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Abstract 
Tubular neighborhoods play an important role in differential topology. We have applied these 
constructions to geometry of almost Hermitian manifolds. At first, we consider deformations of 
tensor structures on a normal tubular neighborhood of a submanifold in a Riemannian manifold. 
Further, an almost hyper Hermitian structure has been constructed on the tangent bundle TM with 
help of the Riemannian connection of an almost Hermitian structure on a manifold M then, we 
consider an embedding of the almost Hermitian manifold M in the corresponding normal tubular 
neighborhood of the null section in the tangent bundle TM equipped with the deformed almost 
hyper Hermitian structure of the special form. As a result, we have obtained that any Riemannian 
manifold M of dimension n can be embedded as a totally geodesic submanifold in a Kaehlerian 
manifold of dimension 2n (Theorem 6) and in a hyper Kaehlerian manifold of dimension 4n 
(Theorem 7). Such embeddings are “good” from the point of view of Riemannian geometry. They 
allow solving problems of Riemannian geometry by methods of Kaehlerian geometry (see Section 
5 as an example). We can find similar situation in mathematical analysis (real and complex). 
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1. Deformations of Tensor Structures on a Normal Tubular Neighborhood of a  
Submanifold 
1˚. Let ( ),M g′ ′  be a k-dimensional Riemannian manifold isometrically embedded in a n-dimensional Rie-
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mannian manifold ( ),M g . The restriction of g to M ′  coincides with g′ and for any p M ′∈ . 

( ) ( ) ( )p p pT M T M T M ⊥′ ′= ⊕ . 

So, we obtain a vector bundle ( ) ( ): pM T M p T M⊥ ⊥′ ′ ′→ →  over the submanifold M ′ . There exists a 
neighborhood 0U  of the null section MO ′  in ( )T M ⊥′  such that the mapping  

( ) ( )( ) 0exp : ,exp ,vv v v v Uππ π× → ∈  , 

is a diffeomorphism of 0U  onto an open subset U M⊂ . The subset U  is called a tubular neighborhood of 
the submanifold M ′  in M . 

For any point p M∈  we can consider a set ( ){ }pδ  of positive numbers such that the mapping ( )( )expU pδ  
is defined and injective on ( )( ) ( )pU p T Mδ ⊂ . Let ( ) ( ){ }supp pε δ= . 

Lemma [1]. The mapping ( ):M R p pε+→ →  is continuous on M. 
If we take the restriction of the function ( )pε  on U  then it is clear that there exists a continuous positive  

function ( )pε  on M ′  such that for any p M ′∈  open geodesic balls ( ) ( )( ); ;
2
p

B p B p p U
ε

ε
 

⊂ ⊂ 
 

 . For  

compact manifolds we can choose a constant function ( ) 0pε ε= > . We denote ( )( )0expp pU U T M ⊥′= 

 , 

( ) ( )
; ;

2 2 p

p p
D p B p U

ε ε   
=   

   


 , ( )( ) ( )( ); ; pD p p B p p Uε ε= 

 . It is obvious that 

( )( )dim dim ;pU D p p n kε= = − . For any point o M ′∈  we can consider such an orthonormal frame  

( )0 01 , , nX X  that ( )
0 00 1 , , kT M L X X ′ =    and ( )

0 00 1 , ,k nT M L X X⊥
+ ′ =   . There exist coordinates  

1, , kx x  in some neighborhood 0V M ′⊂  of the point o that 
0

0

, 1,i
i

X i k
x
∂

= =
∂

. We consider orthonormal  

vector fields 1, ,k nX X+   which are cross-sections of the vector bundle ( )pp T M ⊥′→  over 0V  and the  

neighborhood 
0

0 p
p V

W U
∈

=


 



. The basis { }1 , ,
p pk nX X+   defines the normal coordinates 1, ,k nx x+   on pU   

[2]. For any point 0x W∈   there exists such unique point 0p V∈   that ( ) ( )exp , 1,p px t T Mξ ξ ξ ⊥′= = ∈ . A 
point 0x W∈   has the coordinates 1 1, , , , ,k k nx x x x+   where 1, , kx x  are coordinates of the point p in 0V   

and 1, ,k nx x+   are normal coordinates of x in pU . We denote , 1,i
i

X i n
x
∂

= =
∂

, on 0W . Thus, we can con-

sider tubular neighborhoods ( ) ( )
; ;

2 2p M

p p
Tb M D p

ε ε

′∈

   
′ =   

   


 and ( )( ) ( )( ); ;
p M

Tb M p D p pε ε
′∈

′ =


 of the  

submanifold M ′ . 
2˚. Let K be a smooth tensor field of type (r, s) on the manifold M and for 0x W∈  , let 

( )1 1
11

1 1

, ,
, ,

, , , , ,

r s
rs x x

r s

i i jj
x i i x xj j

i i j j
K k x X X X X= ⊗ ⊗ ⊗ ⊗ ⊗∑ 



 

  , 

where { }1 , , n
x xX X  is the dual basis of ( ) ( )* , exp ,x pT M x tξ=  ( )1, pT Mξ ξ ⊥′= ∈ . We define a tensor  

field K  on M in the following way. 

a) ( )
;

