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 1.  
 
 

§1.1. .  
. . 

 
 

: 
N – ; 
Z – ; 
Q – ; 
R – ; 
C – . 

: N Z Q R C. 
 A  R  a  A,  A  a , A  a , A  a  A  a 

 A, ,  a,  a,  
 a  a . 

 Z  0, 1, 2, …, n, … .  
 – . ,  

 « » .  
 (  a, b, c  Z): 

1) : a  (b  c)  (a  b)  c, a(bc)  (ab)c; 
2) : a  b  b  a, ab  ba; 
3)  – 0  1 

: a  0  a, a  1  a; 
4)  a   a  Z,  a  (  a)  0. 

,   a – . -
 Z  – . , )( baba  –  
 –  a  b ,  b  a. 

 4 -
: 1  1. 

: 
5) : 

(a  b)c  ac  bc. 
 1.1.1 ( ).  a  b, b  0, 

 q  r, 0  r  | b |, ,  
.rbqa                                               (1.1.1) 

 1.1.1.  (1.1.1) r  ,  q – -
 (  r  0)  a  b. 

 
 « ». 
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 1.1.2.  (1.1.1) r  0, . . ,bqa , 
 a  b (  ba ),  a   b,  b -
 a (  b |  a),  b ,  ,  a. 

 b  q  q  0.  

,ba   b,  b |  a,  b  a. 
: 

1. b | 0,  b  0. 
2. 1 |  a,  a  Z. 
3. b |  a  a | c  b | c ( ). 
4. b |  a  a | b  | a |  | b |. 
5. b |  a1 …  b |  ak  b | (a1w1 …  ak wk ),  k  N,  w1,…, wk  Z. 
6.  a1 …  ak  b1 …  bs,  k, s  N, -
 d, , ,  ai ,  ,1 ki   

 d. 
7. b |  a  | b | | | a |. 

 1.1.3.  1, 2 ,…, k ,  k  2, -
 d   0,  d   (  ).  

 1, 2 ,…, k , -
,   (  )  

 ( 1, 2 ,…, k )  ( 1, 2 ,…, k ), . 
.  7  

 1.1.3 ,  ( 1, 2 ,…, k )  (| 1 |, | 2 |,…, | k |). 
,  b |  a,  (a, b)  | b |. 

 1.1.2 ( ).  a  b 
,  | a |  | b |, b |  a,  

: 
a  bq1  r1, 

b  r1q2  r2,  r1  0, 
… 

rn – 2  rn – 1qn  rn ,  rn – 1  0, 
rn – 1  rn qn  1,  rn  0. 

 rn   (a, b). 
 1.1.2  .  

 
, : (a1,…, ak – 1, ak )  ((a1,…, 

ak – 1), ak ),  k  3, 4, … . 
-

 ri,  , ,1 ni  
 a  b  (a, b).  r–1  a, 

u –1  1, v–1  0, r0  b, u0  0, v0  1.  ni  ,1  
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ri  ri – 2  ri – 1qi, 
ui  ui – 2  ui – 1qi, 
vi  vi – 2  vi – 1qi. 

 ni  ,1  ri  aui  bvi. 
 1.1.3.  d   ( 1, 2 ,…, k ).  w1, w2 ,…, 

wk  Z,  

.
1  

k

i
iiwad                                                (1.1.2) 

 1.1.4.  (1.1.2)   
. 

 a  b  
. -

 
 a  b -

.  k  3  w1, w2 ,…, wk -
 (1.1.2) . 

.  w1, w2 ,…, wk  (1.1.2)  
. -

. 
 1.1.5.  1, 2 ,…, k ,  

k  2,  m,  m   (  ).  
 1, 2 ,…, k  -

 (  )  ( 1, 2 ,…, k )  
[ 1, 2 ,…, k ], . 

.  7  
 1.1.5 ,  [ 1, 2 ,…, k ]  [| 1 |, | 2 |,…, | k |]. 

,  b |  a,  [a, b]  | a |  a  0. 
 1.1.3  1.1.5,  

.
),(
||||],[

ba
baba                                              (1.1.3) 

C , -
: [a1,…, ak – 1, ak ]  [[a1,…, ak – 1], ak ],  k  3, 4, … . 

 
1.  a  b: 
) a  0, b  0. 

0  0  b  0. , q  0, r  0; 
) a  119, b   852. 

119  0  (  852)  119. , q  0, r  119; 
) a   4357, b   38. 

q  114, r  25; 
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– 

– 

– 

– 

– 

– 

– 

– 

4357 | 38   
38     | 114 
55 
38   
177 
152 
25 

) a   2023, b  116. 
2023  116  17  51; 

2023 | 116   
116   | 17 
863 
812 
51 

 2023  116  (  17)  51  116  (  18)  116  51  116  (  18)  65. 
, q   18, r  65; 

) a   11078, b   31. 
11078  31  357  11; 

11078 | 31   
93     | 357 
177 
155   
228 
217 

11 
 11078  (  31)  357  11  (  31)  358  31  11  (  31)  358  20. 

, q  358, r  20. 
2.  z  Z  01  )sgn( aaazz n  –  z,  n  Z  0  

  x  

.0 1
;0 0
;0 1

)sgn(
 

  

x
x
x

x  

: 
)  2  5: 2 | z  2 | a0, 5 | z  5 | a0. 

| z |   n  10n …  a1  10  a0  b  a0.   2 | 10  5 | 10,  2 | b  5 | b -
 5 . 

:  2 | z  5 | z,  2 | a0  5 | a0  6 -
. :  2 | a0  5 | a0,  2 | b  5 | b, 

 2 | z  5 | z  5 ; 
)  4  25: 4 | z  4 | ,01 aa  25 | z  25 | .01 aa  

| z |   n  10n …  a2  100  a1  10  a0  b  .01 aa   4 | 100  25 | 100,  
4 | b  25 | b  5 . 

:  4 | z  25 | z,   4 | 01 aa   25 | 01 aa   6 
. :  4 | 01 aa   25 | ,01 aa   

4 | b  25 | b,  4 | z  25 | z  5 ; 
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– 

– 

– 

– 

– 

)  3  9: 3 | z  3 | (  n …  a1  a0), 9 | z  9 | (  n …  a1  a0). 
| z |   n  10n …  a1  10  a0   n (9  1)n …  a1(9  1)  a0  b   n …  a1  a0  

 b  c.  5 -
 9 | b.  3  3 | b, . . 3 | 9  9 | b. 

:  3 | z  9 | z,  3 | c  9 | c  6  
. :  3 | c  9 | c,  3 | b  9 | b, -

 3 | z  9 | z  5 . 
3. : 
) ( 01 aa   10  

aa )  9,  a0  a1 – , 0  a0, a1  9. 
01 aa   10  

aa   a1  10  a0  (a0  10  a1)  (a1  a0)  10  (a0  a1)  (a1  a0)  9  9, 
 (a1  a0)  Z; 

) 000 aaa  37,  a0 – , 0  a0  9. 
000 aaa   a0  100  a0  10  a0  a0  111  (a0  3)  37  37; 

)  a, a  1, a  2,  a  Z,  
 3.  k -

,  k  N. 
1)  a  3q,  q  Z,  a  1  3q  1, a  2  3q  2.  

 a  3,  a  1  a  2  3  1  2 -
. 

2)  a  3q  1,  q  Z,  a  1  3q  2, a  2  3q  3  3(q  1).  
 (a  2)  3,  a  a  1  3 

 1  2 . 
3)  a  3q  2,  q  Z,  a  1  3q  3  3(q  1), a  2  3(q  1)  

 1.  (a  1)  3,  a  a  2  
3  2  1 . 

 k  k -
, , ,  0  k  1  

 k .  -
, :  k -

 k. 
4. : 
) (831, 2022). 

2022 | 831 
1662 | 2 

831 | 360 — r1 
720 | 2 

360 | 111 — r2 
333 | 3 

111 | 27 — r3 
108 | 4 

27 | 3 — r4 
27 | 9 
0 

(831, 2022)  r4  3; 
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– 

– 

– 

– 

– 

– 

– 

– 

– 

– 

– 

) (  2584, 1824,  171). 
1-  

d  (  2584, 1824,  171)  ((  2584, 1824),  171); 
2584 | 1824           171 | 152 
1824 |  1             152 | 1 

1824 | 760 — r1     152 | 19 — r1 
1520 | 2      152 | 8 

760 | 304 — r2         0 
608 | 2 

304 | 152 — r3 
304 | 2 

0 

(  2584, 1824)  r3  152; d  (152,  171)  r1  19. 
2-  

d  (  2584, 1824,  171)  ((  2584,  171), 1824); 
2584 | 171            1824 | 19 
171   | 15            171   | 96 
874              114 
855              114 

171 | 19 — r1        0 
171 | 9 

0 

(  2584,  171)  r1  19; d   (19, 1824)  19. 
,  2-  

,  1- .  3- ,  
 1 ,  1- : (1824,  171)  r2  57; d   (57,  2584)  r1  19. 

,  2- . 
5.  4: 
) (831, 2022)  r4  3. -

 831  2022, : 
r–1  2022, u –1  0, v–1  1; r0  831, u0  1, v0  0; 

q1  2, u1  u –1  u0 q1   2, v1  v–1  v0 q1  1  r1  360  831  (  2)  2022; 
q2  2, u2  u0  u1q2  5, v2  v0  v1q2   2  r2  111  831  5  2022  (  2); 

q3  3, u3  u1  u2 q3   17, v3  v1  v2 q3  7  r3  27  831  (  17)  2022  7; 
q4   4, u4  u2  u3 q4  73, v4  v2  v3 q4   30  r4  3  831  73  2022  (  30). 

, 3  831u  2022v,  u  73, v   30. 
)  1-  (  2584, 1824,  171)  (152,  171)  

 r1  19,  (  2584, 1824)  r3  152. -
  2584, 1824   171, -

: 
1) r–1  2584, u –1  1, v–1  0; r0  1824, u0  0, v0  1; 

q1  1, u1  u –1  u0 q1  1, v1  v–1  v0 q1   1  r1  760  2584  1824  (  1); 
q2  2, u2  u0  u1q2   2, v2  v0  v1q2  3  r2  304  2584  (  2)  1824  3; 
q3  2, u3  u1  u2 q3  5, v3  v1  v2 q3   7  r3  152  2584  5  1824   (  7); 
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2) r–1  171, u –1  0, v–1  1; r0  152, u0  1, v0  0; 
q1  1, u1  u –1  u0 q1   1, v1  v–1  v0 q1  1  r1  19  152  (  1)  171  

 2584  (  5)  1824  7  171  (  2584)  5  1824  7  (  171)  (  1). 
, 19  (  2584)u  1824v  (  171)w,  u  5, v  7, w   1, 

 1- . 
 2-  (  2584, 1824,  171)  (19, 1824)  19, 

 (  2584,  171)  r1  19.  
r–1  2584, u –1  1, v–1  0; r0  171, u0  0, v0  1; 

q1  15, u1  u –1  u0 q1  1, v1  v–1  v0 q1   15  r1  19  2584  171  (  15)  
 (  2584)  (  1)  1824  0  (  171)  15. 

 u   1, v  0, w  15  
 2- , . 

6.  4: 
)  (1.1.3)  

;560094
3

1680282
)2022,831(

20228312022,831  

)  (1.1.3) : 

.
,),(

||||||,
),(
||||],,[],,[

),(
||||

 

cba

cbac
ba
bacbacba

ba
ba

 

 1- , -
 1- ,  

[  2584, 1824,  171] .93024
57

5302368
)171,31008(

17131008

171,152

17118242584

152
18242584

 

 31008  171  181  57, 171  57  3,  (31008, 171)  r1  57. 
 [  2584, 1824,  171], -

 (  2584,  171)  19  (1824,  171)  57  1 -
 (23256, 1824)   r2  456  (5472, 2584)   r2  152 . 

 
1.  a  b: 
) a  13677, b   189; ) a    3198, b  7293; ) a   1958, b   2275. 

2.  z  Z  01  )sgn( aaazz n  –  z,  n  Z  0. 
: 

)  8  125: 8 | z  8 | ,012  
aaa  125 | z  125 | ;012  

aaa  
)  11: 11 | z  11 | ((  1)n

 n …  a1  a0). : 10  11  1. 
3. : (k n  1)  (k  1)  k  N  2  n  Z  0. -
:  n  0 ,  n  N  

k  (k  1)  1  
 k n  1. 

4.  (  2057,  1496, 451) . 
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5.  4. 
6.  4. 

 
1. ) q   72, r  69; ) q   1, r   4095; ) q  1, r  317. 4. 11. 5. u  36, 

v   48, w  5,  ((  2057,  1496), 451); 
u  0, v   19, w   63,  
((  1496, 451),  2057). 6. 674696. 

 
§1.2. . . 

 
 

 1.2.1.  p  1  , -
 1 ,  p -

 .  1 , . , 
N  {1}  {  }  { .}  

 1.2.1.  p  1  n  1  
,  n – ,  .np  

: 

1.  n  N  p  .|
;|1),( npp

nppn  

2. ( p1, p2 )  1,  p1  p2 – . 
,  n  pq  1  p, q  n 

,  p ,  q  [ 2; n ].  
 n , 

 .n  ,  n – 
.  « »  – 

,  n. 
,  n, 

, : 
1)  2  n; 
2)  p  2 – ; 
3) ,  p,  

 p 

2, ,  p 

2,  
; 

4) ,  p,  
 p ; 

5)  3  4,  p  [ n  ],  [ n  ] –  .n  
, -

 [2; n ]. 
 « »  

 [m; n ],  m  n. -
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,  [ n  ],  
[m; n ] . 

 1.2.2 ( ). . 
 1.2.3 ( . . ).  n  1  

 n  2n . 
 1.2.2.  1, 2 ,…, k ,  k  2,  -

,  ( 1, 2 ,…, k )  1. 
.  1.1.3 

. 
 1.2.4 ( ).  1, 2 ,…, k , 

 k  2, , -
 w1, w2 ,…, wk ,  

.1
1  

 
k

i
iiwa  

: 
1. ( 1, 2,…, k)  d  ( 1 / d, 2 / d,…, k / d )  1. 
2.  | ab  (c, a)  1   | b. 
3. (a, c)  1  (b, c)  1  (ab, c)  1. 
4.  3.  p  n1n2…nk , 

 k  N, ,  ,in  1  i  k,  .| inp  
 1.2.5 ( ). -

 n  1 -
: 

n  p1… ps.                                               (1.2.1) 
 1.2.3.  (1.2.1) -

,    n  1: 
,  

 

1
1  t

tppn   i  N, , ,1 ti  pi  pj  i  j.  z – ,  0   1 
,  t

tppzz  

 

 

1
1)sgn(  –  z. 

 
, . 

 1, 2 ,…, k ,  k  2, – ,  
  1. : 

,)sgn(   

 

  

1
1  iti

tii ppaa  ,Nt  ij  Z  0, ,,1  tj  , ,1 ki  
 p1,…, pt – ,  , ia  ,,1 ki   

 pj  ia   ij   0. 
,  1.1.3, 1.1.5  1.2.3,  

 1, 2 ,…, k : 
( 1, 2 ,…, k ) ,  

 

1
1 t

tpp    j 
ki1

min ij, ;,1  tj                 (1.2.2) 

[ 1, 2 ,…, k ] ,  

 

1
1 t

tpp    j 
ki1

max ij, .,1  tj                (1.2.3) 
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1.  « » : 
) 179. 

 [ 179 ]  13,  2  13: 
2, 3, 5, 7, 11, 13. ,  179 . 

 179 – . 
) 719. 

 [ 719 ]  26,  2  26: 
2, 3, 5, 7, 11, 13, 17, 19, 23. ,  719  

.  719 – . 
2.  200  225. 

 225   15,  
,  2, 3, 5, 7, 11, 13. ,  211  

223 –  [200; 225]. 
3. ,  n  N  2  n  n! . 
 n!  1  2 …  n  n  N, 0!  1. 

1-  
 n!  1  1  n  2.  n!  (n!  1)  1,  n!  

n!  1  1.2.4.  n!  
 1  n,  n!  

[2; n],  n!  2  3 …  n. 
n  n!  1  n!  n  2.  n!  1 – , -

,  n , ,  n!.  
,  p  n  p  n!. 

2-  
 1.2.3  n  2n  n  2 -

.  n  2n  n!  n  2,  n 
 p  n  p  n!. 

4. ,  n  k  N  
[k; k  n] , . 

 k  (n  2)!  2 : k, k  1,…, k  n. -
, 

k  2  (3 …  (n  2)  1), k  1  3  (2  4 …  (n  2)  1),… 
…, k  n  (n  2)  (2 …  (n  1)  1). 

5.  8279848. 
8279848  2  4139924  22

  2069962  23
  1034981, 2 | 1034981. 

[ 1034981]  1017.  p1, ,  2  p1  1017 
 p1 | 1034981.  p1  29,  1034981  29  35689, 29 | 35689. 

[ 35689 ]  188.  p2 , ,  29  p2  188  
p2 | 35689.  p2  89,  35689  89  401, 89 | 401. 
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[ 401]  20.  20  29  89,  p3  20, -
,  p3 | 401. , 401 – . 

, : 8279848  23
  29  89  401. 

6.  a  244604911  b   61875907  
. 

[ a ]  15639.  p1,  ,   2  p1  15639  
p1 | a.  p1  31,  a  31  7890481, 31 |  7890481. 

[ 7890481 ]  2809.  p2 , ,  31  p2  2809  
p2 | 7890481.  p2  53,  7890481  53  148877  532

  2809  533
  53  534. 

[ || b ]  7866.  p1,  ,   2  p1  7866  
p1 | b.  p1  31,  | b |  31  1995997  312

  64387  313
  2077  314

  67, 31 |  67. 
[ 67 ]  8.  8  31,  p2  8, ,  

p2 | 67. , 67 – . 
: a  31  534, b   314

  67. 
 (1.2.2)  (1.2.3)  

: (a, b)  31, [a, b]  314
  534

  67. 
 

1. : 
)  2320  2350; )  1300  1350. 

2.  a, b, c -
: 

a) a   356216713, b  312380651, c   2212339679; 
) a   16254559, b   44250139, c  1643534754511. 

 
1. ) 2333, 2339, 2341, 2347; ) 1301, 1303, 1307, 1319, 1321, 1327. 2. ) a  

  47 
4

  73, b  11  734, c   112
  47  733,  (a, b, c)  73, [a, b, c]  112

  47 
4

  734; 
) a   432

  59  149, b   43  97  1032, c  133
  433

  97 
2,  (a, b, c)  43, [a, b, c]  

 133
  433

  59  97 
2

  1032
  149. 

 
§1.3. .  

 
 1.3.1.  -

 
,  11   

bxaxa nn                                         (1.3.1) 
 n  N,  1,…,  n , b  Z,  i  0, 1  i  n, -

 (x1,…, x n) –  n  –  
. 

