of ‘time-like’ lattice is

given.
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Hcnone3yst mnapamerpmzannio @DEmopoBa ¢ NOMOLIBIO KOMIUIEKCHOI'O BEKTOp-TIapaMeTpa
HalJIeHbl HEKOTOpbIE . JTUCKpeTHbIe noArpymnmbl Tpynmnsl Jlopenna. Iloka3aHo, 49TO JAMCKpeTHBIE
noArpynnel rpymmsl JIopeHIa, He WMEoIe HEMOABMKHBIX TOUYEK, coIepKarcs B OycTax BIOJIb
IPOCTPAHCTBEHHOI'O HANPaBIICHUS U1l BPEMEHH-TIOAOOHBIX U MPOCTPAHCTBEHHO-TIOI00HBIX BEKTOPOB,
W ABISIIOTCA AUCKpeTHbIMH mnoarpynmamu rpynmsl SO(1,1), Torma kak AHMCKpETHBIE MOATPYIIIBI
U30TPONHOrO BekTopa sBisitoTcs noxarpynmamu rpymmbl  SO(L,1) x E(L,1) . IpuBoaurcst mpumep

MIOCTPOCHUS Y3JI0B «BPEMEHH-TIOJOOHOI PeIETKH.