2
p

x D p
ε 

∈  
 

, then 

( )1 1
11

1 1

, ,
, ,

, , , , ,

r s
rs x x

r s

i i jj
x i i x xj j

i i j j
K k p X X X X= ⊗ ⊗ ⊗ ⊗ ⊗∑ 



 

  ; 

b) ( )( ) ( )
; \ ;

2
p

x D p p D p
ε

ε
 

∈  
 

, then 
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( )( )( )( )1 1
11

1 1

, ,
, ,

, , , , ,
exp 2r s

rs x x
r s

i i jj
x p i i x xj j

i i j j
K k t p X X X Xε ξ= − ⊗ ⊗ ⊗ ⊗ ⊗∑ 



 

  ; 

c) ( )( )\ ;
M

x M D p pε
′

∈


, then  

x xK K= . 

It is easy to see the independence of the tensor field K  on a choice of coordinates in 0W  for every point 
o M ′∈ . 

Definition 1. The tensor field K  is called a deformation of the tensor field K on the normal tubular neigh-
borhood of a submanifold M ′ . 

Remark. The obtained tensor field K  is continuous but is not smooth on the boundaries of the normal tu- 

bular neighborhoods ( )
;

2
p

Tb M
ε 

′ 
 

 and ( )( );Tb M pε′ ; K  is smooth in other points of the manifold M. 

3˚. We consider a deformation g  of the Riemannian metric g on the normal tubular neighborhood  
( )( );Tb M pε′  of a submanifold M ′ . For 0x W∈  , ( ) ( )exp , 1,p px t T Mξ ξ ξ ′= = ∈ , we define the Rieman-

nian metric g  by the following way. 
a) p pg g=  for any p M ′∈ ; 

b) ( ) ( ) ( ),x i j ij ijg X X g x g p= = , where , 1, , ,i j
i j

X i n X
x x
∂ ∂

= = =
∂ ∂

 1, ,j n=  on 0W , ( )
;

2
p

x D p
ε 

∈  
 

; 

c) ( ) ( ) ( )( )( )( ), exp 2x i j ij ij pg X X g x g t pε ξ= = − , for any ( )( ) ( )
; / ;

2
p

x D p p D p
ε

ε
 

∈  
 

; 

d) x xg g=  for each point ( )( )\ ;
p M

x M D p pε
′∈

∈


. 

The independence of g  on a choice of local coordinates follows and the correctly defined Riemannian me-
tric g  on M has been obtained. 

It is known from [3] that every autoparallel submanifold of M is a totally geodesic submanifold and a subma-
nifold M ′  is autoparallel if and only if ( )X Y T M ′∇ ∈  for any ( ),X Y Mχ ′∈ , where ∇  is the Riemannian 
connection of g. 

Theorem 1. Let M ′  be a submanifold of a Riemannian manifold (M, g) and g  be the deformation of g on 
the normal tubular neighborhood ( )( );Tb M pε′  of M ′  constructed above. Then M ′  is a totally geodesic  

submanifold of ( )
; ,

2
p

Tb M g
ε  

′     
. 

Proof. For any point ( )
0;

2
p

x D p W
ε 

∈ ⊂ 
 

  the functions ( ) ( )ij ijg x g p=  and 0, 1,ij

l

g
l k n

x
∂

= = +
∂

 on  

( )
;

2
p

D p
ε 

 
 

 because the vector fields l
l

X
x
∂

=
∂

 are tangent to ( )
;

2
p

D p
ε 

 
 

. By the formula of the Rie- 

mannian connection ∇  of the Riemannian metric g , [2], we obtain for , 1, , 1,i j k l k n= = +  

( ) ( ) ( ) ( ) ( )
[ ]( ) ( )

2 , , , , , ,

, , , , 0.

i p p pp X j l i j l j i l l i j p i j l

ij
p l i j p i l j

l

g X X X g X X X g X X X g X X g X X X

g
g X X X g X X X

x

 ∇ = + − +  
∂

 + + = − =  ∂

        (1.1) 

Here we use the fact that [ ], , , 0i j l i l jX X X X X X   = = =     and that ( ) ( ), , 0j l i lg X X g X X= =  because 
( )lX T M ⊥′∈ . 

Thus, ( )
iX jX T M ′∇ ∈  and from the remarks above the theorem follows. 

QED. 
Corollary 1.1. Let R  be the Riemannian curvature tensor field of ∇ . Then R  vanishes on every  
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( )
;

2
p

D p
ε 

 
 

 for p M ′∈ . 

Proof. From the formula (1.1) it is clear that 0
lX mX∇ =  for , 1,l m k n= + . The rest is obvious. 

QED. 

2. Almost Hyper Hermitian Structures (ahHs) on Tangent Bundles 
0˚. We follow especially close to [4]. 
Let (M, g) be a n-dimensional Riemannian manifold and TM be its tangent bundle. For a Riemannian connec-

tion ∇  we consider the connection map K of ∇  [5], [1], defined by the formula 

*X Z KZ X∇ = ,                                    (2.1) 

where Z is considered as a map from M into TM and the right side means a vector field on M assigning to 
p M∈  the vector * p pKZ X M∈ . 