 1.3.1.  (1.3.1)  
,  .|),,( 1   baa n  
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 (1.3.1) – -
: 

ax  by  c,                                               (1.3.2) 
 , b, c  Z,    0  b  0,  (x, y) . 

-
: 

1.  (a, b) | c,  (1.3.2) . 
2.  a | c,    0, b  0 -

 (1.3.2)  {(c / a, t) | t  Z . }  
3.  b | c, a  0, b  0 -

 (1.3.2)  {(t, c / b) | t  Z . }  
4.  (a, b)  d, d | c,    0, b  0  

d
cy

d
bx

d
a                                                   (1.3.3) 

 5. 
5.  ( a / d, b / d )  1 (  1 ),  

 1.2.4 ( ) , -
, u , v   Z, ,  

 

.1   v
d
bu

d
a                                              (1.3.4) 

 6. 
6.  (1.3.4)  c / d,  

,   
d
cv

d
c

d
bu

d
c

d
a  

 v
d
cyu

d
cx    ,   –  (1.3.3), ,  (1.3.2). -

 7. 
7.  (1.3.2)  

.,    Ztt
d
ayt

d
bx                                  (1.3.5) 

 1.3.2.  m – .  a  b 
: 

1) a  b  m; 
2) a  b  m, . . a  b  mq  q; 
3) a  b  mq  q. 

 1.3.2.   b   m, 
 1.3.2.  

a  b (mod m)  a  b (m).  
 m. 
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: 
1. -

, . .  c 
a  b (mod m)  a  c  b  c (mod m). 

2. : 
a1   b1 (mod m)  a2   b2 (mod m)  a1  a2   b1  b2 (mod m). 

3. : 
a1   b1 (mod m)  a2   b2 (mod m)  a1a2   b1b2 (mod m). 

4.  3.  
: a  b (mod m)  a n   bn (mod m),  n  N. 

5.  a, b, m  d,  
: 

a  b (mod m)  a / d    b / d (mod m / d). 
6. ,  

:  d | a, d | b, (d, m)  1,  
a  b (mod m)  a / d    b / d (mod m). 

7. :   m 
a  a (mod m). 

8. : a  b (mod m)  b  a (mod m). 
9. : a  b (mod m)  b   c (mod m)  a   c (mod m). 

 
1. : 

)                                             60x  80y   440.                                            (1.3.6) 
 60  22

  3  5, 80  24
  5,  (60, 80)  22

  5  20; 20 | 440, -
 (1.3.6)  

3x  4y   22.                                              (1.3.7) 
 (3, 4)  1,  

3u  4v  1.                                               (1.3.8) 
 u  v : 

r–1   4, u –1  0, v–1  1; r0  3, u0  1, v0  0; 
q1  1, u1  u –1  u0 q1   1, v1  v–1  v0 q1  1  r1  1  3  (  1)  4. 

 u    1, v   1 –  (1.3.8).  x    22, 
y   22 –  (1.3.7). 

 (1.3.5)  
 (1.3.6): {(  22   4t, 22  3t) | t  Z . }  

)                                                39x  22y   10.                                           (1.3.9) 
 39  3  13, 22  2  11,   (39,  22)  1;  1 | 10, -

 (1.3.9) . : 
39u  22v  1.                                          (1.3.10) 

 u  v : 
r–1  39, u –1  1, v–1  0; r0  22, u0  0, v0  1; 

q1  1, u1  u –1  u0 q1  1, v1  v–1  v0 q1   1  r1  17  39  22  (  1); 
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q2  1, u2  u0  u1q2   1, v2  v0  v1q2  2  r2  5  39  (  1)  22  2; 
q3  3, u3  u1  u2 q3   4, v3  v1  v2 q3   7  r3  2  39  4  22  (  7); 

q4  2, u4  u2  u3 q4   9, v4  v2  v3 q4  16  r4  1  39  (  9)  22  16  
 39  (  9)  (  22)  (  16). 

 u    9, v    16 –  (1.3.10).  
x    90, y    160 –  (1.3.9). 

 (1.3.5)  
 (1.3.9): {(  90  22t,  160  39t) | t  Z . }  

2. , ,  r,  
0  r  5,  6  a  1001  2310

  1913
  512. 

,  a , 
 1001  7  11  13  51  3  17. 

1001  6  166  5  1001  5   1 (mod 6). 
 4 : 

23  6  3  5  23  5   1 (mod 6)  2310  1 (mod 6); 
19  6  3  1  19  1 (mod 6)  1913  1 (mod 6); 
51  6  8  3  51  3 (mod 6)  512  9  3 (mod 6). 

 3  a   1  1  1  3   3  3 (mod 6). , r  3. 
3. ,  n – ,  n 

2  1  0 (mod 8). 
n  2m  1,  m  Z, n 

2  1  (2m  1)2  1  2m(2m  2)   4m(m  1).  
,  §1.1 ( .  3, ), m(m  1)  2. -

, 4m(m  1)  8,  1.3.2  n 

2  1  0 (mod 8). 
4. ,  3n   1 (mod 10)  n  N,   3n + 4  

  1 (mod 10). 
 3  

34  81  1 (mod 10)  3n + 4  3n
  34   1  1   1 (mod 10). 

5. ,  211  31  2 (mod 11  31). 
 3  4 : 

25  32   1 (mod 11)  211  (25)   2  (  1)2
  2  2 (mod 11), 

(211)   231  (25)   2  (  1)6
  2  2 (mod 11); 

25  32  1 (mod 31)  231  (25)   2  1  2  2 (mod 31), 
(231)   211  210

  2  1  2  2 (mod 31). 
, 211  31  2  11m  2  31n,  m, n  N, -

 1.3.2.  11m  31n   11 | 31n, 31 | 11m.  11  31 –  
,  (11, 31)  1  2 . , -

 2  11 | n  31 | m,  211  31  2  (11  31)q,  q  N. 
 1.3.2 ,  211  31  2 (mod 11  31). 

 
1.  7x  19y  23. 
2. , -

 ( )  12  (  )  31  67. -
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,  1  x  31, 
1  y  12. 

3.  1 -
 7  12 ? 

4. ,  314   1 (mod 29). :  33  
 29 -

. 
5.  15325  1  9. :  

 1532  9 . 
6. .  1  22n

 –  n  Z  0. 
, ,  n  5 ,  641. 

:  210,  211  
 641 . 

 
1. {(  184  19t,  69  7t) | t  Z . }  2. 3 . 3. : 4 -

 7  6  12 . 5. 4. 
 

§1.4. .  
 

 m  m  
: 0, 1, 2,…, m  1.  7–9  §1.3 , -

 Z . 
 Z  m -

 m , -
 m.  

 m  0 ,…, .1m   residue – 
» –  « ». 

 1.4.1.   m  i  Z 
 i   {i  mq | q  Z ,}  , -

 i  m. -
, . .  i  mq  mqi   .i  -

 i  m  
.10 mi   m  

Z / mZ  1,,0   m ,  m -
. 
,  ,k  l  Z / mZ  k 1, k 2  ,k  

l1, l 2  l   k 1  l1  k 2  l 2  Z / mZ,  
, lk  . .  m  2 

 §1.3. ,  3  §1.3 -
 k 1l1  k 2l 2  Z / mZ,  .kl  
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 Z / mZ. , -
 k   l   ,w   w  –  Z / mZ,  

 k  l  k  ,k  l  ,l   lk   z  –  
 Z / mZ,  kl  k  ,k  l  :  l  

llkklklklk ,|   , llkkklkllk ,| . 
 Z / mZ -

,  1–5 -
 Z  §1.1  Z / mZ: 

1) k   sl   lk     ,s  slk    slk  – ; 
2) k   l   l   ,k  lk   kl  – ; 
3)  – 0   1 

: k   0   ,k  k  1   ;k  
4)  k   k  Z / mZ, -
,  k   k   ,0   k   ;km  
5) slskslk    – . 

 1–5  slk ,,  Z / mZ. 
 1.4.2.  k  Z / mZ  , -

 
1k  Z / mZ,  .1 1

kk   1k   -
,  .k  

 01   m  1,  Z / Z  {0} -
. 

-
 (  k ) -

. 
 1.4.1.  k  Z / mZ – ,  (k, m)  1. : 

1) lk   0   l   ;0  
2) ,21   lklk   ;21   ll  
3) k  –  Z / mZ. 

 1.4.2.  k  Z / mZ – ,  (k, m)  d  1. : 
1)  l   ,0  ,  lk   ;0  
2)  ,21   ll  ,  ;21   lklk  
3) lk   1   l   ,0  . .  k   Z / mZ. 

 1.4.1  1.4.2 . 
 1.4.1.  k  Z / mZ ,  

(k, m)  1. . 
.  p – ,  Z / pZ  

. 
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 Z / mZ – ,  
 .  i  

j  ji xx     – ). 
 1.4.3.  (  )  

 m  1 , 
 m   m. 

 1.4.2 ( ): 
1. ( p)  p  1  p. 
2. ( p )  p   p   ,    N. 
3.  (m, n)  1,  (mn)  (m) (n). 
4.  t

tppm  

 

1
1   –  m,  

 1 1 
11   )( 11
  

tt
tt ppppm  m(1  1 / p1)…(1  1 / pt). 

 1.4.1 ,  m  N  1  Z / mZ  
(m) . 

 1.4.3 ( . ).  m  N  1  a  Z -
: (a, m)  1 ,  a 

(m)  1 (mod m). 
.  Z / mZ  m  N  1 -
 k  : 

1) ;1 )(mk  
2)  k   .1  )(mk  

 1.4.4 ( ).  p – .  
a  Z  p ,   a p – 1  1 (mod p). 

.  Z / pZ  p  k   0  -
 .2  pk  

 
 

ax  b (mod m),                                         (1.4.1) 
 a, b  Z, a  0, m  N,  –  Z. 

1.  (a, m)  1.  (1.4.1)  
 x  –  m.  1.4.1 a  – 

 Z / mZ  
1a  –  a  .  Z / mZ 

 (1.4.1)  .bxa   

, 1a   .1 bax   x   {x0  mq | q  Z} – -
 (1.4.1).  

1a  -
 a  1  a  m,  1  )(1   maa   

 1.4.3. 
2.  (a, m)  d  1  ,| bd  (1.4.1)  Z, -

 6  §1.1. 
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3.  (a, m)   d   1   d  | b.  (1.4.1)  m  d -
 5  §1.3.  

a1x  b1 (mod m1),                                          (1.4.2) 
 a1   a / d, b1   b / d, m1   m / d,  (a1, m1)  1  1 . 

 (1.4.2)  
 x   m1  1.  x   {x0  m1q | q  Z ,}   

,  (1.4.1).  (1.4.1) –  
 d  m,  

 x   m1: ,0x  ,,10   mx  .)1( 10   mdx  
 

1.  Z / mZ. -
 

, . -
 1.4.1: 

) m  7. 
-

 ( . 1.4.1, , ).  
: ,7 ii  0  i  6. , 

,  1.4.1 ,  
7 – . : 

,11  1 
 ,42  1 

 ,53  1 
 ,24  1 

 ,35  1 
 .66  1  

 
 0  1 2  3  4  5  6       0  1 2  3  4  5  6  

0  0  1 2  3  4  5  6      0  0  0  0  0  0  0  0  
1 1 2  3  4  5  6  0      1 0  1 2  3  4  5  6  
2  2  3  4  5  6  0  1     2  0  2  4  6  1 3  5  
3  3  4  5  6  0  1 2      3  0  3  6  2  5  1 4  
4  4  5  6  0  1 2  3      4  0  4  1 5  2  6  3  
5  5  6  0  1 2  3  4      5  0  5  3  1 6  4  2  
6  6  0  1 2  3  4  5      6  0  6  5  4  3  2  1 

 
                                                                                                                      

. 1.4.1 
 

. 1.4.1,  
 1.4.1  1.4.2 

. 
) m  9. 

-
 ( . 1.4.2, , ).  

: ,9    ii  0  i  8.  9 – . 
,  
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 9: 1, 2, 4, 5, 7, 8,  1.4.1.  
: 

,11  1 
 ,52  1 

 ,74  1 
 ,25  1 

 ,47  1  .88  1  
 

 0  1 2  3  4  5  6  7  8       0  1 2  3  4  5  6  7  8  
0  0  1 2  3  4  5  6  7  8      0  0  0  0  0  0  0  0  0  0  
1 1 2  3  4  5  6  7  8  0      1 0  1 2  3  4  5  6  7  8  
2  2  3  4  5  6  7  8  0  1     2  0  2  4  6  8  1 3  5  7  
3  3  4  5  6  7  8  0  1 2      3  0  3  6  0  3  6  0  3  6  
4  4  5  6  7  8  0  1 2  3      4  0  4  8  3  7  2  6  1 5  
5  5  6  7  8  0  1 2  3  4      5  0  5  1 6  2  7  3  8  4  
6  6  7  8  0  1 2  3  4  5      6  0  6  3  0  6  3  0  6  3  
7  7  8  0  1 2  3  4  5  6      7  0  7  5  3  1 8  6  4  2  
8  8  0  1 2  3  4  5  6  7      8  0  8  7  6  5  4  3  2  1 

 
                                                                                                                             

. 1.4.2 
 

. 1.4.2,  
 1.4.1  1, 2, 4, 5, 7, 8 

 1.4.2  0, 3, 6. 
2.  Z / 236Z  ,71  ,100  185  -

, . 
236   22

  59, 71 – , 100   22
  52, 185   5  37. 

 (71, 236)  1,  71 –  Z / 236Z. 
 71  

1, 71  236, : 
r–1  236, u –1  0, v–1  1; r0  71, u0  1, v0  0; 

q1  3, u1  u –1  u0 q1   3, v1  v–1  v0 q1  1  r1  23  71  (  3)  236; 
q2  3, u2  u0  u1q2  10, v2  v0  v1q2   3  r2  2  71  10  236  (  3); 

q3  11, u3  u1  u2 q3   113, v3  v1  v2 q3  34  r3  1  71  (  113)  236  34. 
 71  (  113)  1 (mod 236)  .12311323611371    1  

 (100, 236)   4  1,  100  –  Z / 236Z. 
 (185, 236)  1,  185  –  Z / 236Z. 

 185   1, 
185  236, : 

r–1  236, u –1  0, v–1  1; r0  185, u0  1, v0  0; 
q1  1, u1  u –1  u0 q1   1, v1  v–1  v0 q1  1  r1  51  185  (  1)  236; 
q2  3, u2  u0  u1q2   4, v2  v0  v1q2   3  r2  32  185  4  236  (  3); 
q3  1, u3  u1  u2 q3   5, v3  v1  v2 q3   4  r3  19  185  (  5)  236  4; 
q4  1, u4  u2  u3 q4  9, v4  v2  v3 q4   7  r4  13  185  9  236  (  7); 
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q5  1, u5  u3  u4 q5   14, v5  v3  v4 q5  11  r5  6  185  (  14)  236  11; 
q6  2, u6  u4  u5 q6  37, v6  v4  v5 q6   29  r6  1  185  37   236  (  29). 

 185  37  1 (mod 236)  .37185  1  
3.  (m): 
) m  480. 

480  25
  3  5 – .  1.4.2  

(480)  (25  24)  (3  1)  (5  1)  16  2  4  128; 
) m  697. 

697  17  41 – .  1.4.2  
(697)  (17  1)  (41  1)  16  40  640. 

4.  
nba  

   Z / pZ,  n  N, 
 – .  Z / 11Z  

 n. 
 0ba   (   b, )  1,  1 

1   

 
pba  -

 (  1.4.4). ,  1.1.1 -
,  a , b   Z / pZ  0ba   

,  

0

   )1 (

 

 
 

 

 
  

     

  kr

k

krk
r

rrqpn baCbababa  

 q  Z  0, r  N  p – 1, 
)!(!

!
krk

rC k
r  –  r  k, -

. ,  000     

rn
  r  N  p – 1,  

 .0ba   
 p ( . .  

 p),  0cp     Z  c   Z / pZ. 

 r  0  1 

 

 
nba   0ba   0 

 

 
nba   .0ba  

) n  28. 
28 

 ba  
8210    

 ba  
8 

 ba  
8

a  ba
7

8   
26

)2/78( ba  
35)( )32/(678 ba  

 
44)( )432/(5678 ba  

53)( )32/(678 ba  
62

)2/78( ba  
7

8 ba  
8

b  
8

a  

 ba
7

8   
26

6 ba  35ba  
44

4 ba  
53

ba  
62

6 ba  
7

8 ba  ;8b  
) n   44. 

44 

 ba  
44  10 

 ba  
4 

 ba  
4

a  ba
3

4   
22

6 ba  
3

4 ba  ;4b  
) n  75. 

75 

 ba  
57  10 

 ba  
5 

 ba  
5

a  ba
4

5   
23

10 ba  
32

10 ba  
4

5 ba  .5b  
5.  

114    42 (mod 87).                                       (1.4.3) 
 87  3  29, 114   2  3  19, 42   2  3  7,  (87, 114, 42)  3, , 

 (1.4.3) . 
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 (1.4.3)  3.  
38   14 (mod 29).                                        (1.4.4) 

 (38, 14)  2,  6 ,  
 (1.4.4)  2, : 

19   7 (mod 29).                                         (1.4.5) 
 (1.4.4)  (1.4.5)  

 x   
1 19  7   Z / 29Z.  

1 19  -
 1.4.4,  29 – . -

,  
1927  (  10)27   227

  527   227
  (52)   5   227

  (  4)13
  5  253

  5  225
  5  

 (25)   5  35
  5  27  9  5   2  9  5   90   3 (mod 29). 

, 319   1 
  Z / 29Z.   x0   3  7   21  8 (mod 29). -

, x   8   {8  29q | q  Z} –  (1.4.5), -
,  (1.4.4).  x   

 (1.4.3); x   
 Z / 87Z: 8   {8  87q | q  Z ,}  37   {37  87q | q  Z ,}  66   {66  

 87q | q  Z .}  
 

1.  Z / 12Z.  
 

, . -
 1.4.1. 

2.  Z / 318Z  ,59  ,126  273  -
, . 

3.  
nba  

   Z / 17Z  
 n: 

) 38; ) 51; ) 100. 
4.  256   179 (mod 337). 

 
1. ,12 ii  0  i  11; ,11  1 

 ,55  1 
 ,77  1 

 ,1111  1 
  

. 2. ,22159  1 
 126   273  . 3. ) 

6 
 ba  

6
a  

 ba
5

6   
24

15 ba  
33

3 ba  
42

15 ba  
5

6 ba  ;6b  ) 
3 

 ba  
3

a  ba
2

3   
2

3 ba  ;3b  

) 
4 

 ba  
4

a  ba
3

4   
22

6 ba  
3

4 ba  .4b  4. 81   {81  337q | q  Z .}  
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 2.  
 