If U TM∈ , we denote by HU the kernel of 
UTMK  and this n-dimensional subspace of UTM  is called the 

horizontal subspace of UTM . 
Let π denote the natural projection of TM onto M, then π* is a C∞ -map of TTM onto TM. If U TM∈ , we  

denote by VU the kernel of * UTMπ  and this n-dimension subspace of UTM  is called the vertical subspace of  

UTM  ( )dim 2dim 2UTM M n= = . The following maps are isomorphisms of corresponding vector spaces 
( )( )p Uπ=  

* : , :
U UU p U pTM TMH M K V Mπ → →  

and we have 

U U UTM H V= ⊕  

If ( )X Mχ∈ , then there exists exactly one vector field on TM called the “horizontal lift” (resp. “vertical 
lift”) of X and denoted by ( )h vX X , such that for all U TM∈ : 

( ) ( )* , 0h h
U UU UX X KXπ ππ = = ,                               (2.2) 

( ) ( )* 0 , ,v v
U UU UX KX Xπ ππ = =                                (2.3) 

Let R be the curvature tensor field of ∇ , then following [5] we write 

, 0v vX Y  =  ,                                      (2.4) 

( ),
vh v

XX Y Y  = ∇                                    (2.5) 

( ) [ ]* , ,h h
U

X Y X Yπ   =  ,                              (2.6) 

( ) ( ), ,h h
U

K X Y R X Y U  =  .                           (2.7) 

For vector fields h vX X X= ⊕  and h vY Y Y= ⊕  on TM the natural Riemannian metric ˆ ,g =  is defined 
on TM by the formula  

( ) ( )* *, , ,X Y g X Y g KX KYπ π= + .                    (2.8) 

It is clear that the subspaces HU and VU are orthogonal with respect to , . 
It is easy to verify that 1 2 1 2, , , , , , ,h h h v v v

n nX X X X X X   are orthonormal vector fields on TM if 1 2, , , nX X X  
are those on M i.e. ( ), i

i j jg X X δ= . 
1˚. We define a tensor field J1 on TM by the equalities 

( )1 1, , .h v v hJ X X J X X X Mχ= = − ∈                     (2.9) 

For ( )X Mχ∈  we get 
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( )( ) ( ) ( )2
1 1 1 1

h v h v h vJ X J J X X J X X X X IX= ⊕ = − ⊕ = − ⊕ = −  

and 
2
1J I= − . 

For ( ),X Y Mχ∈  we obtain 

1 1, , , , ,

, , , ,

h v h v h v v v

h v h v h h v v

J X J Y X X Y Y X Y X Y

X Y X X Y Y X Y X Y

= − ⊕ − ⊕ = − − +

= ⊕ ⊕ = +
 

and it follows that ( )1 1 1, , , , , ,J X J Y X Y TM J=  is an almost Hermitian manifold. 
Further, we want to analyze the second fundamental tensor field h1 of the pair ( )1, ,J  where h1 is defined 

by (2.11), [6]. 
The Riemannian connection ∇̂  of the metric ˆ ,g =  on TM is defined by the formula (see [1]) 

(
) ( )

1ˆ , , , , ,[ , ]
2

, , , , , , , .

X Y Z X Y Z Y Z X Z X Y Z X Y

Y Z X X Z Y X Y Z Mχ

∇ = + − +

   + + ∈   

                    (2.10) 

For orthonormal vector fields , ,X Y Z  on TM we obtain 

( )
(

)

1 1
1 1

1 1

1 1

1 1 1 1

1 ˆ ˆ, ,
2

1 ˆ ˆ, ,
2
1 , , , , , , , ,
4

, , , , .

X X XXYZ

X X

h h Y Z Y J J Y Z

Y Z J Y J Z

X Y Z Z X Y Z Y X X J Y J Z

J Z X J Y J Z J Y X

= = ∇ + ∇

= ∇ − ∇

       = + + −       

   − −   

             (2.11) 

Using (2.4)-(2.7) and (2.11) we consider the following cases for the tensor field h1 assuming all the vector 
fields to be orthonormal. 

(
)

[ ]( ) [ ]( ) [ ]( )(
)

( ) ( ) ( )( )

( )

1

1 1 1 1 1 1

1 , , , , , ,
4

, , , , , ,

1 , , , , , , , ,
4

, , , ,

1 1, , ,
2 4
1 ,
2

h h h
h h h h h h h h h

X Y Z

h h h h h h h h h

h v v

v h v v v h

X X X

X X

h X Y Z Z X Y Z Y X

X J Y J Z J Z X J Y J Z J Y X

g X Y Z g Z X Y g Z Y X X Y Z

Z X Y Z Y X

g Y Z g Y Z g Z Y

g Y Z g

     = + +     

     − − −     

 = + + −  

   − −   

= ∇ − ∇ − ∇

= ∇ − ∇( )( ), 0.Y Z =

       (1.1˚) 

(
)

( )( )( )
( )( ) ( )( )( )

( )( ) ( )( )( )