 

§2.1. , ,  
 

 2.1.1.  X  Y – . -
 Y  , ,  

  Y  .  
 q,  q: X  Y  

  Y. ,  
  Y.  

  Y,  
Q  X  Y  {(x, y) | x  X, y  Y , }  , -

, . .  ( , ), -
. 

, ,  q,  
: 

q  (X, Y, Q), 
 Q  X  Y.  X  -

,  Y –  
,  Q – . 

 X, Y  Q  q 
:  D(q)  {x  X | (x, y)  Q , }  

  ,  
 , ,  E(q)  

 {y  Y | (x, y)  Q , }   ,  
 Y, .  

( , )  Q, ,   y  . -
,   . 

  E(q),  
  D(q),    Y  q  q(x). 

   D(q),  
  E(q),   y  q  q – 1( y ). 

 A  D(q),   q( A )  A  
 A.   q – 1(B )  B 

 B  E(q)  B. 
 2.1.2.  D(q)  ,  q  -

 (    Y ), -
 .  E(q)  Y,  q   

( )  Y.  q   ( ),  
 1  2  D(q)  

1  2  E(q)  q. 
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  q   (  p  q),  
 –  ,    -

  ( )  q( ). 
, -

 ,  -
. 

 2.1.3.  q   (  -
),    D(q)  

   E(q),  q: x y  q(x)  y. -
 q   Y   (  -

,  ,  1-1 ), -
, .  -
.  ,  1  2  -

 1  2  Y,  , -
.  ,  

. 
 2.1.4.  f : X  Y – .     

 f    Y, ,  
f ( )  .   ,  –  

 .  ( f ) ,   f  
.   

 X :   , ,  eX ( )     .  X, Y  R,  
  f    (  ). 

 2.1.5.   f  – , -
 ( , f ( ))  R2. -

   f. 
 2.1.6.  q  ( , Y, Q)  Q  X  Y -

  , , -
 q , . .    , 

   Y. , -
 q,  

q – 1  (Y, X, Q – 1), 
 Q – 1  Y  X. 

 
-

. , -
: 

(q – 1) 
   q. 

, 
. 

: 
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1.  –  .  
 ( ,  f ( )). -

, . 
2.  -

,  , -
 ( ) . ,  

-
. 

 -
.  i  ,  1  i  n, X  A1 …  An, 

i  j   i  j.   f i ( ) ,     i, 
 1  i  n.   f,  , : 

f ( ) 

.)(

;)(
;)(

   

    

    
 

 

 22

11  

nn Axxf

Axxf
Axxf

 

3.   f  – ,  
 R2,  2.1.5. 

4. , , -
. -

, .  
.  

  f,  N (  Z  0), -
: 1)   f (1) (   f (0)); 2)   f (n  1)  

 f (n) , .  
 n!: 1) 0!  1; 

2) (n  1)!  n!(n  1).  (n  1)!  n  N  n  1 -
, . . . 

 2.1.7.   f : X  Y1   g: Y2  Z, Y1  Y2. 
 h: X  Z    f    g (  h  g  f 

  h  g f ),   h –   f    g: h (x)  g( f (x)) 
 x  X. ,   h    f   g: 

g f : x z, z  g f (x)  g( f (x)), 
g f : .zyx gf  

 n  
 n  2. 

. 
 2.1.8.   f :   Y.   f  – 1: Y  -

   f,   f  – 1f   ,   ff  – 1  Y,   Y – -
  Y . 

,  
f ( )   y  Y     X. 
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  f ,  
,  .  

  f ( )   (  
)  ,     . 

     f  – 1( ). 
 2.1.1 ( ).  

f :   Y ,   f  – . 
 2.1.9.   f :   Y – ,    – -

 .  f  
 f A :   Y, ,  f A (x)   f ( ),  x  . 

 AfQ   ( , )  fQ    f, -
    , , ( , y)    Y. , .    YAQQ ff A  

, ,  , -
,  

, , ,  
. 

: 
1. . 
2. . 
3. . 
4. . 
5. . 
6. , -

 ,  –  X. 
7. , , . 

 2.1.2.   – .   f :    – -
,   f  – . 

 
1.    Y -

   {1, 2 }  Y  {3, 5 .}  -
, , , ?  

? ,  
. 

  Y  {(1, 3), (1, 5), (2, 3), (2, 5) . }  -
 24  16 . : Q0  {( )}  , 

Q1  {(1, 3) , }  Q2  {(1, 5) , }  Q3  {(2, 3) , }  Q4  {(2, 5) , }  Q5  {(1, 3), (1, 5) , }  Q6  
 {(1, 3), (2, 3) , }  Q7  {(1, 3), (2, 5) , }  Q8  {(1, 5), (2, 3) , }  Q9  {(1, 5), (2, 5) , }  Q10  
 {(2, 3), (2, 5) , }  Q11  {(1, 3), (1, 5), (2, 3) , }  Q12  {(1, 3), (1, 5), (2, 5) , }  Q13  {(1, 3), 

(2, 3), (2, 5) , }  Q14  {(1, 5), (2, 3), (2, 5) , }  Q15  { (1, 3), (1, 5), (2, 3), (2, 5) }  X  Y. 
 Qi  qi,  0  i  15. 

 q6 – q9, q11– q15,  D(qi)  X 
 6  i  9  11  i  15.  q5, q7, q8, 
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q10 – q15, . . E(qi)  Y  i  5, 7, 8  10  i  15. -
 2.1.2: q1– q4, q7, q8. -

 q1– q4, q6 – q9, .  
q6 – q9, . -

, -
 2.1.3   q7    q8. 
2.  f (x)  (1  (x / (1  x)) 

2)   
,  

. 
f 1 (x)  x / (1  x), D( f 1)  ,{1}\    R  E( f 1)  ,1}{\    R  . .  x / (1  x)  y 

 x  x  y / (1  y)    .1}{\    R  
f 2 (x)  , 2x  D( f 2)  R, E( f 1)  D( f 2), E( f 2)  R  0, E( f 2 f 1)  R  0. 

f 3 (x)  1  x, D( f 3)  R, E( f 2 f 1)  D( f 3), E( f 3)  R, E( f 3 f 2 f 1)  R  1. 
f 4 (x)  ,  2/1 x  D( f 4)  R  0, E( f 3 f 2 f 1)  D( f 4), E( f 4)  R  0, E( f 4 f 3 f 2 f 1)  R  1. 
f (x)   f 4 ( f 3 ( f 2 ( f 1 (x))))   f 4 f 3 f 2 f 1 (x), D( f )  D( f 1)  ,{1}\    R  E( f )  R  1. 
3.   f (x)  sin x  g(x) .95 2 xx  , 

  f    g . 
D( f )  R.  D   25  36   11  0,  2x   5x  9  0 

 x  R   g  R . , D( g )  R . -
  g f    fg. ,  D( g f )  D( fg )  R.  

g f (x) ,9sin5sin    

2 xx   x  0   g f (0)  3; 
fg(x) ,95sin  2

 xx   x  0   fg(0)  sin 3  3, . . E( f )  [  1; 1]. 
, g f    fg. 

4. : f (x)  2   3, g(x)  3x   8, h (x)  
 .2 16 2 xx  : 

1)   f, g, h -
  fgh (x), hfg(x),  ffg(x), ; 
2)  f, g, h , 

 R,  R; 
3)   f, g, h -

 D( f ), D( g ), D(h ) .  
. 

: 
1) D( f )  D( g )  D(h )  R, -

 R: 
fgh (x)  2( gh (x))  3  2 82   

 316 2 xx   3  1  48 3 22 xx   19; 

hfg( )  )(16 )(  
 

     

2
 2 xfgxfg   19 216 19 2 323   

 

2 xx   ;2 57 44 4 36 xx  
ffg( )  2( fg(x))  3  322( x   19 )  3  34x   41. 

2)  x1, x2  R, x1  x2,   2 x1  3  2 x2  3, -
. , f  –  R.  2 x  3  y  
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 x,  x  ( y  3) / 2   f  – 1( y )  y  R. ,  f  –  
 R. ,  f  –  R. 

 )(    xg   23x   0  x  R \ {0}  )(    xg   0   x  0, , 
g  R.  g  R. 

  g  R, ,)(lim  
 

   

 
xg

x
 .)(lim     

  
xg

x
  E( g )  R  

g  R. ,  g –  R. 
, , h (0)  20  1  h (  16)  20  1,  h -

 R.  xx 16 22   0  x  R,  E(h )  R  0, -
 E(h )  R  h  R. , h  

 R. 
3) 2 x  3  y,  x  ( y  3) / 2  y  R,  

. 2 .   f  – 1(x)  (x  3) / 2, D( f  – 1)  E( f  – 1)  R. 
3x   8  y,   x  3 8y  –  R  y  R. 

 g – 1(x)  ,83 x  D( g – 1)  E( g – 1)  R. 
xx 16 22   y,  2x   16x  .log  2 y   D / 4  64  y 2log   0  y  2– 64, 

 E(h )  D(h – 1)  [2– 64;  )   x1, 2   8  .64log  2 y    h – 1(x)  

  8  64log  2 x  , . .  x  (2– 64;  ) -

.   h1
– 1(x)   8  64log  2 x  

h 2
– 1(x)   8  64log  2 x   D(h1

– 1)  D(h 2
– 1)  [2– 64;  ), -

,  h  [  8;  )  
 D( h1)  E(h1

– 1)  (  ;  8]  D(h  2)  E(h 2
– 1). 

5.  n  K -
 Vn(K ),  n -

 K  Mn(K ).   f : V3(Z / 26Z)  V3(Z / 26Z),   f (c)  Ac 

 c  V3(Z / 26Z), 

1722
25235
19211

A   M3(Z / 26Z).   f ? 

  f  – 1. 
  

.
174
135
7211

A  

  f  – 1 ,   f  – 1: V3(Z / 26Z)  V3(Z / 26Z),   f  – 1(c)  A – 1c. -
, , -
 A – 1  M3(Z / 26Z), , -

 det( A )  Z / 26Z. 
 det( A )  « »: 
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12511714374127751311 )()()()()()()()(         

.11119107784824533    
 (11, 26)  1,  1.4.1 det( A )  11   Z / 26Z. 

 det( A ) – 1  det( A – 1),  1, 11  26 
: 

r–1  26, u –1  0, v–1  1; r0  11, u0  1, v0  0; 
q1  2, u1  u –1  u0 q1   2, v1  v–1  v0 q1  1  r1   4  11  (  2)  26; 
q2  2, u2  u0  u1q2  5, v2  v0  v1q2   2  r2  3  11  5  26  (  2); 
q3  1, u3  u1  u2 q3   7, v3  v1  v2 q3  3  r3  1  11  (  7)  26  3. 

 11  (  7)  1 (mod 26)  det( A ) – 1 .711   1   ,   f  – 1 -
. 

 aij   A   Aij.  

A – 1  det( A ) – 1 .

332313

322212

312111

AAA

AAA

AAA

  A – 1: 

A – 1  
10338771235
3511281145

21249273
7

35
211

74
211

74
35

15
711

14
711

14
15

13
72

17
72

17
13

7
)(

)()(
)(

 

973
291
314

7
112321
14117
2172

.
152321
12157
51924

 

 
1.    Y -

  Y. , -
, , ? -

? , : 
)   {1, 2 ,}  Y  ;{3}  ) X  ,{1}  Y  {3, 4 .}  

2.   f ( )  ( 1  xe2 )  
. 

3.  f (x)  x 2log   g(x)  .log  3 x  ,  
  f  g . 

4. : f (x)  92x   7, g(x)   5arctg(4x)  2, 
h (x)  

xe5  17. : 
1)   f, g, h -

  fgh (x), hfg(x),  ffg(x), ; 
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2)  f, g, h , 
 R,  R; 

3)   f, g, h -
 D( f ), D( g ), D(h ) .  

. 
5.   f : V3(Z / 28Z)  V3(Z / 28Z),   f (c)  Ac,  c  V3(Z / 28Z), 

087
654
321

A   M3(Z / 28Z).   f ?  

  f  – 1  A – 1. 
 

1. ) Q0  {( )}  , Q1  {(1, 3) , }  Q2  {(2, 3) , }  Q3  {(1, 3), (2, 3) , }  q1, q2 – -
, , , q3 – -

; ) Q0  {( )}  , Q1  {(1, 3) , }  Q2  {(1, 4) , }  Q3  {(1, 3), (1, 4) , }  q1, q2 – -
, q3 – . 2.  f (x)   f 4 f 3 f 2 f 1 (x),   

f 1 ( )  2 x ( f 1 ( )  xe ),  f 2 ( )  xe  ( f 2 ( )  2x ),  f 3 ( )  1  x,  f 4 ( )  . 3x  4. 1) D( f )  
 D( g )  D(h )  R, D( fgh)  D(hfg)  D( ffg)  R, fgh (x)  2(  5arctg xe54(  68 )  2)   7, 

hfg(x)  
7 2  )4(arctg52 9)(  5 xe  17, ffg(x)  2(2(  5arctg(4x)  2)9  7)   7; 2)  f  –  

 R, g, h – , ,  R; 3)  f  – 1(x)  ,2/)7(9 x  

D( f  – 1)  E( f  – 1)  R, g – 1(x)  
4
1 tg((2  x) / 5), D( g – 1)  (  5  / 2  2; 5  / 2  2), E( g – 1)  R, 

h – 1(x)  ,)17ln(log )( 5 x  D(h – 1)  (  16;  ), E(h – 1)  R. 5.  f  – 1: V3(Z / 28Z)  V3(Z / 28Z), 

  f  – 1(c)  A – 1c, det( A )  det( A – 1)  ,1  A – 1  
3223
222114
3420

  M3(Z / 28Z). 

 
§2.2. .  

 
 2.2.1.  

   ( )  f, -
     f ( )   

 b     , , 
  f ( )  b, ,   f :   B . 

 2.2.2.     (  
  ), . 

,   ,   ,   
 , . .           , – . 

 2.2.3.   
  |  |. , . .  

, ,  0: |  |  0. 
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 2.2.1.     -
,  |  |  |  |. 

 2.2.2.  
n-  n!. 

 2.2.3.  1, 2,…, n –  | Ai |  mi , , ,1 ni  
 i  j    i  j.  1  2 …  n -

 1, 2,…, n: 
| 1  2 …  n |  m1  m2 …  mn. 

 2.2.4.  1, 2,…, n –  | Ai |  mi , . ,1 ni  
 1  2 …  n  { (a1, a2,…, a n ) | ai  Ai, ni  ,1 } 

 1, 2,…, n: 
| A1  A2 …  An |  m1m2…mn. 

  Ai  , ,,1 ni   

n

AAA   n  {(a1, a2,…, a n ) | ai  A, ni  ,1 . }  

. | An |  | A |n  A  n  N. 
 2.2.4.   – . , 

 ,  ( A )  {  |   A ,}   
 . 

 2.2.5.  ,  | A |  n  Z  0, -
   2n, . . | P( A ) |  2n. 

 k  n  ,  

n  Z  0, 0  k  n,  n  k: .
)!(!

!
knk

nC k
n  

 2.2.5. , -
 N,  . 

 N .  
 Z. , -

  f : Z  N, . 2.2.1. 
 

 

 

 
 

. 2.2.1 
 

.    1||2
;   2)(

0    

 
 Z

N
zz

zzzf  
 

 Q.  
,  

. 

Z: …  – n … – 4  – 3  – 2  – 1    0    1    2    3    4  …  n   … 

N: ... 2n  1 ...  9     7    5      3    1    2    4    6    8  … 2n  … Би
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 2.2.6. -
 N,  . 

 2.2.6 . ). -
 (0; 1) . 

 2.2.7. -
 (0; 1)  ,  – -

. 
 (0; 1)  

 [0; 1) ( . 2.2.2)  (0; 1],  [0; 1] ( . 2.2.3),  
 (a; b), (a; b], [a; b), [a; b],   a, b  R, a  b,  R. 

 
 
 
 
 
 
 
 

. 2.2.2 
 

f : (0; 1)  [0; 1),  
.,5 5,05 5,0

;5,00

;,5 5,0

)(

1  

   

N

N

nx
x

nxx

xf

nn

n
 

 
 
 
 
 
 
 
 

. 2.2.3 
 

f : (0; 1)  [0; 1],  

.,77,077,0

;,5 5,05 5,0
;7,01
;5,00

;,77,0,5 5,0

)(

1  
    
1

  

  

   

N

N

N

nx

nx
x
x

nxxx

xf

nn

nn

nn

 

0 

0 

x 

x 

0,5 0,55 

0,5 

1 

1 

1 

1 

0 

0 

x 

x 

0,5 0,55 

0,5 0,7 

0,7 0,77 
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 f : (c; d)  (a; b)  
 a, b, c, d  R, ,  a  b, c  d, -

: 

,)()(    acx
cd
abxf   x  (c; d).                              (2.2.1) 

,   g: (0; 1)  R,   g(x)  tg(  x   / 2), -
 (0; 1)  R. 

 R2  Rn  
n  N. 

.  
. 

. 
 

1. ,  R2    ,    {(x, y)  R2 | 2 x  y  1 , }  B  
 {(x, y)  R2 | x  y  0 , }  . 

,  R2 -
,  2 x  y  1,  – 

  x  y  0  ( . 2.2.4). 
  -

, -
 (1/ 3, 1/ 3). 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
. 2.2.4 

 
 R2     -

-
 2 x  y  1   x  y  0. 

2 x  y  1 

  y  0 

BM 

M N 

AN 

AM 

1 
1 

 
X BN 

Y 
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 ( , )  2 x  y  1   x  y  0, -

, -
 x  y  0  2 x  y  1 .  N -

 2 x  y  1  x  y  0,  ( ) -
,  ( )  –  

(1/ 3, 1/ 3) ( . . 2.2.4). 
-
-

 (R2)  2 x  y  1  
x  y  0 (   ). 