1

1 1 1 1 1 1

1 , , , , , ,
4

, , , , , ,

1 , , , ,
4
1 , , , ,
4

1 , , , , .
4

h h v
h h v v h h v h h

X Y Z

h h v v h h v h h

h h v

h X Y Z Z X Y Z Y X

X J Y J Z J Z X J Y J Z J Y X

g R X Y U Z Z X Y

g R X Y U Z g R Z X U Y

g R X Y Z U g R Z X Y U

     = + +     

     − − −     

 = +  

= +

= − +

       (2.1˚) 
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By similar arguments we obtain 

( )( ) ( )( )( )1 1 , , , , .
4h v hX Y Z

h g R Z X Y U g R X Y Z U= − +                   (3.1˚) 

( )( )( )1 1 , , .
4v h hX Y Z

h g R Z Y X U= −                                   (4.1˚) 

( )( )( )1 1 , , .
4v v vX Y Z

h g R Z Y X U=                                    (5.1˚) 

1 0v v hX Y Z
h = .                                                   (6.1˚) 

1 0v h vX Y Z
h = .                                                   (7.1˚) 

1 0h v vX Y Z
h = .                                                   (8.1˚) 

It is obvious that ( )1 ˆ,J g  is a Kaehlerian structure if and only if 1 0h = . 
2˚. Now assume additionally that we have an almost Hermitian structure J on (M, g). We define a tensor field 

J2 on TM by the equalities 

( ) ( ) ( )2 2, ,
h vh vJ X JX J X JX X Mχ= = − ∈ .                    (2.12) 

For ( )X Mχ∈  we get 

( )( ) ( ) ( )( ) ( )2
2 2 2 2

h vh v h vJ X J J X X J JX JX X X IX= ⊕ = ⊕− = − ⊕ −  

and  
2
2 .J I= −  

For ( ),X Y Mχ∈  we obtain 

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )
( ) ( ) ( ) ( )

2 2, , , ,

, , , ,

, , , , .

h v h v h h v v

h h v v h v h v

J X J Y JX JX JY JY JX JY JX JY

g JX JY g JX JY g X Y g X Y

X Y X Y X X Y Y X Y

= ⊕− ⊕− = +

= + = +

= + = ⊕ ⊕ =

 

Further, we obtain 

( ) ( ) ( )( ) ( ) ( )1 2 1 ,
h v h v

J J X J JX JX JX JX= ⊕− = ⊕  

( ) ( ) ( ) ( )2 1 2 .
h vh vJ J X J X X JX JX= − ⊕ = − ⊕−  

Thus, we get 1 2 2 1 3J J J J J= − =  and ahHs ( )1 2 3, , , ,J J J  on TM has been constructed. 
For orthonormal vector fields , ,X Y Z  on TM we obtain 

( )
(

)

2 2
2 2 2 2

2 2

2 2 2 2

1 1ˆ ˆ ˆ ˆ, , , ,
2 2

1 , , , , , , , ,
4

, , , , .

X X X X XXYZh h Y Z Y J J Y Z Y Z J Y J Z

X Y Z Z X Y Z Y X X J Y J Z

J Z X J Y J Z J Y X

= = ∇ + ∇ = ∇ − ∇

       = + + −       

   − −   

         (2.13) 

Using (2.4)-(2.7) and (2.13) we consider the following cases for the tensor field h2 assuming all the vector 
fields to be orthonormal. 
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(
)

[ ]( ) [ ]( ) [ ]( )(
[ ]( ) [ ]( ) [ ]( ))
( ) ( )( )

2

2 2 2 2 2 2

1 , , , , , ,
4

, , , , , ,

1 , , , , , ,
4

, , , , , ,

1 , , .
2

h h h
h h h h h h h h h

X Y Z

h h h h h h h h h

X X XYZ

h X Y Z Z X Y Z Y X

X J Y J Z J Z X J Y J Z J Y X

g X Y Z g Z X Y g Z Y X

g X JY JZ g JZ X JY g JZ JY X

g Y Z g JY JZ h

     = + +     

     − − −     

= + +

− − −

= ∇ − ∇ =

         (1.2˚) 

(
)

( )( ) ( )( )( )

( )( ) ( )( )( )

2

2 2 2 2 2 2

1 , , , , , ,
4

, , , , , ,

1 , , , ,
4

1 , , , , .
4

h h v
h h v v h h v h h

X Y Z

h h v v h h v h h

h X Y Z Z X Y Z Y X

X J Y J Z J Z X J Y J Z J Y X

g R X Y U Z g R X JY U JZ

g R X Y Z U g R X JY JZ U

     = + +     

     − − −     

= +

= − +

         (2.2˚) 

By similar arguments we obtain 

( )( ) ( )( )( )2 1 , , , , .
4h v hX Y Z

h g R X Z Y U g R X JZ JY U= − +               (3.2˚) 

( )( ) ( )( )( )2 1 , , , , .
4v h hX Y Z

h g R Z Y X U g R JZ JY X U= − +               (4.2˚) 

2 0v v vX Y Z
h = .                                                 (5.2˚) 

2 0v v hX Y Z
h = .                                                 (6.2˚) 

2 0v h vX Y Z
h = .                                                 (7.2˚) 

( ) ( )( )2 1 , , .
2h v v X X XYZX Y Z

h g Y Z g JY JZ h= ∇ − ∇ =                     (8.2˚) 

Here h is the second fundamental tensor field of the pair (J, g) on M. 

3. Embeddings of Almost Hermitian Manifolds in Almost Hyper Hermitian Those 
For an almost Hermitian manifold (M, J, g) we have constructed in Section 2 ahHs ( )1 2 3 ˆ, , ,J J J g  on TM. The 
manifold M can be considered as the null section OM in TM )( p Mp o O TM↔ ∈ ⊂  and it is clear from (2.8) 
that |ˆ Mg g= . All the results of 1 can be applied to a submanifold M in ( )ˆ,TM g , see [7]. So, we can consider  

the normal tubular neighborhoods ( ) ( )( ), ,
2
p

Tb M Tb M p TM
ε

ε
 

⊂ ⊂ 
 

 and the deformations 1 2 3, , ,J J J g  of  

the tensor fields 1 2 3 ˆ, , ,J J J g  respectively. 
Theorem 2. Let (M, J, g) be an almost Hermitian manifold and ( )( ),Tb M pε  be the corresponding normal 

tubular neighborhood with respect to ˆ ,g =  on TM. Then M(OM) is a totally geodesic submanifold of the al- 

most hyper Hermitian manifold ( )
1 2 3, , , , ,

2
p

Tb M J J J g
ε  

     
, where the ahHs ( )1 2 3, , ,J J J g  is the deforma- 

tion of the structure ( )1 2 3 ˆ, , ,J J J g  obtained in 2˚, Section 1. The structure ( )1,J g  is Kaehlerian one. 
Proof. It follows from Theorem 1 that M is a totally geodesic submanifold of the Riemannian manifold  

( )
, ,

2
p

Tb M g
ε  

     
. 
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Let 0W  be a coordinate neighborhood in TM considered in 1˚, Section 1. A point 0x W∈   has the coordi-
nates 1 1 2, , , , ,n n nx x x x+   where 1, , nx x  are coordinates of the point p in 0V M⊂  and 1 2, ,n nx x+   are  

normal coordinates of x in ( )
,

2
p

D p
ε 

 
 

. 

We denote , 1, 2 ,i
i

X i n
x
∂

= =
∂

 ˆ Г̂ ,
i

k
X j ij k

k
X X∇ = ∑  Г ,

i

k
X j ij k

k
X X∇ = ∑  ,k

j j k
k

JX J X= ∑  ,k
j j k

k
JX J X= ∑   

( )ˆ ˆ , ,ij i jg g X X=  ( ),ij i jg g X X=  where ∇̂  and ∇  are Riemannian connections of metrics ĝ  and g , J 
is any tensor field from 1 2 3, ,J J J . 

Using the construction in 2˚, Section 1 we have ( ) ( ) ( ) ( )ˆ , i i
ij ij j jg x g p J x J p= =  on ( )

0,
2
p

Tb M W
ε 

 
 



 . 

According to [2] we can write 

1Г
2

kj ijl ik
lk ij

l i j k

g gg
g

x x x
 ∂ ∂∂

= + −  ∂ ∂ ∂ 
∑                              (3.1) 

It follows from (3.1) that ( ) ( )Г Гl l
ij ijx p=  and ( )Г 0l

ij x =  i.e. 0
iX jX∇ =  for 1, 2i n n= + . Further, we 

get 

( )

( )( )
( )

( )( )( ) ( )( )

( )( ) ( )( )( )

,

,

|
,

|
,

Г

Г

Г Г ,

Г Г

Г Г .

ii i i

i

i

k k
XX j X j j X j k ij k

k k

k k l k
j X k i j k ij l k

k k l

l k l k k
j il ij l i j k

k l

l k l k k
X j j il ij l i j k x

k l

l k l k k
j il ij l i j k x

k l

J X JX J X J X J X

J X X J X J X

J J X J X

J X x J J X J x X

J J p X J x X

 ∇ = ∇ − ∇ = ∇ −  
 

= ∇ + −

= − +

∇ = − +

= − +

∑ ∑

∑ ∑

∑

∑

∑

 

It follows that 0
iX J∇ =  for 1, 2i n n= + . 

For 1,i n=  ( )( ) ( )( )k k
ji i jX J x X J p=  and we obtain 

( )( )( ) ( )( ) |
,

ˆ ˆГ Г
i

l k l k k
X j j il ij l i j k x

k l
J X x J J X J p X∇ = − +∑ . 

From the other side we can write 

( )( )( ) ( )( ) |
,

ˆ ˆ ˆГ Г
i

l k l k k
X j j il ij l i j k p

k l
J X p J J X J p X∇ = − +∑ . 

According to [6] we have ( ) ( )( )2
i iX j X jJ X h JX p∇ =  where the second fundamental tensor field h is de- 

fined by (2.11). From (1.1˚)-(8.1˚) it follows that 1 0ph =  for any ( )p Mp M U o O∈ = ∈ . Thus, we have ob- 

tained 1 0J∇ =  and the structure ( )1,J g  is Kaehlerian one on ( )
,

2
p

Tb M
ε 

 
 

. 

QED. 
As a corollary we have got the following: 
Theorem 3 [8]. Let (M, g) be a smooth Riemannian manifold and ( )( ),Tb M pε  be the corresponding nor-

mal tubular neighborhood with respect to ,g =  on TM. Then M(OM) is a totally geodesic submanifold of the  

Kaehlerian manifold ( )
1, , ,

2
p

Tb M J g
ε  

     
. 