2.    – . : 
1) | A  B |  | A |  | A \ B |  | B |  | B \ A |; 
2) | A  B |  | A |  | B |  | A  B |; 
3) | A  B |  | A |  | B |  2| A  B |,  A  B  A \ B  B \ A –  

  . 
: 

1)  A  (A  B)  (A \ B)   (A  B)  (A \ B)  , -
 2.2.3 ,  | A |  | A  B |  | A \ B |,   | A  B |  | A |  | A \ B |. -

,  | A  B |  | B |  | B \ A |; 
2)  A  B  A \ B  B \ A  (A  B) -

,  | A  B |  | A \ B |  | B \ A |  | A  B |  2.2.3. 
. 1  | A \ B |  | A |  | A  B |  | B \ A |  | B |  | A  B |, 

, 
| A  B |  | A |  | A  B |  | B |  | A  B |  | A  B |  | A |  | B |  | A  B |; 

3)  A  B  A \ B  B \ A  (A \ B)  (B \ A)  ,  2.2.3 
 | A  B |  | A \ B |  | B \ A |, . 1  

| A  B |  | A \ B |  | B \ A |  | A |  | A  B |  | B |  | A  B |  | A |  | B |  2| A  B |. 
3. ,  N2 . 
N2  {(m, n) | m, n  N . }   N2 .  N2 -

,  2. , N2  
 {(1, 1) . }   N3  3: N3  
 {(1, 2), (2, 1) . }   N4  {(1, 3), (2, 2), (3, 1) . }   Ni  {(1, i  1),…, 

(i  1, 1) , }  i  2, 3, … .  Ni  i  1 .  
 Ni  i,  –  

-
 1, 2, 3, … . ,  m  n  i  1,  (m, n) -

 1 …  (i  1)  m  i(i  1) / 2  m.  
 N2  N,  N2. 

4. ,  b  R  0 -
, -

 ( . 2.2.5), . 
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. 2.2.5 
 

 
.  b,  

 2b,  – b / 2. 
, -

 b  
 {2 

zb |  z  Z . }  
,  Tb  N. -

  f : Tb  N, . 2.2.6. 
 
 
 
 
 

. 2.2.6 
 

f (2 

zb)  .    1||2
;   2

0    

 

Z
N

zz
zz  

 

,  Tb  Z,  
  g: Tb  Z,   g(2 

zb)  z   z  Z. , Z . 
5. ,    1/  ( . 2.2.7)  

 R2 . 
-

:   {(x, 1/ ) | x  R \ {0} . }   
 R.  

f ((x, 1/ x))  .    1
;\   0    

N
ZR

xx
xx  

 

  f :   R -
. . 2.2.7. ,   R. -
 R – ,  – . 

 

Tb: … 2 
– nb … 2 

– 2b  2 
– 1b   b   2b   2 

2b … 2 
nb … 

N: … 2n  1  …  5       3      1    2     4  …  2n … 

b 

2b 

b/2 
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. 2.2.7 
 

6.  X  Y, -
: 

) X  [  3; 2], Y  [  5; 1]  [7; 8]. 
  X  [  3; 1]  (1; 2].  

,
2
1

2
35)3(

31
51)(     xxxg   x  [  3; 1], 

 (2.2.1), -
 [  3; 1]  [  5; 1].  , 1h  -

 (2.2.1),  (1; 2]  (7; 8]: 

,67)1(
12
78)(     1 xxxh   x  (1; 2]. 

 h,  1h  -
,  (1; 2]  [7; 8]: 

.,5 5,15 5,7
;5,17

;,5 5,1],2;1()(

)(

1  

1    

  

N

N

nx
x

nxxxh

xh

nn

n
 

 

].2;1()(
];1;3[)()(

  

   

   xxh
xxgxf  

 

  f : X  Y ,  X  Y. 
) X  [3; 5], Y  [  7; 12]  .{13}  

[3; 5]  [  7; 12], . .   g,  (2.2.1), -
: 

  y  1/ x 

X 

Y 

1 2 
O 

3 
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,
2
71

2
197)3(

35
712)(     xxxg   x  [3; 5]. 

 

.,5 5,3)5 5,3(
;5,313

;,5 5,3],5;3[)(

)(

1  

 

   

   

N

N

nxg
x

nxxxg

xf

nn

n
 

 

  f,   g  -
,  X  Y,  X  Y. 

) X  [  2; 4], Y  [  2; 1]  {3}  .{4}  
[  2; 4]  [  2; 1], . .   g,  (2.2.1), : 

,1
2
12)2(

24
21)(     xxxg   x  [  2; 4]. 

  f,   g  -
,  X  Y: 

.,77,2)77,2(

;,5 5,1)5 5,1(
;7,24

;5,13

;,77,2,5 5,1],4;2[)(

)(

1
    

1

  

 

 

 

 
 

 

   

   

N

N

N

nxg

nxg
x
x

nxxxxg

xf

nn

nn

nn

 

 

, X  Y. 
) X  [  3; 2], Y  R. 

(  3; 2)  (   / 2;  / 2), . .   g1,  (2.2.1), : 

,
105

2/)3(
32

2/2/)(   

   

    1 xxxg   x  (  3; 2). 
 

.),88,0(88,0

;),44,0(44,0
;28,0

;34,0

;),88,0(),44,0(),2;3()(

)(

  

 

 

 

     

   

1 
1

1

 
1 

1
1

 

1 
1 

1 
11

 

 

 

 

  

 

N

N

N

ngx

ngx
x
x

ngxgxxxg

xg

nn

nn

nn

 

 

  g,   g1 -
,  [  3; 2] 

 (   / 2;  / 2).   f : (   / 2;  / 2)  R,   f (x)  tg x, , 
 (   / 2;  / 2)  R. , X  Y, . . -

  fg: X  Y. 
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1. ,   f  -

: 
) X  { ,}  Y  {  y  R | 1,5  y  2 ,}   

  f : X  Y ; 
) X  Y  R,  f : X  Y,   f (x)  sin x. -
, ,   f -

. 
2. , -

. : R – ,  
  f : R  R  0   f  – 1: R  0  R. 

3.  X  Y, -
: 

) X  3Z  {3z |  z  Z ,}  Y  Z  – 1. : -
 Z  4; 

) X  (  8; 5], Y  (0; 1]  [3; 7]. :  
 6, ; 

) X  [4; 9]  ,{10}  Y  R. :  6, . 
4. ,   \ {0}  (0;  )  (  2 ; ). -

: ,  (  2 ; )  [0; 2 ),  
. 

 
1. ) , . .   f ; ) , 

. .   f ;  X   f  
,  Y   f,  X, -

 X  [   / 2;  / 2], Y  [  1; 1]. 
 

§2.3.  
 

 – , -
, -
. 

 2.3.1.   ( -
)  : 

f L( A )  B, g L(B )  A, 
 L –  – , -

, ; 
       A  B – ,  -

  ( ). 
  f L , -

,  .  
, . . , -

. 
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 2.3.2. -
 ,   

,  , .  
, , -

. 
 2.3.3. , -

 
 – , -

-
. , -

 
. 

 
.  

 ( . 2.3.1). 
 

     2.3.1 
 

     …    
f ) f ) f ) f ) f ) … f ) f ) f ) 

 
. 2.3.1 -

.  
, . . . , -

. 
, ,  ,  

. 2.3.1 , -
, . . ,  

,  « ». , , 
, . , 

, . 2.3.1. -
:  1 

. , -
. 

 
-

, .  
 – , -

.  n!  n  ( -
 2.2.2).  n  n! . 

,  
. . 

1.  
(« »),  
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 V . . . ,  
 ( ), -

. 
,  ( ),  

. , -
, ,  

. , -
. 

 « »  n ,  n – -
. , , , -

 : ,  m , 
, . 

-
. , -

 « ». ,  
 10 .  1 -

 32  (10   32). , -
,  « »,  32. 

2.  « ».  
 «  ( ) ». -

 
2m  2k .  mk ,  

-
. -

 ( ,  
) -

. , , 
,  

. 
, . .  « -

»,  T  4mk.  
 n  4mk. 

3. -
,  « ». -

,  (  
).  

, ,  
, . 

 « »  m!,  m – 
. , m ,  n 

 m ), ,  m!  
 n!.  « » -

,  
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,  m .  
, -

. ,  « -
».  « »  1. -

,  
.  « » -

 2.  « » ,  « » -
 3 . . , -
. , . 2.3.2. 
 

         2.3.2 
 

 
1 2 3 4 5 6 7 8 9 10 11 12 

       
9 4 10 5 11 12 1 7 8 3 6 2 

 
 

: 1 9,  2 4,  3 10, 
4 5,  5 11, 6 12, 7 1,  8 7,  9 8, 10 3, 11 6, 12 2. -

: 1 7, 
2 12, 3 10, 4 2,  5 4,  6 11, 7 8,  8 9,  9 1, 10 3, 11 5, 
12 6, -

 
. 

 
 . -

-
, -

. 
. ,  
.  

. -
 ( ) -

 n -
 n. 

 2.3.4.  D(N1, N2),  
 N1  N2 -

,  . 
 N  n  N  rn(N ). -

, D(N1, N2)  rn(N1  N2),  n – . 
, , -

, ,  
. ,  -

,  1,  ( . . 2.3.1)  
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, . . -
 « »  « ». 

 , -
. -

 0  n  1,  
n . -

, -
. -

 
.  n -

, .  
. 

, 
, 
, 

. -
, . 

,  – , -
, . : 

 – ; 
 – ; 
 – . 

 30  (  « », « », « »),  
 3. 

-
. -

.  
 .  

 , . . , -
 

.  
, -

.  
, -

. ,  
.  

. 
 

1. . 
-

 («Z»  «A»).  
.  

, -
. ,  
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, .  
 

OSZKX FXRF YOQKSZ RAYFK 
, , -

 ( ) -
. 

, . 
,  «A» «F». 

 0  23 ,  24 , 
. 2.3.3. 

 
     2.3.3 

 
 

A B C D E F G H I K L M N O P Q R S T U V X Y Z 
0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 

 
 

 x –  0  23, )(    xf  – ,  x 
. -

 ,1)()1(       xfxf  . . .1)()1(       xfxf  ,  x  x  1  
 )(    xf   1)(    xf  ,  

,  – . -
 – . ,  

.  23 -
. ,  

«A» «F», , -
 5 . ,  «Z»  «A», 

 24,  
 «Z»  A, B,…, Z, . .  

Z / 24Z. , -
 5 , . 

, : 
INTER ARMA SILENT MUSA  

(    – « , »). 
2.  x1, x2 –  .13 

2 xx  -
 (  0  32)  (33 ) -

 33  ,3443 )(    2 3 456
   xxxxxxxf  -

  x  x1,   x  x2 ( ), -
. -

 
. 

 0  32. -
 Z / 33Z. ,  .2113 )(   ))((     42

   xxxxxf   
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f ( x1)   f ( x2)  2,  x1, x2 –  .13 
2 xx  ,  

 2 . -
 2  

. 2.3.4). 
 

 2.3.4 
 

  
 21 2 13 6 7 19 9 2 21 31 

 19 0 11 4 5 17 7 0 19 29 
  

 
: 

. 
3.  30  

 « », « », « ») . -
 m .  K –  

 m . -
 (  0  29) -

-
,  30 . 

, , 
 « », « », « ».  

. 
-

, , -
 « », « »  « » ( . 2.3.5). 

 
                2.3.5 

 
 

 « »     
 « »     
 « »    

 
. 2.3.5 ,  

 « », -
.  « » -

. 
 « ». -

 (  11-  
 « »,  « »),  « ». -

 
 316,  43046721, . .  40 . 

,  
. 
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1.  ( )  

, ,  
 32 ,  « ». 

2. -
 8  6  12 ,  

-
, ,  

 48 ,  « ». 
3.  80  10 ,  

 « ». 
4.  31  

 « », « », « »  «  ») 
.  

», ,  
,  « », « », « »,  3 -

 3 . : -
 3,  

 3!  6. 
 

4. «   »,  – « ». 
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 3.  
 
 

§3.1. . . 
 

 
 3.1.1.  X – . -

 X  f, -
 (x, y)  x, y  X  

 z  X. ,  
 –   f : X 2  X,   f : (x, y) z. 

 n  
 n  N. -

.  , , , 
,  . . ,  3.1.1 

z  x  y. 
 3.1.2.  X -

, ,  X  -
. -

.  (X, )  X  
  .  (X, ) 

 : a  (b  c)  (a  b)  c  a, b, c  X,  
 .  (X, ) -

 ,  , . .  
e  X,  e  a  a  e  a  a  X.  (X, ),  

, . .  a  X   a – 1  X, 
,  a  a – 1  a – 1  a  e,  . 

 3.1.2  
.   3.1.2 , -

 (X, ) –  x  X. -
 3.1.2 . 

 3.1.3.  G -
 , -

: 
1)  – (a  b)  c  a  (b  c)  a, b, c  G; 
2) , . .  e  G,  

a  e  e  a  a  a  G; 
3)  a  G , . .  

a – 1  G,  a  a – 1  a – 1  a  e. 
 « » , , -

. 
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 3.1.4. ,  ,  (G, ) 
 a  b  b  a  a, b  G. -
 ,  . 

 3.1.5.  
.  -

 0,  a – -
  a. -

 .  
  1, -
 a  a – 1. 

 K –  Q, R, C  Z / kZ  k  N.  
 GLn(K ) ( . general linear group – ) 

 n  N  K  
 (  Z / kZ) 

.  GLn(K ) -
 n  2  k  2, . .  

. 
 3.1.6.  (G, )  ,  G –  

,  – .  | G | 
 G. 

 
. 

 3.1.7.  (G, ) –  
H  G,  

. : H  G  
H  G,  H  G. 

 3.1.1 ( ).  H -
 (G, ) ,  

a, b  H  a  b – 1  H. 
,  G  G  (G, ), -

 ,}{  e   ,  
. 

 3.1.8.  H  G    
),  H  G  H  .}{  e  

 K –  Z, Q, R, C  Z / kZ  k  N. -
 SLn(K ) ( . special linear group – -

)  n  N -
 K ,  1 (  1  Z / kZ),  

. -
,  SLn(K )  GLn(K )  K  Z, K  Z / Z  K  Z / 2Z,  

SLn(Z)  GLn(Q)  SLn(Z / kZ)  GLn(Z / kZ)  k  2. 
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 3.1.2.   –  
 G, H  {a z | z  Z} – -
 .  H –  G, . 

 3.1.9.  H  3.1.2   
, ,    .  

b  G, ,  G   b ,  ,  b –  -
. 

 3.1.10.  e – .  
 a  ,  a k   e  

k  N.  a   n  N,  a n  e, 
 a k   e  k  N  n .  ord(a)  a ( . 

order – ). ,  ord(e)  1. 
 3.1.3.  a  G  ord(a)  n  

 n  N.   a   {a, a 2,…, a n  e} –  -
 G,  n. 

 3.1.4.   -
. 

 
1.  ( , , , ) 

? , 
: 

) 0  ,
2

  ZZ kmmT
k

  Q. 

.,
2 0    QZZ kmmT

k
  (Q, ), -

, – .  ( -
 3.1.1) ,  (T, )  (Q, ). 

 m1, m2  Z, k 1, k 2  Z  0.  kmax  max{k 1, k 2 .}  

 

,
2

22
22 max

2 max1 max

21

2
 

1
 

21   Tmmmm
k

kkkk

kk
 

. . 2
 

1
 2 max1 max 22   mm kkkk  Z, kmax  Z  0. 
, T  Q  (T, ) – , . 

, -
 3.1.1–3.1.4. 

)  P(V ),  V  , . 
 3.1.1–3.1.4: 

1) A  B  V,  A, B  V, , -
 P(V ); 

2) (A  B)  C  A  (B  C ),  A, B, C  V, – ; 
3) A  V  V  A  V,  A  V, , V – ; 
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4)  A  V  A – 1  V  
A  A – 1  A – 1  A  V ?  A  V, . . A  V,  A  B  A  V  A  B  V, 

 B  V, ,  P(V ),  V; 
5) A  B  B  A,  A, B  V, – . 

, (P(V ), ) – , . 
2.  ),(G  – . ,  a 2  a  a  e  a  G, 

 G  – . 
 a, b  G.  

(a  b)  (b  a)  a  (b  b)  a  a  e  a  a  a  e, 
(b  a)  (a  b)  b  (a  a)  b  b  e  b  b  b  e, 

. . (a  b) – 1  b  a, , , (a  b) – 1  a  b  
. , a  b  b  a  a, b  G  G – . 

3. ,  H  G: 
) (G, ) – , H  {a 2  a  a | a  G .  }  

 a 2, b2  H.  
a 2  (b2

 ) – 1  (a  a)  (b  b) – 1  (a  a)  (b – 1  b – 1
 )  (a  b – 1

 )  (a  b – 1
 ) – 

 H,  a  b – 1  G. 
,  (  3.1.1) H –  G. 

) H1  G, H2  G, H  H1 \ H2. 
 H1, H2 –  G,  e  H1  H2,  e – -

 G.  e  H1 \ H2  H1 \ H2 –  G, . . 
,  

. 
) (G, ) – , H1  G, H2  G, H  {h1  h 2 | h1  H1, h 2  H2 .  }  

 h1  h 2  H  ( h1  h 2 ) – 1  h 2
– 1

  h1
– 1,  h1

– 1  H1, h 2
– 1  H2. 

 g1, h1  H1, g 2, h 2  H2  g1  h1
– 1  H1, g 2  h 2

– 1  H2  3.1.1. 
 (G, ) – ,  H  G  3.1.1, . . -

 g1  g 2, h1  h 2  H  
( g1  g 2 )  ( h1  h 2 ) – 1  ( g1  g 2 )  ( h 2

– 1  h1
– 1)  ( g1  h1

– 1)  ( g 2  h 2
– 1)  H. 

.  

G  SL2(R), H1 ,
10

1 Raa  H2 .
1
01 Rb

b
 

10
1

10
1

10
1

10
1

10
1 212121     

    

1 aaaaaa
  H1,  21  ,  aa   R, , H1  G. 

1
01

1
01

1
01

1
01

1
01

212121  

1 

   

    

bbbbbb
  H2 ,  21  ,  bb   R, , H2  G. 

.,
1

1
1
01

10
1   

  RbaH
b

aab
b

a  
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,  C  H  c22  1. 

,
1

1
1

1
  

    

1 

abb
a

b
aab  

 H  G,  ab  1  1  a, b  R.  ab  0, . . 

a  0  b  0,  ab  1  1 ,  .  

1 

1
1   H

b
aab

 -

 H –  G. 
, H –  G . 

4. ,  
. 

1)  ord(a)  N  a  G,   a ,  
.  

,  G , . . G  
.  G .  

2)  G  a . -
  a ,  a 2 ,  a 3 ,…,  a n ,  n  N. -

, . .  (m, n)  1,   a m     a n ,  a n   a m  
a m   a n .  G . 