The classification given in [9] can be rewritten in terms of the second fundamental tensor field h (Table 1),  
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Table 1. Classification of almost Hermitian structures.                                                          

Class Defining condition 

K h = 0 

U1 = NK hXX = 0 

U2 = AK 0XYZhσ =  

3U SK H= ∩  ( ) 0XYZ JXJYJZh h Zβ− = =  

U4 ( ) ( ) ( ) ( ) ( )1 , , , ,
2 1XYZh X Y Z X Z Y X JY JZ X JZ JY

n
β β β β=  − − +  −

 

⊕1 2U U QK=  XYJZ JXYZh h=  

⊕3 4U U H=  ( ) 0 or XYJZ JXYZN J h h= = −  

⊕1 3U U  ( ) 0XXY JXJXYh h Zβ− = =  

⊕2 4U U  
( ) ( )1 , 0

1XYJZh JX Y Z
n

σ β
 

− = −  
 

⊕1 4U U  ( ) ( ) ( ) ( )21 , ,
2 1XXYh X Y X X Y X JY JX

n
β β β = − − − −

 

⊕2 3U U  [ ] ( ) 0XYJZ JXYZh h Zσ β+ = =  

⊕ ⊕1 2 3U U U SK=  0β =  

⊕ ⊕1 2 4U U U  ( ) ( ) ( ) ( ) ( )1 , , , ,
1XYJZ JXYZh h X Y JZ X Z JY X JY Z X JZ Y

n
β β β β− =  − + −  −

 

⊕ ⊕1 3 4U U U  0XJXY JXXYh h+ =  

⊕ ⊕2 3 4U U U  [ ] 0XYJZ JXYZh hσ + =  

U No condition 

 
see chapter 5 of monograph [6].  

Let dimM ≥ 6 and ( ) ( )2 X JXβ δ= Φ , where ( ) ( ), ,X Y g JX YΦ = , then we have Table 1. 
Proposition 4. Let (J, g) be from some class from the Table 1. Then the structure ( )2 ,J g  has the analogous  

class on ( )
,

2
p

Tb M
ε 

 
 

. 

Proof. From (1.2˚)-(8.2˚) it follows that 2 2 XYZXYZh h= . The rest is obvious from the table. 
QED. 

4. Complex and Hypercomplex Numbers in Differential Geometry 
For the manifold M we consider the products ( ){ }2 ; ;M M M x y x y M= × = ∈ ,  

( ){ }4 2 2 ; ; ; ; , ;M M M x y u v x y u v M= × = ∈  and the diagonals ( ) ( ){ }2 2;M x x M∆ = ∈ ,  

( ) ( ){ }4 4; ; ;M x x x x M∆ = ∈ . It is obvious that the manifold ( )2M∆  and ( )4M∆  are diffeomorphic to M  

( ) ( )( )2 4M M M∆ ≅ ∆ ≅ . 
Theorem 5 [1]. Let (M, ∇ ) be a manifold with a connection ∇  and π: TM → M be the canonical projec-

tion. Then there exists such a neighborhood N0 of the null section OM in TM that the mapping 

( ) ( )( ): exp : ,exp XX X Xπϕ π π× →  

is the diffeomorphic of N0 on a neighborhood N∆  of the diagonal ( )2M∆ . 
Further, ∇  is a Riemannian connection of the Riemannian metric g. Combining the Theorems 3 and 5 we 

have obtained the following. 
Theorem 6. The diffeomorphism φ induces the Kaehlerian structure ( )1,J g  on the neighborhood N∆  of 

the diagonal ( )2M∆  and ( )2M M∆ ≅  is a totally geodesic submanifold of the Kaehlerian manifold  
( )1, ,N J g∆ . 
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Remark. Generally speaking, the complex structure of the Kaehlerian manifold ( )1, ,N J g∆  is not compati-
ble with the product structure of M2. It means that if , 1,lz l n=  are the complex coordinates of a point 
( ),x y N∆∈ , then, generally speaking, we can not find such real coordinates , , 1,l lx y l n=  of the points 

,x y M∈  respectively that l l lz x iy= +  where 2 1i = − . 
Combining the Theorems 2, 3, 4, 5 and 6 we have obtained the following. 
Theorem 7. There exists the hyper Kaehlerian structure ( )1 2 3, , ,J J J g  on a neighborhood N∆  of the di- 

agonal ( )4M∆  and ( )4M M∆ ≅  is a totally geodesic submanifold of the hyper Kaehlerian manifold 

( )1 2 3, , , ,N J J J g∆ . 
Remark. Generally speaking, the hypercomplex structure of the hyper Kaehlerian manifold ( )1 2 3, , , ,N J J J g∆  

is not compatible with the product structure of M4. It means that if , 1,lq l n=  are the hypercomplex coordi-  
nates of a point ( ); ; ;x y u v N∆∈ , then, generally speaking we can not find such real coordinates  

, , , , 1,l l l lx y u v l n=  of the points x; y; u; v M∈  respectively that l l l l lq x iy ju kv= + + +  where i2 = j2 = k2 = 
–1, ij = –ji = k. 

5. A Local Construction of Kaehlerian and Riemannian Metrics 
1˚. We consider a Riemannian manifold (M, g) as a totally geodesic subanifold of the Kaehlerian manifold  

( )
1, , ,

2
p

Tb M J J g
ε 

= 
 

 (see Theorem 3) then Mg g= . 

Let 1, , nx x  be coordinates in some coordinate neighborhood U M⊂  and 
1

, ,
nx x

∂ ∂
∂ ∂

  be the corres-

ponding vector fields. We can choose a neighborhood ( ) ( )
; ,

2p U

p
U U D D p Tb M

ε
ε

∈

 
= × = ⊂  

 


 where 

( )
2
pε

ε ≤  for every point p U∈ . It is clear from 3o, 1 that U D×  is a Riemannian product with respect the 

metric g . For every point x U∈  where ( )x pπ =  we denote , 1,jx
jx

Y J j n
x
∂

= =
∂

 and the vector fields 

jY  define the coordinates 1, , ny y  on ( );pD ε  hence j
j

Y
y
∂

=
∂

 is tangent to ( );pD ε  for 1,j n= . 

So, U  is an coordinate neighborhood of the Kaehlerian manifold ( )
, ,

2
p

Tb M J g
ε  

     
, with complex 

coordinates 2, 1, , 1j j jz x iy j n i= + = = − , and the vector fields 1 ,
2

i
z x yα α α

 ∂ ∂ ∂
= − ∂ ∂ ∂ 

  

1 , , 1,
2

i n
z x yβ α α

α β
 ∂ ∂ ∂

= + = ∂ ∂ ∂ 
. It is known [3] that the Kaehlerian metric cg  has on U  the following  

decomposition 
2

2

,
d 2 d d ,

d d
c c us g z z g

z z
α β

α β α β
α β α β

∂
= =∑ , 

where u is a real-valued function on U . 
We have 

2 2 2 2 21 0,
4

u u u u ui
z z x x y y y x x yα β α β α β α β α β

  ∂ ∂ ∂ ∂ ∂ = − − + =   ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂   
 

2 2 2 2 21 0.
4

u u u u ui
z z x x y y y x x yα β α β α β α β α β

  ∂ ∂ ∂ ∂ ∂ = − + + =   ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂   
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It follows that 
2 2 2 2

,u u u u
x x y y x y y xα β α β α β α β

∂ ∂ ∂ ∂
= = −

∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂
. 

Further, we obtain  
2 2 2 2 2 2 21 1 ,

4 2
c u u u u u u ug i i

z z x x y y x y y x x x x yαβ
α β α β α β α β α β α β α β

    ∂ ∂ ∂ ∂ ∂ ∂ ∂ = = + + − = +       ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂     
 

2 2 2 2 2 2 21 1 .
4 2

c u u u u u u ug i i
z z x x y y x y y x x x x yαβ
α β α β α β α β α β α β α β

    ∂ ∂ ∂ ∂ ∂ ∂ ∂ = = + − − = −       ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂     
 

Finally, we get 

( ) ( )
2

1 1, , ,
2 2

.

c c

c c c c c c

g Reg Reg
x x x x z z z z

uRe g g g g Re g g
x y

α β α β α β β β

αβ αβ αβαβ αβ αβ
α β

     ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂
= = + +          ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂     

∂
= + + + + = + =

∂ ∂

 

We can consider the restriction of g  and the function u on the neighborhood U. So, we have obtained.  
Theorem 8. Let (M, g) be a Riemannian manifold and 1, , nx x  be coordinates is some coordinate neigh- 

borhood U M⊂ . There exists a smooth function u: U → R  that 
2

,ij
i j i j

ug g
x x x x

 ∂ ∂ ∂
= =  ∂ ∂ ∂ ∂ 

 on U. 

2˚. Let (M, J, g) be a Kaehlerian manifold 1, , nx x , 1, , ny y , be coordinates is some coordinate neighbor- 

hood U M⊂ , where , 1,J n
y xα α

α∂ ∂
= =

∂ ∂
. We consider a function u: U → R  from Theorem 5. Then, we  

have the following conditions on this function. 
2 2

2 2

, , ;

, , , , 1, .

u ug J g J
x y x x x x y y

u ug J J g n
y y x x x x x x

α β α β α β α β

α β α β α β α β

α β

   ∂ ∂ ∂ ∂ ∂ ∂
= = − = −      ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂   

   ∂ ∂ ∂ ∂ ∂ ∂
= = = =      ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂   

 

6. Conclusion 
We consider such mappings in the category of Riemannian manifolds that metrics are invariant with respect to 
them. It follows that only totally geodesic submanifolds are “naturally good”. Theorems 6 and 7 allow consider-
ing any Riemannian manifold as a totally geodesic submanifold of a Kaehlerian (hyper Kaehlerian) one i.e. to 
apply the results of Kaehlerian (hyper Kaehlerian) geometry to Riemannian metrics. We remark that Whitnies 
embeddings are not suitable in this context. 