5.  n  N  
.  n. 

  a  ( -
 3.1.4)  Hk    a m ,  1  m  n, a n  e.  3.1.3 | Hk |  

 ord(a m)  k.  3.1.10  ord(a m)  
 n / (m, n),  (m, n)  n / k   (sm , k)  1,  sm  m / (m, n), 1  sm  k,  1 

.   a  
Hk  {a n 

/
 

k,…, a k(n
 
/

 

k)  e}   a n 
/

 

k  k,  k | n.  k  1 
 Hk  (k),   – . -

 3.1.9  3.1.3  a m    a l   l | m. 
) n  6. 

  a   {a, a 2, a 3, a4, a 5, e , }  k  
1, 2, 3, 6.  4   a : 

k  1  | H1 |  H1  {e}   e ; 
k  2  | H2 |  H2  {a 3, e}   a 3 , . . (3, 6)  6/2  3; 
k  3  | H3 |  H3  {a 2, a4, e}   a 2    a4 , . . (2, 6)  (4, 6)  6/3  2; 
k  6  | H6 |  H6  {a, a 2, a 3, a4, a 5, e}   a    a 5 , . . (1, 6)  (5, 6)  

 6/6  1. 
: 

  e      a 3  
   

  a 2     a   
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) n  24. 
  a   {a, a 2, a 3,…, a 23, e , }  k  

1, 2, 3, 4, 6, 8, 12, 24.  8   a : 
k  1  | H1 |  H1  {e}   e ; 
k  2  | H2 |  H2  {a12, e}   a12 , . . (12, 24)  24/2  12; 
k  3  | H3 |  H3  {a8, a16, e}   a8    a16 ,  (8, 24)  (16, 24)  

 24/3  8; 
k  4  | H4 |  H4  {a6, a12, a18, e}   a6    a18 , . . (6, 24)  (18, 24)  

 24/4  6; 
k  6  | H6 |  H6  {a4, a8, a12, a16, a 20, e}   a4    a 20 , . . (4, 24)  

 (20, 24)  24/6  4; 
k  8  | H8 |  H8  {a 3, a6, a 9, a12, a15, a18, a 21, e}   a 3    a 9    a15   

  a 21 , . . (3, 24)  (9, 24)  (15, 24)  (21, 24)  24/8  3; 
k  12  | H12 |  H12  {a 2, a4, a6, a8, a10, a12, a14, a16, a18, a 20, a 22, e}   a 2   

  a10    a14    a 22 ,  (2, 24)  (10, 24)  (14, 24)  (22, 24)  24/12  2; 
k  24  | H24 |  H24  {a, a 2, a 3,…, a 23, e}   a    a 5    a7    a11   

  a13    a17    a19    a 23 , . . (1, 24)  (5, 24)  (7, 24)  (11, 24)  (13, 24)  
 (17, 24)  (19, 24)  (23, 24)  24/24  1. 

: 
  e      a12     a6     a 3  

       
  a8     a4      a 2     a   

 
1.  ( , , , ) 

? , 
: 

) R  0  ,  a  b  a 2  b2, « » –  R; 
) Z  ,  a  b  a  b  a  b,   « »  « » –  

 Z . 
2.   a  n  

: 
) n  7; ) n  12. 

 
1. ) ; ) . 2. ) H1  {e}   e , H7  {a, a 2, a 3, 

a4, a 5, a6, e}   a    a 2    a 3    a4    a 5    a6 ;  e    a ; ) H1  {e}  
  e , H2  {a6, e}   a6 , H3  {a4, a8, e}   a4    a8 , H4  {a 3, a6, a 9, e}  
  a 3    a 9 , H6  {a 2, a4, a6, a8, a10, e}   a 2    a10 , H12  {a, a 2, a 3, a4, 

a 5, a6, a7, a8, a 9, a10, a11, e}   a    a 5    a7    a11 . : 
  e      a6     a 3  

     
  a4     a 2     a   
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§3.2. . .  
 

 3.2.1.  H –  G  a  G.  
 {a  h | h  H }  aH   

 G  H.  a    
 aH.   Ha  

 {h  a | h  H }  a  G. 
 3.2.1.  H –  G. -

: 
1)  a  G  ( ) 

 H; 
2)  a, b  G  ( ) -

,   a – 1  b  H (b  a – 1  H ); 
3)  ( ) ,  

; 
4) G  ( ) -

 H. 
 3.2.2.  ( ) 

 G  H   H 
 G  [G : H ]. 

 3.2.2 ( . ). -
. 

 1. -
. 

 2.  G –  n, -
  a n  e  a  G. 

 3.  
. 

 3.2.3.  H  G  ,  
aH  Ha  a  G, . .  H 

.  
 H  G. 

, . 
 (G, )  {e}  G -

, . .  a  G  a{e}  {a}  {e}a  aG  G  Ga. 
, {e}  G  G  G. 

 3.2.3 ( ). H  G  
,  aHa – 1  H  a  G (a  h  a – 1  H,  a  G,  h  H ). 

 3.2.4.  (G, ) –  H – . 
 {H, aH, bH,…} , ,  

 (  « »)  
 G  H  G / H. 
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 3.2.4.  (G, ) –  H  G.  
G / H ,  

 
aH bH  (a  b)H 

 a, b  G. 
 3.2.5.  (G / H, )  3.2.4  -

 G  H. 
: 

1. . 
2. . 

 
1. : 
)  (R, )  (Z, ). 

(Z, )  (R, )  3.1.7 .  (R, ) – 
,  (Z, )  

.  {r}  
r  R.  r  R  r  [r]  ,}{  r   
[r]  Z,  0  {r}  1.  r  {r}  Z,   {r}  Z  {{r}  z | z  Z} –   

 (R, )  (Z, ) -
 .}{  r  
 {r1}  {r2 ,}   ({r1}  Z)  ({r2}  Z)  .  

m1, m2  Z,  ,   {r1}  m1  {r2}  m2,   {r1}  {r2}  m2  m1, -
,  {r1}  {r2}  Z,  m2  m1  Z. 

 ( ) -
 .}{  r  , .}{ )(

1}{0     
ZR r

r
 

)  (C*, )  H  {h  C* | | h |  1 . }  
 A* -

,   A. 
 C*  ,{0}\    C  . . , -

.  (  3.1.1) -
,  H  C*.  (C*, ) – ,  

 (H, )  
. 

 u  C*  u  | u |e 

i ,   | u |  R  0, 
| e 

i  |  1, – . ,  H  {e 

i  | 0    2  , }  

 .  
u  | u |H,  | u |H  {| u |e 

i  | 0    2 } – -
 (C*, )  (H, )  | u |. 

,  | u1 |  | u2 |  | u1 |H  | u2 |H  .  
 H  (  

)  | u |H  | u |  1 . 3.2.1. 
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. 3.2.1 
 

,  ( )  
 | u |,   C*

 .||  

0 ||    
Hu

u
 

2. ,  H  G,  | G |  2000, 
| H |  127. 

 1  3.2.2 -
 | H | | | G |.  ,2000|127  H  G . 

3. ,  H  G: 
) H –  2  G. 

 H  gH  H  Hg   G  H  gH  H  Hg  g  G \ H 
 3  4  3.2.1, , gH  Hg , -

, aH  Ha  a  G,  H  G  3.2.3. 
) H  {h  G | a  h  h  a,  a  G .}    H  -

 G. 
H  ,  e  H. ,  H  G  

 3.1.1).  h1, h 2  H  a  G.  
a  (h1  h 2

– 1
 )  ( a  h1)  h 2

– 1  (h1  a)  h 2
– 1  h1  (a  h 2

– 1
 )  h1  (h 2  a – 1

 ) 
   

 h1  (a – 1  h 2 ) 
   h1  (h 2

– 1  a)  (h1  h 2
– 1

 )  a. 
, h1  h 2

– 1  H. 
 a  G  

. , aH  {a  h | h  H ,}   a  h  h  a,  h  H, , aH  
 {h  a | h  H }  Ha.  3.2.3  H  G. 

4. 
21
10A  GL2(Z / 3Z).  ord( A )  GL2(Z / 3Z),   A . 

  A  GL2(Z / 3Z)? 
 n  N -

 En.  E2 .
10
01  

A  E2, A2
 ,

22
21

21
10

21
10

  A3
 ,

02
22

22
21

21
10

  

X O 1 

1 

Y 

| u |H 
H 
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A4
 ,

20
02

02
22

21
10

  A8  ( A4
 )  

10
01

20
02

20
02

   E2. 

 ord( A )  8,  ord( A )  5, 6, 7,  3.1.10 -
 8 ord( A ),  .7,6,58   ord( A )  8. 

A5
 ,

12
20

20
02

21
10

  A6
 ,

11
12

12
20

21
10

  A7
 .

01
11

11
12

21
10

  

,  A   {A, A2, A3, A4, A5, A6, A7, E2 . }  

 

20
01B  GL2(Z / 3Z), B   A .  

B – 1
 ,  

20
01

10
02

2
10
02

2  
1 B  

BA B – 1
 

22
20

20
01

12
10

20
01

21
10

20
01

      A . 

,  A  GL2(Z / 3Z)  
 (  3.2.3). 

5. , ,  
: 

)  (3Z, )  (15Z, ). 
(Z, ) – .  3Z  {3k | k  Z ,}  15Z  {15l | l  Z ,}   

15Z  3Z.   m, n  Z  3m, 3n  3Z  3m  3n  3(m  n)  
 3Z,  15m, 15n  15Z  15m  15n  15(m  n)  15Z. , -

 (  3.1.1)  15Z  3Z  Z.  (3Z, ), 
 (Z, ), , -

,  (15Z, ), . 
 3Z / 15Z.  3k  3Z  1.1.1 

 3k   15q  3r,  q, r  Z, 15q  15Z, 0  3r  15, . . 
3r  0, 3, 6, 9  12.  3k  3r  15Z   r3  – -

 15  3r.  ,0  ,3  ,6  ,9  12  

 Z / 15Z  3Z,  3Z / 15Z  {15Z, 
3  15Z, 6  15Z, 9  15Z, 12  15Z}  { ,0  ,3  ,6  ,9  12 . }  

 1  2  (3Z / 15Z, ) – -
,  (3Z, ) – .  

(3Z / 15Z, ) –  5  (Z / 15Z, )  15, 
 ,3r   

ord( r3 )  5, . .  (3r, 15)  15/5  3  (r, 5)  1. , -
: ,3  ,6  ,9  .12  -

 (5)  4,   – .  
 3Z / 15Z -

 Z / 15Z ( . 3.2.2). 
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 0  3  6  9  12  
0  0  3  6  9  12  
3  3  6  9  12  0  
6  6  9  12  0  3  
9  9  12  0  3  6  

12  12  0  3  6  9  
 

. 3.2.2 
 
)  (R*, )  (R  0, ). 

 st – 1  R  0  s, t  R  0, ,  
 (  3.1.1) R  0  R*.  (R*, ) – ,  

,  (R  0, ), . 
 R*/ R  0.  r  R* -

 r  | r |sgn(r),  | r |  R  0,  sgn(r)  1 -
 r,  r  sgn(r)R  0;  (  1)R  0  R  0.  R  0  R  0  

  R  0  R  0  R*,  R*/ R  0  {R  0, R  0 .}  
 1  (R*/ R  0, ) – , . . (R*, ) – 

.  3  3.2.2  (R*/ R  0, ) – 
,  2 – . , 

 (R*, ) . -
 R*/ R  0 -

, .  .  1  1,  ( . 3.2.3).  
 (R*/ R  0, )  R  0;  

 (2)  1,   – . 
 

 R  0 R  0 

R  0 R  0 R  0 

R  0 R  0 R  0 
 

. 3.2.3 
 

 

1. 

100
110
011

A  GL3(Z / 2Z).  ord( A )  GL3(Z / 2Z),  

 A .   A  GL3(Z / 2Z)? 
2.  (4Z, )  (24Z, ),  

, . 
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1. ord( A )  4; . 2. 4Z / 24Z  { ,0  ,4  ,8  ,12  ,16  20 }  Z / 24Z; -

, : ,4  .20  
 

§3.3.  
 

 3.3.1.   –  n  
 n  N.   
, ,    {1, 2,…, n .}  , . . -

 ,   . 
 f : i  f (i ), i  1, 2,…, n,  

.  i  
,   f (i )  i, 1  i  n: 

.
)()2(

2
)1(

1
 

   nf
n

ff
f  

, , 
.  

: g f (i )  g( f (i )), i  1, 2,…, n.  
fg  g f, . . . 

,  

 .
2
2

1
1

n
ne  ,  

 – , -
.  – . -

  f    f  – 1,  
)()2(

2
)1(

1
 

   nf
n

ff
f  

,  
. 

 3.3.2.  n  
   n 

 S n. -
 -

,  S( )   . 
 3.3.1.  S n  n!. 

 3.3.3.   k  2  S n  

,) (
12

1 1

 

 

 

 
21  

iii
iii

k

kk
kiii  

  \ {i 1, i 2,…, i k .}   (i )  1  
 e  i  .  , 

 , . 
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  f  –  S n.   f k   (i  f (i ) …  f  k – 1(i )) -
  f   k  {i,  f (i ),…,  f  k – 1(i )}   \ k. 

  f k    f m    f   
 k  m   \ k   \ m .  

,     1 …  q   f   
:  f    f 1… f q , -

.   f 1… f q , -
 l , . .  f l   e – -

 . 
 3.3.2.  f  S n \ {e}  

,  2. -
. 

.   f  S n \ {e} (  
 f  ) , -

  f. 

 ) (  

 

 

21
 

  
12

1 1
 kk iiig

iii
iii

k

kk
 –  k  2,  )(ord   kg   k  

 kg  : 

), (  

 

 

1  31
 2

  
213

1 1
 kk iiig

iii
iii kk  

), (  

 

2  41
 3

  
324

1 1
 kk iiig

iii
iii kk  

… 

. 
1 1

1 1
 

 

 

 

 eg
kk

kk

iii
iiik

k  

 3.3.4.  2  . 
 3.3.3.   f  S n \ {e} -

. 
, -

 kg   k  2  
: 

). () )( () (     211 11 21            iiiiiiiiig kkkk                          (3.3.1) 
-

. ,  
, : 

g  (1 4 6 8 3)(2 5 7 9)  (1 3)(1 8)(1 6)(1 4)(2 9)(2 7)(2 5)  
 (3 1 4 6 8)(5 7 9 2)  (3 8)(3 6)(3 4)(3 1)(5 2)(4 6)(5 9)(4 6)(5 7). 

,  
-

, . 
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 3.3.5.  ,  
, -

 . , , 
. 

, -
. 

 3.3.4.  S n  An; 
An   S n  n  1, | An |  n! / 2  n  2. 

. An –  S n, [S n : An]  2  n  2. 
 3.3.6.  An  S n -

  n. 
 

1.   fg    g f : 

,
5743612
7654321

 f  .
4321756
7654321g  

.
3612547
7654321

3612547
:

4321756
:

7654321

fg
f

g
 

,  

g f .
2417365
7654321

5743612
7654321

4321756
7654321

  

  fg  g f. 
2.   f  – 1   g – 1   f    g  1. 

 1-     
2- , -

 1- : 

f  – 1
 ;

6375412
7654321

7654321
5743612

5743612
7654321   

1 

 

g – 1
 .

3127654
7654321

7654321
4321756

4321756
7654321   

1 

 

3.   f  -
.   f : 

.
5743612
7654321

 f  

 f    {1, 2, 3, 4, 5, 6, 7} 
: 1 2, 2 1, 3 6, 6 7, 7 5, 5 4, 4 3.  

f   (1 2)(3 6 7 5 4) –   f  . 
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 (3.3.1)   f   (1 2)(3 4)(3 5)(3 7)(3 6) –   f   
.   f  ,  

 5. 
4.   f   3  ord( f )  S7   f  . 

  f   S7? 
 f   (1 2)(3 6 7 5 4),  ord( f )  [2, 5]  10  

 3.3.2. 
 (1 2)  t1, (3 6 7 5 4)  t2,  f   t1t2,  ord(t1)  2, ord(t2)  5. 

 (1 2)2   e; (3 6 7 5 4)2  (3 7 4 6 5), (3 6 7 5 4)3  (3 5 6 4 7), (3 6 7 5 4)4  
 (3 4 5 7 6), (3 6 7 5 4)5   e. , 
 f    {e, f, f 2, f 3, f 4, f 5, f 6, f 7, f 8, f 9}  {e, t1t2, t2

2, t1t2
3, t2

4, t1, t2, t1t2
2, t2

3, t1t2
4}  

 {e, (1 2)(3 6 7 5 4), (3 7 4 6 5), (1 2)(3 5 6 4 7), (3 4 5 7 6), (1 2), (3 6 7 5 4), 
(1 2)(3 7 4 6 5), (3 5 6 4 7), (1 2)(3 4 5 7 6) . }  

 g  (3 5)   f  ,  g – 1  (3 5).  
 (  3.2.3)   f  : 

g f 6g – 1  (3 5)(3 6 7 5 4)(3 5)  (3 5)(3 4)(5 6 7)  (3 4 5)(5 6 7)  (3 4 5 6 7)   f  . 
,  f   S7. 

 
1.   f  -

.   f : 

.
7563214
7654321

 f  

2.   f   1  ord( f )  S7   f  . -
  f   S7? 

 
1. (1 4 3 2)(5 6)  (1 2)(1 3)(1 4)(5 6), . 2. ord( f )  4, {e, (1 4 3 2)(5 6), 

(1 3)(4 2), (1 2 3 4)(5 6) ; }  . 
 

§3.4. .  RSA 
 

 3.4.1.  (G1, )   (G2, ) – .  
f : G1  G2, , . .  f ( g1  g 2 )  

  f ( g1)   f ( g 2 )  g1, g 2  G1,     G1 
 G2. 

 3.4.2.    f : G1  G2 -
 Im f   { f ( g )  G2 | g  G1}  E( f ), . .  G1   f 
. image – ).   f : G1  G2  

Ker f   {  g  G1 |  f ( g  )  e2 , }   e2 –  (G2, ) ( . 
kernel – ). 
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 3.4.3.  f : G1  G2   
 ),   f  – ; ,  g1, g 2  

 G1  g1  g 2,   f ( g1)   f ( g 2 ).   f : G1  G2  -
,   f  – , ,  Im f   G2. 

: 
1.  (G1, ), (G2, ), (G3, ) – .   f : G1  G2  : G2  G3 – -

,  f : G1  G3 – . 
2.   f : G1  G2 – , : 
1)  f ( e1)  e2, . .  f  -

; 
2)  f ( g – 1)   f ( g ) – 1  g  G1 . .  

; 
3) Im f   G2, . .  G2. 
3.   f : G1  G2 – ,  Ker f  G1, . . -

 G1. 
4.   f : G1  G2 , 
 Ker f   {e1}. 

 3.4.1.  (G, ) – , H  G  (G / H, ) –  
.  f : G  G / H,  f ( g )  gH  

g  G,  Ker f   H. 
 3.4.4.  3.4.1  f : G  G / H,  H  G, 

   ) . 
 3.4.5.  -

.  (G1, )  (G2, )  G1  G2. 
 

: , . -
,  

. . 
 3.4.2 ( ).  : G1  

 G2 – .  G1 / Ker   Im . 
 3.4.2,  

f : G1 / Ker   Im ,   f ( gKer )  ( g )  gKer   G1 / Ker . 
 3.4.3. -

. 
 | G1 |  | G2 |,  G1   a , G2   b ,  ord(a)  ord(b)  

.  
  f : G1  G2,   f (a k )  b 

k, . Zk  
.  3.4.3 ,  

 (Z, ),  
n  N  (Z / nZ, ). 
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 3.4.4 ( . K ).  (G, ) -
 S(G ). , -

 n  S n. 
  f : G  S(G )  a  G -

 ( ) a : G  G, . . f (a)  a ,  
a ( g )   a  g  .Gg  Ker f  ,}{  e   3.4.2 

G / {e}  G  Im f,   Im f   S(G )  2 .  
| G |  n,  S(G )  S n ,  (G, )  

 S n. 
 3.4.6.   f : G  G -

 G,  .  –  -
. 

 3.4.5.  G –  n  N.  
 k, ,  (k, n)  1,   f : G  G,   f ( g )  g k 

 g  G, . 
 RSA  1977 . -

 ( ) -
 ( : ,  

).   RSA .  
 (  60–70 ) p  q. -

 n  pq.  (n)  ( p  1 )( q  1),   – .  
 e  e  (n) )( )(, ne   1.  (e, n) -

 . -
 c ,  c  n  (c, n)  1.  c  –  

 Z / nZ, . .  Z / nZ*  
(n).  c  m    c e (mod n), . . m  – e  

 c   Z / nZ.  3.4.5  e -
 (Z / nZ*, ). 

 m,  n  e.  -
 –  d,  d  (n)  ed   1 (mod (n)). -

, 1)( kned   k.  Z / nZ*, -
 2  3.2.2 , : 

.1 

 )(1  )(
     ccccccm

knknedd
  m,  

 m  d  n. -
 d . 

 m  n  
 p  q.  (n)  d  e -

: 
1ed   Z / (n)Z.   n ( -

) ,  
 RSA. 
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1. : 
)  (R  0, )  (R, ). 

  f : R  0  R,   f (x)  ln(x)  x  R  0. -
 f ( x1x2)  ln( x1x2)  ln( x1)  ln( x2)  

  f ( x1)   f ( x2)   x1, x2  R  0,   f  – . 
 0/1)(      xxf   x  R  0,   f  -

,   f  – .  
 y  R  x  e y  R  0, ,   f (x)  y,  Im f   R   f  – 
. ,   f  – , , (R  0, )  (R, ). 

 f  
 a  R  0\ .{1}  

)  (Q, )  (Z, ). 
  f : Q  Z – ,   f (a  b)   f (a)   f (b) -

 a, b  Q.  n  N  

f (1)  

n

k
nf

1  

  /1     n f (1/ n)   f (1/ n)   f (1) / n  Z  n |  f (1). 

  f (1)  0 (  1 )   f (1/ n)  0  
n  N. 

 m / n  Q,  m  Z, n  N.   f (m / n)  m f (1/ n)  0, 
. .  f (1/ n)  0  n  N. , Im f   {0}  Z. , -

  f : Q  Z – , . 
)  (Q  0, )  (Q, ). 

,   f : G1  G2  
(G1, )  (G2, )   f  – 1: G2  G1 ( -

 2.1.1) .  7 -
 ( . §2.1) f  – 1 – .  a, b  G2  

a1, b1  G1, ,   a    f ( a1), b    f ( b1),  a1   f  – 1(a), b1   f  – 1(b).  
f  – 1(a  b)   f  – 1( f ( a1)   f ( b1))   f  – 1( f (a1  b1))  a1  b1   f  – 1(a)   f  – 1(b). 

,  f  – 1 – . 
,  f : Q  0  Q –  

(Q  0, )  (Q, ),   f  – 1: Q  Q  0 –  
. , ,  3  Q  0.  

3   f  – 1( f (3))   f  – 1( f (3) / 2   f (3) / 2)   f  – 1( f (3)  / 2)   f  – 1( f (3)  / 2)  r 2, 
 r  Q  0, ,  3  – . -

 
  f : Q  0  Q.  3  

 c  N  1  n  N  1, ,  n c  – . 
2.   a  m -

  b  n; , 
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, -
.  m  n. 

  f :  a    b  – ,  Im f    b  2 -
, Ker f    a  3  

 a  / Ker f   Im f  3.4.2 (  
),  [  a  : Ker f ]  | Im f  |.   | Im f  | | m  3.2.2 

 | Im f  | | n  1  3.2.2. , | Im f  |  k 
 m  n.  

 
 5  §3.1. , Im f    bl ,  (l, n)  n / k, -

  f (a)  bl,   f (a s )  bls, .10 ms   | Ker f  |  m / k 
 Ker f   {a t | blt  e2}   a u ,   (u, m)  k.   f  -

,  Ker f   {e1} (  4  
).   f  ,  Im f   

  b  (  3.4.3).   f  – , 
  f   ( -

 3.4.5),  m  n. 
) m  6, n  18. 
 a   {a, a 2, a 3, a4, a 5, e1 , }  ord(a)  6;  b   {b, b2, b3, b4,…, b16, b17, e2 , }  

ord(b)  18.  k  1, 2, 3  6.  
,  |  a  |  6  

 18  |  b  |. 
 k  1  H1  {e2}   e2 ,  ,  Im f 1  H1  

f 1 :  a    b ,  f 1 (a)  e2,  f 1 (a s )  e2
s  e2,  0  s  5,   Ker f 1   a   

  a 5 , . . (1, 6)  (5, 6)  1.  Ker f 1  {e1},   f 1 -
; Im f 1   b ,   f 1  . 
 k  2  H2  {b9, e2}   b9 , . . (9, 18)  18/2  9, , Im f 2  

 H2   f 2 :  a    b ,   f 2 (a)  b9,   f 2 (a s )  b9s, 0  s  
 5,  Ker f 2  {a 2, a4, e1}   a 2    a4 , . . (2, 6)  (4, 6)  2.  Ker f 2  
 {e1},   f 2  ; Im f 2   b ,   f 2   

. 
 k  3  H3  {b6, b12, e2}   b6    b12 , . . (6, 18)  (12, 18)  

 18/3  6, , Im f 31  Im f 32  H3   f 31,  f 32 :  a    b , 
 f 31 (a)  b6, f 32 (a)  b12,  f 31 (a s )  b6s, f 32 (a s )  b12s,  0  s  5,   Ker f 31  

 Ker f 32  {a 3, e1}   a 3 , . . (3, 6)  3.  Ker f 31  Ker f 32  {e1},   f 31   

f 32 ; Im f 31  Im f 32   b ,   f 31   f 32 -
. 

 k  6  H6  {b3, b6, b9, b12, b15, e2}   b3    b15 , . . (3, 18)  
 (15, 18)  18/6  3, , Im f 41  Im f 42  H6   f 41,  f 42 :  a   

  b ,   f 41 (a)  b3,  f 42 (a)  b15,   f 41 (a s )  b3s,  f 42 (a s )  b15s,  0  s  5,  
Ker f 41  Ker f 42  {e1}   e1 , . . (6, 6)  6.  Ker f 41  Ker f 42  {e1},   

Би
бл
ио
те
ка

 БГ
УИ
Р



 68 

f 41   f 42 .  Im f 41  Im f 42   b ,   f 41   f 42 
. 

) m  18, n  6. 
 a   {a, a 2, a 3, a4,…, a16, a17, e1 , }  ord(a)  18;  b   {b, b2, b3, b4, b5, e2 , }  

ord(b)  6.  k  1, 2, 3  6.  
,  |  a  |  18  

 6  |  b  |. 
 k  1  H1  {e2}   e2 , , Im f 1  H1  

f 1 :  a    b ,   f 1 (a)  e2,   f 1 (a s )  e2
s  e2, 0  s  17,  Ker f 1   a   

  a 5    a7    a11    a13    a17 , . . (1, 18)  (5, 18)  (7, 18)  (11, 18)  
 (13, 18)  (17, 18)  1.  Ker f 1  {e1},   f 1 ; 

Im f  1   b ,   f 1 . 
 k  2  H2  {b3, e2}   b3 , . . (3, 6)  6/2  3, , Im f 2  

 H2   f 2 :  a    b ,   f 2 (a)  b3,   f 2 (a s )  b3s, 0  s  
 17,  Ker f 2  {a 2, a4, a6, a8, a10, a12, a14, a16, e1}   a 2    a4    a8   
  a10    a14    a16 , . . (2, 18)  (4, 18)  (8, 18)  (10, 18)  (14, 18)  
 (16, 18)  2.  Ker f 2  {e1},   f 2 ; Im f 2  
  b ,   f 2 . 

 k  3  H3  {b2, b4, e2}   b2    b4 , . . (2, 6)  (4, 6)  6/3  
 2, , Im f 31  Im f 32  H3  f 31, f 32 :  a    b ,   

f 31 (a)  b2, f 32 (a)  b4,  f 31 (a s )  b2s, f 32 (a s )  b4s, 0  s  17,  Ker f 31  Ker f 32  
 {a 3, a6, a 9, a12, a15, e1}   a 3    a15 , . . (3, 18)  (15, 18)  3.  

Ker f 31  Ker f 32  {e1},   f 31   f 32 ; Im f 31  Im f 32  
  b ,   f 31   f 32 . 

 k  6  H6  {b, b2, b3, b4, b5, e2}   b    b5 , . . (1, 6)  
 (5, 6)  6/6  1, , Im f 41  Im f 42  H6   f 41,  f 42 :  a   
  b ,  f 41 (a)  b, f 42 (a)  b5,  f 41 (a s )  bs, f 42 (a s )  b5s,  0  s  17,  

Ker f 41  Ker f 42  {a6, a12, e1}   a6    a12 , . . (6, 18)  (12, 18)  6.  
Ker f 41  Ker f 42  {e1},   f 41   f 42 .  
Im f 41  Im f 42   b ,   f 41   f 42 . 

3. , : 
) S n / An   (Z / 2Z, )  n  N  1. 

  f : S n  Z / 2Z,   f ( g ) 

.\1
;0

 

 

   nn

n

ASg
Ag  

 g1, g 2  S n.  3.3.3 
 3.3.5  g1  g 2 -

 – -
,  – -
. , 
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f ( g1g 2 ) 

.\,110
;,\011
;\,101

;,000

 

  

  

 

 

 

 

 

 

 

21

21

21

21

nn

nnn

nnn

n

ASgg
AgASg
ASgAg

Agg

 

,  f ( g1g 2 )   f ( g1)   f ( g 2 ),   f  – . 
 n   1  S n , ,  

Im f   Z / 2Z.  Ker f   An  f. ,  
 (  3.4.2) S n / An   (Z / 2Z, ). 

) GLn(R) / SLn(R)  (R*, )  n  N. 
  f : GLn(R)  R*,   f ( A )  det( A ),  A  GLn(R).  

f ( A1 A2 )  det( A1 A2 )  det( A1 )det( A2 )   f ( A1 ) f ( A2 )  A1, A2  GLn(R) -
. ,  f  – . 

 a  R*  Aa  

100

010
00a

  GLn(R),  

det( Aa )  a ( Aa  a   n  1),  Im f   R*.  Ker f   SLn(R)   

f   SLn(R). ,  
 GLn(R) / SLn(R)  (R*, ). 
) GLn(C ) / H  (U, )  n  N,  H  {B  GLn(C ) | det(B )  R  0 , }  

U  {u  C* | | u |  1 . }  

  f : GLn(C )  U,   f ( A )  
|| )det(

)det(
 

 

 

 

A
A ,  A  GLn(C ). -

 A1, A2  GLn(C ) -
 

f ( A1 A2 )  
|||||||| )det(

)det(
)det(
)det(

)(det)det(
)(det)det(

)det(
)det(

 

 

 

 

 

 

2

2

1

1

21

21

21

21

 

 

 

 

  

  

 

 

 

 

 

 

 

 

A
A

A
A

AA
AA

AA
AA

   f ( A1 ) f ( A2 ). 

,  f  – . 

 u  U  Au  

100

010
00u

  GLn(C ),  

det( Au )  u, | u |  1   f ( Au )  u ( Au  u  n  1),  Im f   U. 
Ker f   {B  GLn(C ) | det(B ) / | det(B ) |  1  det(B )  | det(B ) |  

 det(B )  R  0}  H. 
,  GLn(C ) / H  (U, ). 

4.  (  3.4.4), : 
)   S(Z),  (Z, ). 
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 ( ,  
 3.4.4),   f : Z  S(Z)  a  Z  

 a : Z  Z, . . f (a)  a ,  a ( z)  a  z  
z  Z –   Z. -

,  f (a  b)  a  b   a  b    f (a)  f (b)  a, b  Z.  
Ker f   ,{0}   3.4.2 Z  Im f,  Im f   S(Z)  2 -

. , H  Im f   { a | a  Z}   

S(Z).  Z   1     1  – -
 1  1 (  2 ),  H   1   

  – 1 . 
,  a  Z \ {0} -

  a    – a  S(Z)  (Z, ) -
 3.4.3. 

)  S4,   a  4. 
 a   {a, a 2, a 3, e1 , }  ord(a)  4.  : a k k,  

1  k  4,   a  
  {1, 2, 3, 4 .}  , -

 3.4.4,   f :  a   S4  a k  1  k  4 -
 k :   , . . f (a k )  k,  k ( (a l ))  (a k + l ),  1  l  4. 

, 

1  ),4321(
1432
4321

 2  ),42)(31(
2143
4321  

3  ),2341(
3214
4321

 4  .
4321
4321 e  

 Ker f   {e1},  3.4.2  a   Im f,  Im f   S4  
 2 . , H  Im f   {(1 2 3 4), (1 3)(2 4), (1 4 3 2), e} 

 S4.   a    a 3 ,  H   (1 2 3 4)   
  (1 4 3 2) . 

5.  RSA  (n, e)  m,  
 c : n  2021, e  5, m  415.  x  

c : c  ASCII(x)  1000,  ASCII(x) – ASCII  
x.  d, c  x. 

 n : n  pq. -
 , ,  p | n  p  [ n  ].  « » 

, ,    43, q  47.  (n)  ( p  1 )( q  1)  1932. 
 ed   1 (mod (n))  d. 

 ,d   5e   Z / (n)Z, -
 1, 5  1932,  

: 
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r–1  1932, u –1  0, v–1  1; r0  5, u0  1, v0  0; 
q1  386, u1  u –1  u0 q1   386, v1  v–1  v0 q1  1  r1  2  5  (  386)  1932; 
q2  2, u2  u0  u1q2  773, v2  v0  v1q2   2  r2  1  5  773  1932  (  2). 

 5  773  1 (mod 1932)  d   773. 
 c  m  d  n.  

 d -
: 

773  29  261  29  28  5  29  28  22  20; 
c  415773

 
98200289 22222 2 2 2 415415415415  415        

222222
6

2
6

22 415415415415       ((a0a1)a3)a5  ((415  (  416))a3)a5  

 ((  855)  (  287))a5  844  (  492)  1078 (mod 2021). 
 a0  415, a1   a0

4, a2   a0a1, a3   a1
64, a4   a2a3, a5   a3

2, a6   a4a5  
c  a6 (mod 2021). -

 m: 415  5  83. 
, ASCII(x)  c  1000  78.  ASCII , 

 x  «N» . 
 

1.   a  m -
  b  n; , 

, -
: 

) m  12, n  15; ) m  6, n  25. 
2. , : 
) GLn(R) / H  (R  0, )  n  N,  H  {B  GLn(R) | det(B )  1 . }  

: ,   f : GLn(R)  R  0,   f ( A )  | det( A ) |,  A  
 GLn(R), ;  Im f, Ker f  

 (  3.4.2); 
) GLn(R) / H  (Z / 2Z, )  n  N,  H  {B  GLn(R) | det(B )  R  0 . }  

:  Im f, Ker f  
 (  3.4.2), ,  

  f : GLn(R)  Z / 2Z,   f ( A )  
.0)det(1
;0)det(0

 

 

 

 

A
A  

3.  (  3.4.4),   S6 , -
  a  6. 

4.  RSA  (n, e)  m, -
 c : n  2491, e  11, m  85. -

 d, c  x,  c  ASCII(x)  1000. 
5.  (n, e)  RSA ,  

n  1300.  d. ,  
 –  (  c). 
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1. )  f 1 (a 

s )  e2, f 21 (a  
s )  b5s, f 22 (a  

s )  b10s,  0  s  11, Im f 1  {e2}   e2 , 
Ker f 1  {a, a 2, a 3, a4, a 5, a6, a7, a8, a 9, a10, a11, e1}   a    a 5    a7    a11 , 
Im f 21  Im f 22  {b5, b10, e2}   b5    b10 , Ker f 21  Ker f 22  {a 3, a6, a 9, e1}  

  a 3    a 9 , , ; )  f 1 (a 
s )  

 e2, 0  s  5, Im f 1  {e2}   e2 , Ker f 1  {a, a 2, a 3, a4, a 5, e1}   a    a 5 ,  f 1 – 
, . 3. H  {(1 2 3 4 5 6), (1 3 5)(2 4 6), (1 4)(2 5)(3 6), 

(1 5 3)(2 6 4), (1 6 5 4 3 2), e}   (1 2 3 4 5 6)    (1 6 5 4 3 2) . 4. d  435, c  1110, 
x  «n» . 
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 4.  
 
 

§4.1. , ,  
 

 4.1.1.  (K, , ) – -
 K , 

   (  « » 
). (K, ) , -

  K, -
: (a  b)c  ac  bc  (a  b)  ca  cb  

a, b, c  K.  (K, )  
 0. 

 4.1.2.  (K, , )  ,  K – -
,  – . -

 | K |  K. -
.  , 

,  -
.   (  

, -
 1)  ;   

) . 
 4.1.1.  (K, , ) – .  

 K *  K – 
. 

 4.1.3.  (K *, ) -
 (K, , )  -

. 
 4.1.4.  (K, , )  

 K *  K \ ,{0}   0 – -
,  ,  . -

 . 
,  K *   1  K *, , 

1  0, , , -
: 0  1. 

 4.1.5.  a  b, -
,  ab  0,  ,  – -

.   
. 

: 
1.  (K, , )  a, b  K  a  x  b 

:    b  (  a). 
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 4.1.6.  a  (  b)   a  b 
 a  b.  a  b  K  a, b  K. -

,  . 
2. : 

a(b  c)  ab  ac  (b  c)a  ba  ca  a, b, c  K. 
3. : a  0  0  a  0  a  K. 
4. : 

a(  b)  (  a)b   (ab), (  a)(  b)  ab  a, b  K. 
5.  (K, , ) –  | K |  1,  1  0. 
6. . 

 
. -

 ( , , ). : 
1. . 
2.  ( , , )  a  *  b   ax  b 

:  x   – 1b. 
 4.1.7.  (K, , ) –  L -

 (K, ), -
, . .  l1, l2  L : 1) l1  l2  L; 

2) l1l2  L. : L  K  L  K,  L  K. 
,  (K, , )  {0}  K  

. 
 4.1.8.  L  K    

),  L  K  L  .{0}  
 4.1.9.   (P, , )  -

 P,  -
: 1)  –  P; 2)     \ {0}   – 1  .  