References 
[1] Gromoll, D., Klingenberg, W. and Meyer, W. (1968) Riemannsche Geometrie im Grossen. Springer, Berlin. 

http://dx.doi.org/10.1007/978-3-540-35901-2 
[2] Kobayashi, S. and Nomizu, K. (1963) Foundations of Differential Geometry. Vol. 1, Wiley, New York. 
[3] Kobayashi, S. and Nomizu, K. (1969) Foundations of Differential Geometry. Vol. 2, Wiley, New York. 
[4] Bogdanovich, S.A. and Ermolitski, A.A. (2004) On Almost Hyper Hermitian Structures on Riemannian Manifolds and 

Tangent Bundles. Central European Journal of Mathematics, 2, 615-623. http://dx.doi.org/10.2478/BF02475969 
[5] Dombrowski, P. (1962) On the Geometry of the Tangent Bundle. Journal für die Reine und Angewandte Mathematik, 

210, 73-78. 

Би
бл
ио
те
ка

 БГ
УИ
Р

http://dx.doi.org/10.1007/978-3-540-35901-2
http://dx.doi.org/10.2478/BF02475969


A. A. Ermolitski 
 

 
2475 

[6] Ermolitski, A.A. (1998) Riemannian Manifolds with Geometric Structures. Monograph, BSPU, Minsk.  
arXiv:0805.3497. 

[7] Hirsch, M.W. (1976) Differential Topology. Graduate Texts in Mathematics. Springer, New York, 33. 
[8] Ermolitski, A.A. (2007) Deformations of Structures, Embedding of a Riemannian Manifold in a Kaehlerian One and 

Geometric Antigravitation. Vol. 76, Banach Center Publicantions, Warszawa, 505-514. 
[9] Gray, A. and Herwella, L.M. (1980) The Sixteen Classes of Almost Hermitian Manifolds and Their Linear Invariants. 

Annali di Matematica Pura ed Applicata, 123, 35-58. http://dx.doi.org/10.1007/BF01796539 

Би
бл
ио
те
ка

 БГ
УИ
Р

http://dx.doi.org/10.1007/BF01796539


Би
бл
ио
те
ка

 БГ
УИ
Р

http://www.scirp.org/
http://www.scirp.org/
http://papersubmission.scirp.org/paper/showAddPaper?journalID=478&utm_source=pdfpaper&utm_campaign=papersubmission&utm_medium=pdfpaper
http://www.scirp.org/journal/ABB/?utm_source=pdfpaper&utm_campaign=papersubmission&utm_medium=pdfpaper
http://www.scirp.org/journal/AM/?utm_source=pdfpaper&utm_campaign=papersubmission&utm_medium=pdfpaper
http://www.scirp.org/journal/AJPS/?utm_source=pdfpaper&utm_campaign=papersubmission&utm_medium=pdfpaper
http://www.scirp.org/journal/AJAC/?utm_source=pdfpaper&utm_campaign=papersubmission&utm_medium=pdfpaper
http://www.scirp.org/journal/AS/?utm_source=pdfpaper&utm_campaign=papersubmission&utm_medium=pdfpaper
http://www.scirp.org/journal/CE/?utm_source=pdfpaper&utm_campaign=papersubmission&utm_medium=pdfpaper
http://www.scirp.org/journal/ENG/?utm_source=pdfpaper&utm_campaign=papersubmission&utm_medium=pdfpaper
http://www.scirp.org/journal/FNS/?utm_source=pdfpaper&utm_campaign=papersubmission&utm_medium=pdfpaper
http://www.scirp.org/journal/Health/?utm_source=pdfpaper&utm_campaign=papersubmission&utm_medium=pdfpaper
http://www.scirp.org/journal/JCC/?utm_source=pdfpaper&utm_campaign=papersubmission&utm_medium=pdfpaper
http://www.scirp.org/journal/JCT/?utm_source=pdfpaper&utm_campaign=papersubmission&utm_medium=pdfpaper
http://www.scirp.org/journal/JEP/?utm_source=pdfpaper&utm_campaign=papersubmission&utm_medium=pdfpaper
http://www.scirp.org/journal/JMP/?utm_source=pdfpaper&utm_campaign=papersubmission&utm_medium=pdfpaper
http://www.scirp.org/journal/ME/?utm_source=pdfpaper&utm_campaign=papersubmission&utm_medium=pdfpaper
http://www.scirp.org/journal/NS/?utm_source=pdfpaper&utm_campaign=papersubmission&utm_medium=pdfpaper
http://www.scirp.org/journal/PSYCH/?utm_source=pdfpaper&utm_campaign=papersubmission&utm_medium=pdfpaper
mailto:submit@scirp.org

	Embeddings of Almost Hermitian Manifold in Almost Hyper Hermitian Manifold and Complex (Hypercomplex) Numbers in Riemannian Geometry
	Abstract
	Keywords
	1. Deformations of Tensor Structures on a Normal Tubular Neighborhood of a Submanifold
	2. Almost Hyper Hermitian Structures (ahHs) on Tangent Bundles
	3. Embeddings of Almost Hermitian Manifolds in Almost Hyper Hermitian Those
	4. Complex and Hypercomplex Numbers in Differential Geometry
	5. A Local Construction of Kaehlerian and Riemannian Metrics
	6. Conclusion
	References