 (P, , )   ( , , ).  
 P1  P2 …  Ps,  s  N  3,   

. 
 4.1.10.  J  (K, , )  -

  K,  k  K   j  J  k j  J, . . 
KJ  { k j | k  K, j  J }  J.  JK  { jk |  j  J, k  K }  J,  J 

   K.   – , -
, .   J  -

 K   J  K. 
, , -

 . 
,  {0}  K –  

 (K, , ). 
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 a  (K, , )  m  Z  
ma.   0a  0  a  0   

| |  

)sgn()sgn(   

m

amamma   m  Z \ .{0}   

sgn(m) a  .0
;0

 ma
ma

 ,  ma  K  a  K, m  Z. 

 4.1.11.  a  
(K, , )  Ka  Za  {ka  ma | k  K, m  Z}  

 K,  ,  a. 
 , : 

aK  Za  {  ak  ma | k  K, m  Z .}  , -
, , . .  

KaK  Ka  aK  Za  makaakkakkak nn   11 {  | ,,,, Kkkkk ii  1  i  n, 
n  N, m  Z . }   a  . 

 (K, , ) – ,  a  K -
, ,  a, -

: 
Ka  Za  Ka  {ka | k  K ,}  aK  Za  aK  {ak | k  K ,}  

KaK  Ka  aK  Za  KaK  nn kakkak 11 {  | ,, Kkk ii  1  i  n, n  N . }  
, -

 a . -
 a  

,  ,  
 a,  (a). 

 J  K, 
. .  1  J,  J  K, .  

,  0, , .  
, , -
, . , ,  
,  (  1 ). 

 4.1.12. , -
,  . -

  . 
 4.1.2. (Z, , ) – . 

.  4.1.2  (Z, , )   
(m),  m  Z.  (m)  mZ   mZ  (  m)  m  Z, -

 (Z, , )  
(m),  m  Z  0. 

 4.1.13.  , 
. 

,  (m)  (Z, , )  
,  m  1. 
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 4.1.3.  (m)  (Z, , ) , -
 m – . 

 
1. , , -

, ,  –  
 ( , -

): 
) K  .,2  }|{ Zbaba  

 K  R. , (R, , ) –  
,  1, .  

 (  4.1.7),  (K, , )  (R, , ). 
 2211 ,,,   baba  Z. : 

1) ;2)()(22  2121 22 11         )()( Kbbaababa  
2) .2)()2(22  21212121 22 11          ))(( Kabbabbaababa  

, (K, , )  (R, , ).  ,  (K, , ) – -
, .  

,2011 K   (K, , )  1. 
 ,0002 baba   ., Zba   (R, , )  

.2
222

2
2

12
2 22 22 2

 
1   

  

ba
b

ba
a

ba
ba

ba
ba  

,
2

,
2

2
2 22 2

1   
  Z

ba
b

ba
aKba  

 ,, Zba   2 2 2ba  –  a  b. -

,  a  1, b  3,  .231   1 
 

 
 K  

, (K, , ) ,  
(R, , )  4.1.9. 

) K  )(,
2

RQba
ab
ba

  

. 
K  M2(Q)  a, b  Q  K  M2(R)  a, b  R. , 

M2(Q)  M2(R) ,  
 E2.  (  4.1.7),  

 (K, , )  (M2(Q), , )  (M2(R), , ) -
.  2211 ,,,   baba  Q (R). : 

1) ;
 

 
 

2121

2121

22

22

11

11

  

  

  

  

  

  

) (2
 

22
K

aabb
bbaa

ab
ba

ab
ba  

2) .
  

 

21212121

21212121

22

22

11

11

    

    

  

  

  

   

2)(2
 2

22
 K

aabbbaab
abbabbaa

ab
ba

ab
ba  
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, (K, , )  (M2(Q), , )  (K, , )  (M2(R), , ) -
. (K, , ) – , -

.  E2  K,  (K, , ) –  E2. 
 2211 ,,,   baba  Q (R)  

,
  22

22

11

11

12121212

12121212

11

11

22

22

222)(2
 2

22
  

  

  

    

    

  

  

  

   

ab
ba

ab
ba

aabbbaab
abbabbaa

ab
ba

ab
ba  

 (K, , ) – . 
 (M2(Q), , )  (M2(R), , )  

, .  a, b  Q (R), -
 a  0  b  0.  K  

.2  

2 2 ba   R  2 2 2ba   0  022  ))((   baba   a  ;2 b   Q -
 a  b  0,  2  –  

. ,  K  a, b  R  a  b2  

, , -
 (K, , ) .  

 a, b  Q,  K 
 

. 
 22 

1
2 2 2

 1 

K
ab
ba

baab
ba  

,  (K, , ) 
. 

2. ,  n N   
 P -

 ( . . ), . 
,  n  N  1  (Mn(P), , )  

,  En 
.  n  1  Mn(P) 

 P . 
 n  N  1. :  AB  O  Mn(P), 

 O – , A  O, B  O, ,  det( A )  det(B )  0  
 6 . ,  Mn(P)  

. :  A – -
,  B -

 Ax  0.  AB  O, -
 B  O, , A  B –  Mn(P). 
3. ,  
, : 
) nZ[x] – ,  

n  Z,  Z[x]  
. 
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 nZ[x] 
 nZ[x],  nZ[x]  Z[x] -

 4.1.7.  Z[x]  
 nZ[x]  nZ[x],  nZ[x]  Z[x]  
 4.1.10. 

)  N  (Z, , ). 
 a  b  a  b.  a  b  

 Z \ N. , N  (Z, ). , N – 
 (Z, , )  4.1.7  4.1.10. 

)  Z  A  {a  bi | a, b  Z, i 2  1} 
 C. 

 Z  A  (Z, , ) ,  Z –  
(A, , ).  b  Z \ {0}  i  A,  bi  A \ Z. , Z -

 (A, , )  4.1.10. 
4. ,  ( , -

, )  I: 
) I  I1\ I2,  I1, I2 –  ( ,  

). 
 0  I1, 0  I2,  0  I1  I2,  0 – . , 0  I1\ I2 

 I1  I2 . , I  I1\ I2  
 

,  I . 
) I  {  j 2 |  j  J , }    J –  ( , ). 

 (Z, , )  
J  2Z  {2z | z  Z ,}  , -

.  I  24 { z  | z  Z . }   I  
(Z, ),  I -

. ,  I . 
) I  I1  I2,  I1, I2 –  ( , 

). 
 (Z, , ) -

 2Z  { 2z | z  Z }  3Z  {3z | z  Z ,}  , 
. , , 2  2Z,  3  3Z,  3  2  1;  1  2Z, 

1  3Z  1  2Z  3Z  I. , I  (Z, ). 
,  I . 

 
1. , , -

, ,  –  
 ( , -

): 
) ;,3  }|{ Qbaba  
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) 

na

a
a

00

00
00

2

1 

  Mn(R),  n  2,  

. 
2. ,  K  {(a, b) | a, b  Z} , 

 
(a1, b1)  (a2, b2)  (a1  a2, b1  b2), (a1, b1)  (a2, b2)  (a1  a2, b1  b2), 

 « »   « » –  Z,  
 (1, 1).  

D . 
3. ,  
, : 
)  B  {b  bi | b  Z, i 2  1}  

(A, , ) ( .  3, ); 
)  Z[x]  Q[x]  

; 
)  In ,  kx   

0  k  n  n  N,  Z[x] . 
4. ,  ( , -

, )  I: 
) I  I1  I2,  I1, I2 –  ( , 

); 
) I  I1  I2  {i1  i2 | i1  I1, i2  I2 ,}   I1, I2 –  ( -

, ). 
5. , ,  

M2(C)  E2  

, 
ab
baC   C, ,  

. 
0

0
a

aS  ,  C –  

,  S – . ,  M2(C)  

: J1 , 
0
0

b
a

 J2 , 
0
0

d
c

 J3 , 
00
ba

 J4 . 00
dc

 

,   J1– J4 – . 
6. ,  M2(C)  5  J1  

J2 – , ,   J3   J4 – , . 
 

1. ) ; )  En. 2. D  
 { (a, 0) | a  Z \ {0}} {(0, b) | b  Z \ {0} . }  3. ) ; 
) ; ) . 4. ) ; ) . 
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§4.2. . 
 

 

 P[x] 0
0 

 
 

   ,0, )(      ZkkiPaxaxf i

k

i

i
i  – -

 ( )  x  P. 
 0 ka   ka   ,  

 k  Z  0 –    f (x).   f (x) 
 deg f  . degree – ).  deg ( fg)  deg f   deg g  

f (x), g(x)  P[x] \ .{0}  -
  , -

 0  P. (P[x], , )  
.  

 ( 0x   1  P ) , -
,  P[x]  P.  

 P[x] . 
 4.2.1.  (P[x], , )  -
, , . . P[x]*  P*. 

 4.2.2 ( ).   f (x)  
g(x)  0  P[x]  q(x)  r (x)  P[x], -

,  r (x)  0  deg r  deg g,  
f (x)  g(x)q(x)  r (x).                                      (4.2.1) 

 4.2.3. (P[x], , ) – . 
 4.2.1.  (4.2.1)  q(x)   

( ,  r (x)  0),  r (x) –   f (x)  g(x). 
 r (x)  0, ,  g(x), q(x)  0 –  (  ) -
  f (x). ,  g(x)  q(x)  0   f (x), -
 g(x) |  f (x), ,   f (x)  ( ) g(x)  q(x)  0, -

  f (x)  g(x). 
 g(x) |  f (x)  0  deg g  deg f,  g(x)  -

  f (x). ,    P* -
  f (x)  P[x].   f (x)  0  f (x) – 

  f (x).  . 
 g(x) |  f (x),  g(x)  0   f (x),   f (x) g(x),   

f (x)  g(x)  0. 
 P[x] -

 « », . 
: 

1. g(x) | 0,  g(x)  0. 
2.  |  f (x),    P*,  f (x)  P[x]. 
3. g(x) |  f (x)   f (x) | h (x)  g(x) | h (x) – . 
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4. g(x) |  f (x)   f (x) | g(x)   f (x)  g(x)    P*. 

5.  g(x) | ),(    xf i  , ,1 si   g(x) | ),()(       

1  
xwxf i

s

i
i    s  N,  )(    xwi   P[x]. 

6.    f 1 (x) …   f s (x)  g1 (x) …  g t (x),  s, t  N, -
, , , ,  d  (x),  

  d (x). 
7. g(x) |  f (x)  g(x) |  f (x),  ,   P*. 

 4.2.2.  (  )  f 1 (x), f 2 (x),…, 
f s (x)  P[x],  s  N  2,  d (x)  P[x], ,  d (x) | ),(    xf i  

. ,1 si   (  )   f 1 (x),  f 2 (x),…,  f s (x), 
, -

 (  1),  
. , -

.  ( f 1 (x), f 2 (x),…, f s (x))  
( f 1 (x), f 2 (x),…, f s (x)), . 

,  g(x) |  f (x),  ( f (x), g(x))  bm
– 1g(x)  )(~

   xg  – , 
 g(x),  bm –  g(x), deg g  m. 

 4.2.4.   f (x)  g(x)  P[x] ,  
deg g  deg f   g(x) |  f (x),  

 )(~
    xrn  : 

f (x)  g(x)q1 (x)  r1 (x), 
g(x)  r1 (x)q2 (x)  r2 (x),  r1 (x)  0, 
r1 (x)  r2 (x)q3 (x)  r3 (x),  r2 (x)  0, 

… 
rn – 2 (x)  rn – 1 (x)qn (x)  rn (x),  rn – 1 (x)  0, 

rn – 1 (x)  rn (x)qn + 1 (x),  rn (x)  0. 
 4.2.4  P[x]  

 (  1.1.2).  
. §1.1)  P[x]. 

 s  3: 
( f 1 (x), f 2 (x),…, f s (x))  (( f 1 (x), f 2 (x),…, f s – 1 (x)), f s (x)). 
 4.2.5.  d (x)  ( f 1 (x), f 2 (x),…, f s (x)),  s  2,  P[x] -

 w1 (x), w2 (x),…, ws (x), ,  

d (x)  ).()(       

1  
xwxf i

s

i
i                                       (4.2.2) 

 4.2.3.  (4.2.2)   
. 

.  w1 (x), w2 (x),…, ws (x)  P[x]  (4.2.2)  
. , , ,  s  2, 

 d (x)   f 1 (x)w1 (x)   f 2 (x)w2 (x),  q(x)  P[x] -
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 w1 (x)  q(x) f 2 (x) / d  (x)  w2 (x)  q(x) f 1 (x) / d (x)  P[x] -
  f 1 (x)   f 2 (x) . 

 4.2.4.  (  )   f 1 (x), 
f 2 (x),…,  f s (x)  P[x],  s  N  2,  m (x)  P[x], ,  

. ,1),()(         sixfxm i   (  ) -
  f 1 (x),  f 2 (x),…,  f s (x)  (  

 1), -
. , .  

 ( f 1 (x), f 2 (x),…, f s (x))  [ f 1 (x), f 2 (x),…, f s (x)],  
. 

,  g(x) |  f (x),   f (x)  0  [ f (x), g(x)]  ak
– 1f (x)  

 ),(~
   xf   ak –   f (x), deg f   k. 

 s  3: 
[ f 1 (x), f 2 (x),…, f s (x)]  [[ f 1 (x), f 2 (x),…, f s – 1 (x)], f s (x)]. 

 4.2.5.  ( f 1 (x), f 2 (x),…, f s (x))  1,  s  2,   

f 1 (x),  f 2 (x),…,  f s (x)  . 
 4.2.6 ( ).   

f 1 (x),  f 2 (x),…,  f s (x)  P[x],  s  2, ,  

 w1 (x), w2 (x),…, ws (x)  P[x],  )()(       

1  
xwxf i

s

i
i   1. 

 
. 

 1.   f (x)g(x) -
 h (x)  ( f (x), h (x))  1,  g(x)  h ( ). 

 2.  h ( )   f (x) 
 g( ) ,   f (x)g( ). 

 4.2.6.   f (x)  n  N  -
 P[x] (  P),   

f (x)  g(x)q(x)  g(x), q(x)  P[x] , . .  
 P*.   f (x)  -

  P[x] (  P). 
,  

P[x] . 
 4.2.7 ( ).   f (x)  P[x] 

 n  1  
f (x)  ),()(       1 xpxpa tn                                      (4.2.3) 

 )(    xpi  –  P , ; 1 ti  
      na  –   f (x). 

 
. 
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 4.2.7.  (4.2.3) -
, ,  -
  f (x)  : 

f (x)  ),()(       

1
1 xpxpa s

sn  
 ,Ni  , 1 si   )(    xpi  pj (x)  i  j. 

 4.2.8.  [x] -
. 

 4.2.9.  ( f (x))  (P[x], , ) -
,   f (x)  P. 

 4.2.8.  c  P  P -
   f (x)  P[x],   f (c)  0.  P  -

,   f (x)  P[x]  deg f   1  P 
. 

 4.2.9.  c  P –   f ( ). -
 c  l  N,   (x  c) 

l |  f (x),   (x  c) 

l + 1 |  f (x).  l  1 
 ,  l  1 – . 

 4.2.10 ( . ).   f (x)  P[x]   c  P   

f (c)   f (x)  x  c. 
 1 ( ).  c  P -

  f (x)  P[x] ,  (x  c) |  f (x). 
 2.  P[x]  n  2  

 P. 
 3.  P  

,   f (x)  P[x]  deg f   1  P. -
-

, . 
 4.  P – , -

  f (x)  P[x]  deg f   n  N : 
f (x)  ,)( )(       1 1 sls

l
n xxa                                (4.2.4) 

 na  –   f (x); 
      s ,,1  –   f (x)  P  l1,…, l s. 

 l1 …  l s  n, . .  
 ( ) -

. 
 4.2.11 ( ).   f (x)  P[x]  deg f   

 n  N.  s ,,1  –   f (x)  P -
 l1,…, l s,  s  N,   f (x)  .)( )(      1 1 sls

l xx  

 l1 …  l s  n, ,  
 ( )  

. 
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  f (x)  P[x]  deg f   n  N  
) x  c,  c  P,  .   f (x)  (x  c)g(x)  , 0b   

f (x)  

n

i

i
i xa

0  
,  ,0 na  g(x)  

n

i

i
i xb

1  

1 ,  
 0b    f (c). -

 g(x) : 
,  nn ab  

,   1  1  nnn cbab  
… 

. 100    cbab  
, , 1    iii cbab  i  n  1,…, 0.  

,  
. 4.2.1, -

 « ». 
 

 an an – 1   … a1 a0 
c an bn – 1   … b1 b0 

 
. 4.2.1 

 
-

  f (x)  x  c, -
,  c   f (x).  

  f (x), -
  f (x)  x  c.  g(x)  deg g  1 -

 x  c . 4.2.1  
. ., . 

 P : C, R  Q. 
,  (Q[x], , )  (R[x], , )  (C[x], , ). 

 4.2.12 ( ).  C 
. 

 1.  f (x)  C[x]  deg f   1  
 C  (4.2.4).  C -

, . 
 2.  f (x)  R[x]  deg f   2  R. 

 R  
, . 

 Q[x] -
 Z[x]. , -

 Q  Q[x]  
 Q  Q -

 Z[x]. 
  f (x)  ,  1  

1   l
l

n
n

n
n xaxaxa   deg f   n  1, 

,0 nl  ,0la  , , 0  l.  
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  f (x)  lx  -
, . 

 4.2.13.   f (x)  01 1  
1    axaxaxa n

n
n

n   Z[x],  n  1, 
,0 na  .0 0a    /   Q,    Z,   N, ( , )  1,   

f (x),    | 0a     | . na  
.   f (x)  01 1  

1    axaxax n
n

n
  Z[x],  n  1, ,0 0a  

  f (x)  
 . 0a  

,  7 -
 Z:   f (x)  Z[x] 

 Q[x],   f (x)  
 Z[x]. ,   f (x)  Z[x]  Q  

,   f (x)  Z, . . -
 Z. 

 4.2.14 ).   f (x)   1  
1   n

n
n

n xaxa  

01 axa   Z[x],  n  1.  , -
: 

1) ;|    nap  
2) , |   iap  ;1 0 ni  
3)  p 

2
 ,|  0 a  

  f (x)  Q. 
 P , -

 . ,  
q ,  Fq.  Fp -

 (Z / pZ, , )  p. -
: 

1.  Fq ,  q  p 
m,   –  

, m  N. 
2.  Fq[x] -

 n. 
 4.2.6,  4.2.7  1  2 -

 4.2.10,  P[x]  
,  P, . . 

 P[x].  P[x]  
,  P,  

 P[x].  
 P  n , -

 P[x]  k,  1  k  [n / 2], 
n  2.  « » -

 « »  
.  

. 
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– 

– 

– 

– 

– 

– 

– 

– 

– 

– 

– 

– 

 
1.  f (x)  4x   

33x   2x   4x  3  g(x)  33x   210x   
 2 x  3 : 

)  Q[x]. 
x4

  3x 
3

 – x 
2

 – 4x – 3    | 3x 
3

  10x 
2

  2 x – 3 
x4

  10/3x 
3

  2/3x 
2

 – x | 1/3x – 1/9 
– 1/3x 

3
 – 5/3x 

2
 – 3x – 3  

– 1/3x 
3

 – 10/9x 
2

 – 2/9x  1/3 
3x 

3
  10x 

2
  2 x – 3 | – 5/9x 

2
 – 25/9x – 10/3  –– r1  (x) 

3x 
3

  15x 
2

  18x    | – 27/5x  9 
– 5x 

2
 – 16x – 3 

– 5x 
2

 – 25x – 30 
– 5/9x 

2
 – 25/9x – 10/3 | 9x  27              –– r2 (x) 

– 5/9x 
2

 – 5/3x              | – 5/81x – 10/81 
– 10/9x – 10/3 
– 10/9x – 10/3 

0 
 

( f (x), g(x))  )(~
   2 xr   9 – 1r2 (x)  1/9(9x  27 )  x  3; 

)  F7[x]. 
 F7 –  {0, 1, 2, 3, 4, 5, 6} -

,  (Z / 7Z, , ) ( . §1.4,  1, ). 
  f (x)  4x   

33x   26x   3x  4, g(x)  33x   23x   2 x  4  F7[x]. 
 

x4
  3x 

3
  6x 

2
  3x  4 | 3x 

3
  3x 

2
  2 x  4 

x4
  x 

3
  3x 

2
  6x        | 5x  3 

2 x 
3

  3x 
2

  4x  4  
2 x 

3
  2 x 

2
  6x  5 

3x 
3

  3x 
2

  2 x  4 | x 
2

  5x  6  –– r1 (x) 
3x 

3
  x 

2
  4x         | 3x  2 

2 x 
2

  5x  4 
2 x 

2
  3x  5 

x 
2

  5x  6 | 2 x  6  –– r2 (x) 
x 

2
  3x       | 4x  1 

2 x  6 
2 x  6 

0 
 

( f (x), g(x))  )(~
   2 xr   2 – 1r2 (x)  4(2 x  6)  x  3. 

2.  F2: 
)  F2[x]. 

 « »,  
f 1 (x) , 2x   f 2 (x) 1 

2x  ( x  1)2,  f 3 (x) ),1(   2 xxxx   f 4 (x) .1 
2 xx  

  f 4 (0)   f 4 (1)  1  0,   f 4 (x)  F2; 
)  F2[x]. 

 « » ,  
f 1 (x) , 3x   f 2 (x) ,1)1(1 )(    23

 xxxx   f 3 (x) xx  
3  x ( x  1)2, 

f 4 (x) ,1 3 xx   f 5 (x) ),1(   

223    xxxx   f 6 (x) ,1 
23  xx  

f 7 (x) ,1)(     223 xxxxxx   f 8 (x) 1  
23 xxx  ( x  1)3. 
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  f 4 (0)   f 4 (1)  1  0,  f 6 (0)   f 6 (1)  1  0,   f 4 (x)   f  6 (x) 
 F2. 

3. ,  ( f (x)) : 
) )(  1 

4x   C[x], R[x], Q[x]. 
 deg f   4,  1  2  4.2.12  f (x) -

 C  R, , ( f (x))  C[x]  R[x]. 

f (x)    224 212   xxx   
222  

21   

 

 xx  1212   
22

   xxxx   p1 (x) p2 (x). 
  f (x)  R,  p1 (x)  p2 (x) -

 R, .   

f (x)  Q.   f (x)  Q,  
 Q[x],  ,   R[x],  

  f (x)  p1 (x) p2 (x),  4.2.7. 
, )(  1 

4x   C[x]  R[x], -
 Q[x]. 

) )(  1   456 xxxx   F2[x]. 
0  1   f (x)  1   

456 xxxx   F2. 
1 

2 xx  –  F2 
.  2, ).  « »  F2[x],  

f (x)  11   42 )(  xxxx   |1 2 xx  f (x). 
 F2  1 

3 xx   

1 
23

 xx  .  2, ).  « »  F2[x],  
f (x)  11     2233 ))((   xxxxxx   |1 3 xx  f (x); 

f (x)  11 ))((    323   xxxx   |1 
23  xx  f (x). 

,  f (x)  F2  ( f (x)) –  F2[x]. 
) )(  1 

4x   F2[x]. 
1   f (x)   1 

4x   F2.   f (x)  ( x  1)4  F2[x]. 
,   f (x)  F2  ( f (x)) –  F2[x]. 

) )(  4  
4x   Q[x]. 

  f (x)  4  
4x   Q -

 4.2.13,   f (  1)  5  0,  f (  2)  20  0,  f (  4)  260  0. 
f (x)  224 4 4 4   xxx 22  2 x  (2 x) 

2  .2222  )()(     22
 xxxx  

 4  
4x   Q, , )(  4  

4x   
 Q[x]. 

) )(  1 3 xx   F2[x], Q[x]. 
 1 

3 xx   F2 ( .   2,  ),   

)(  1 3 xx  –  F2[x]. 
  f (x) 1 

3 xx   Q -
 4.2.13,   f (1)  3  0,  f ( 1)  1  0. ,  f (x)  

Q  ( f (x)) –  Q[x]. 
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) )(   15932  25 xxx   Q[x]. 
3 – , 3 | 15, 3 | (  9), 3 | 3,  3 |  2, 32  9 | 15. , -

 (  4.2.14)   f (x)  Q, -
, ( f (x)) –  Q[x]. 

 
1. : 
)  f (x)  3x   2x   2 x  2, g(x)  2x   x  1  Q[x]  F3[x]; 
)  f (x)  35x   2x   5x  1, g(x)  25x   21x  4  Q[x]  F5[x]. 

:  « ». 
2. : 
) 5x   3x   2x   1  F2; 
) 4x   3x   x  2  F3. 

:  « »,  
 « »  F2[x]  F3[x] . 

 
1. ) 1  x  2 ; ) x  1/5  1 . 2. ) ( x  1)3( 2x   

 x  1 ); ) ( 2x   1 )( 2x   x  2 ). 
 

§4.3. . .  
 

 (K, , ) –  I,  I  
 (K, ).  K  

 I. 
 4.3.1.  a, b  K   

 I,    b  I, . .   b  i  i  I. 
 ( , -

, ) , ,  K  
 I  –  

 I.  a  K  a -
 a   a  I  {a  i | i  I .}   

K / I  {0   I, a   a  I, b   b  I,…}    K  
 I. 

 4.3.1.  (K, , ) –  I  K.  
K / I  -

 I: 
,   baba  

baba    
 a, b  K. 

 4.3.2.  (K / I, , )  4.3.1  -
  K  I. 
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  -
 (K, , ),  (K / I, , ). 

 K – , , ,  
 (K / I,  ,  

 1, . 
 P[x]  I  ( g(x)), 

 g(x)  .1 n   4.2.2  
 I ,  

 r (x)  g(x). ,  
P[x] / I  )(   xr   r (x)  I  {r (x)  g(x)h (x) | h (x)  P[x] , }  

 r (x)  0  deg r  deg g.  4.3.1 -
, -

 g(x)  
 P[x]. ,  

Fq[x] / ( g(x)) ,  
(Fq[x] / ( g(x)), , ) . 

 4.3.1.  Fq[x] / ( g(x))  deg g  n  1 
 q n. 

 4.3.2.  (K / I, , ) -
 (K, , )  I  

,  I – . 
 1.  (Z / nZ, , )  

,  n – . 
 2.  (P[x] / ( g(x)), , )  

,  g(x) –  P. 
 4.3.3.  (K1, , )  (K2, ,  ) – . -

 f : K1  K2,  
 a, b  K1: 

1)  f a  b    f a   f b ; 
2)  f a  b    f a    f b . 

 4.3.4.  -
 (  ),  – ,  – 

.   f : K  K   -
 K,  – . 

 (K1, , )  (K2, ,  )  K1  K2. 
 

: , . -
,  

. 
 4.3.5.   f : K1  K2 – .  -

 f : K1  K2  Im f   { f (a)  K2 | a  K1}  E( f ). 
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   f   Ker f   {a  K1 | f (a)  ,0  } 2K   

20K  –  ( K2, ). 
,   f : K1  K2 – , K1  Im f. 

: 
1.  – . 
2.   f : K1  K2 – ,  Im f  –  K2. 
3.   f : K1  K2 – ,  21 0)0 (   KKf   )()(   afaf  

 a  K1. 
4.   f : K1  K2 – ,  )1 (   1Kf  1Im f ,  11K  – -

 K1  1Im f  –  Im f,   f (a – 1)   f (a) – 1  Im f  a  . *
1K  

5.   f : K1  K2 – ,  Ker f  –  K1. 
6.   f : K1  K2  
,  Ker f   .}0 {   1K  

 5  6 ,   

f : K1  K2,  K1 – , ,  ( . .  
). 

 4.3.3.  (K, , ) – , I  K  (K / I, , ) –  
.   f : K  K / I,  aaf  )(   

a  K,  Ker f   I. 
 4.3.6.  4.3.3 f : K  K / I,  I  K, 

   ) . 
 4.3.4 ( ).  : K1  

 K2 – .  K1 / Ker   Im . 
 K /{0}  K  (K, , ),  6 

 4.3.4 , -
. , -

. 
 4.3.5.   f : K  K  – , Ker f   I. -

 
 U   K   U  

K,  I, ,  UUf  )(       f  – 1( ) U   U. 
 (P, , ) –  g(x) –  P -

 n  P[x].  2  4.3.2  
(P[x] / ( g(x)), , ) . ,  f : P  

 P[x] / ( g(x)),   f ( )      P, – . -
,  (P, , )  (P , ,  ),  P     {  |   P , }  .  .  Im f   .P  , 

(P, , )  ( P , ,  ) 
 (P[x] / ( g(x)), , ). ,  P[x] / ( g(x))  P[x] / (h (x)),  g(x)  h (x) – 

 n. 
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 P  Fq,  (Fq[x] / ( g(x)), , ) , -
 q n  4.3.1. ,  

 Fp,  (Z / pZ, , ),  p – ,  Fp 
 p 

n, 
 n  N (  §4.2). 

 4.3.6 ( ). -
 g(x)  P[x]  (P, , ),  

 (P[x] /  ( g(x)), , ). 
 4.3.7.  (K, , ) -

 e  0,   ,  ne  0  
 n  N.   (K, , )  p  N,  pe  0, 

 p – , ,  
 p.  K  

char K ( . characteristic – ). 
 4.3.7.   0,  -

. 
  – .  Fp  Z / pZ,   char Fp  

 char Z / pZ  p.  Fq,  q  p 
m, m  N, -

 p,  Fp  e –  Fp  Fq. 
 Z,  Q, R  C , , . 

 P  P[x] -
,   P. , P  P[x]  e –  P  P[x]. , 

char Fq[x]  p  q  p 
m  m  N. 

 (P, , ) –   f  –   (P[x] / ( g(x)), , ) 
 g(x)  P[x]  deg g  1,   f ( )      P. 

 P[x] / ( g(x)) – ,   P,   f (e)  e   
 6  en   n f (e)   f (ne)  0   ne  0  n  N. 

 char K   0.  z  Z  1.1.1  
z  pu  r,  u, r  Z,  0  r  p,  za  ra  a  K,  ( pu)a  

 p(ua)  ( pe)(ua)  0. 
 

1.  (P[x] / ( g(x)), , ), -
. ,  

, : 
)   F2, g(x)  3x   2x   1. 

 g(x)  F2 ( .  §4.2,   2,  ),  ,   
 2  4.3.2 (F2[x] / ( g(x)), , ) – .  deg g  3,  

F2[x] / ( g(x))  { )(   xr  | r (x)  F2[x],  r (x)  0  deg r  3}  F8  4.3.1. 
 char F8  char F2  2. 

,  
. 4.3.1. 
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 0  1 x  1  x  2x  1 
2x  xx  

2  1 
2 xx  

0  0  1 x  1  x  2x  1 
2x  xx  

2  1 
2 xx  

1 1 0  1  x  x  1 
2x  2x  1 

2 xx  xx  
2  

x  x  1  x  0  1 xx  
2  1 

2 xx  2x  1 
2x  

1  x  1  x  x  1 0  1 
2 xx  xx  

2  1 
2x  2x  

2x  2x  1 
2x  xx  

2  1 
2 xx  0  1 x  1  x  

1 
2x  1 

2x  2x  1 
2 xx  xx  

2  1 0  1  x  x  

xx  
2  xx  

2  1 
2 xx  2x  1 

2x  x  1  x  0  1 
1 

2 xx  1 
2 xx  xx  

2  1 
2x  2x  1  x  x  1 0  

 
. 4.3.1 
 

,  
. 4.3.2. 

 
 0  1 x  1  x  2x  1 

2x  xx  
2  1 

2 xx  
0  0  0  0  0  0  0  0  0  

1 0  1 x  1  x  2x  1 
2x  xx  

2  1 
2 xx  

x  0  x  2x  xx  
2  1 

2x  1 
2 xx  1 1  x  

1  x  0  1  x  xx  
2  1 

2x  1 x  1 
2 xx  2x  

2x  0  2x  1 
2x  1 1 

2 xx  1  x  x  xx  
2  

1 
2x  0  1 

2x  1 
2 xx  x  1  x  xx  

2  2x  1 
xx  

2  0  xx  
2  1 1 

2 xx  x  2x  1  x  1 
2x  

1 
2 xx  0  1 

2 xx  1  x  2x  xx  
2  1 1 

2x  x  
 

. 4.3.2 
 
)   F3 , g(x)  2x   x  1. 

 g(1)  0  g(x)  ( x  2)2,  g(x)  F3 , -
,  2  4.3.2 (F3[x] / ( g(x)), , ) . -

 deg g  2,  F3[x] / ( g(x))  { )(   xr  | r (x)  F3[x],  r (x)  0  deg r  2}  R 
 32  9  4.3.1.  char R  char F3  3. 

,  
. 4.3.3. , -

. 4.3.4. ,  2x   ,12x  

 R.  2x   

12x  –  R. 
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 0  1 2  x  1  x  2  x  x2  1  2x  2 2  x  
0  0  1 2  x  1  x  2  x  x2  1  2x  2 2  x  
1 1 2  0  1  x  2  x  x  1  2x  2 2  x  x2  
2  2  0  1 2  x  x  1  x  2 2  x  x2  1  2x  
x  x  1  x  2  x  x2  1  2x  2 2  x  0  1 2  

1  x  1  x  2  x  x  1  2x  2 2  x  x2  1 2  0  
2  x  2  x  x  1  x  2 2  x  x2  1  2x  2  0  1 

x2  x2  1  2x  2 2  x  0  1 2  x  1  x  2  x  
1  2x  1  2x  2 2  x  x2  1 2  0  1  x  2  x  x  
2 2  x  2 2  x  x2  1  2x  2  0  1 2  x  x  1  x  

 
. 4.3.3 

 
 0  1 2  x  1  x  2  x  x2  1  2x  2 2  x  

0  0  0  0  0  0  0  0  0  0  
1 0  1 2  x  1  x  2  x  x2  1  2x  2 2  x  
2  0  2  1 x2  2 2  x  1  2x  x  2  x  1  x  
x  0  x  x2  2 2  x  2  2  x  1  x  1  2x  1 

1  x  0  1  x  2 2  x  2  x  1  2x  1 2  x  x2  
2  x  0  2  x  1  2x  2  x  1  2x  0  1  2x  0  2  x  

x2  0  x2  x  1  x  1 1  2x  2 2  x  2  x  2  
1  2x  0  1  2x  2  x  1  2x  2  x  0  2  x  0  1  2x  
2 2  x  0  2 2  x  1  x  1 x2  2  x  2  1  2x  x  

 
. 4.3.4 

 
2. ,  R[x] /  ( 2x   1 )  (C, , ). 

 f : R[x]  C,  f ( g(x))  g(i )  g(x)  R[x], 
i 2  1.  g(x), h (x)  R[x] : 

1)  f ( g(x)  h (x))   f (F(x))  F(i )  g(i )  h (i )   f ( g(x))   f (h (x)); 
2)  f ( g(x) h (x))   f (G(x))  G(i )  g(i ) h (i )   f ( g(x)) f (h (x)). 

,  f  – . Im f   C, . .  a  bi  C 
 bx  a  R[x], ,   f (bx  a)  a  bi,  a, b  R. -

  f  – . 
Ker f   {u(x)  R[x] | u(i )  0 . }   u(x)  R[x],  u(i )  0  )(    iu   0  

 )(    iu   u(  i )  0 ( -
).  1  4.2.10  C[x] : u(i )  0  

 x  i | u(x), u(  i )  0  x  i | u(x).  (x  i )(x  i )  2x   1,  u(i )  0  
 2x   1 | u(x)  R[x]. , Ker f   ( 2x   1 ) –  R[x]. 
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,  R[x] / ( 2x   1 )  (C, , ). 
3.  Z / nZ, , 

.  
 n. 

  f : Z  Z / nZ,  ,)( zzf   z  Z, 
 Ker f   nZ  (n).   f  – ,  4.3.5 -

-
 Z / nZ  Z, -

 (n), ,   f ((m))  ,   )(m   f  – 1( )(   m )  (m),  1  m  n, m | n.  
(Z, , ) – ,  (Z / nZ, , ) – -

, )()( lm   (m)  ( l )  l | m.  p – ,  1  
 4.3.2 (Z / pZ, , ) – , , -

, ,  }{0   Z / pZ.  

n –     

 

, 1
1 t

tppn   )()(  ,,1 tpp  – 
 (Z / nZ, , ). 

 (Z / nZ, , ) -
 (Z / nZ, )  Ik  )(m    m  ,  | Ik |  )( ord m   k. -

 3.1.10  )( ord m   n / (m, n),  (m, n)  n / k. 

 Z / nZ  Ik  }{ 0/,,/      knkkn   

 )(  / kn   k,  k | n.  k  1  
 Ik  (k),   –  ( .  5  §3.1). 

) n  29. 
 k  1, 29. -

 2  Z / 29Z: 
k  1  | I1 |  I1  }{0   ;0  )(  

k  29  | I29 |  I29  Z / 29Z  }{ 0,28,,2,1   )(1   )(2  …  ,28  )(   
(1, 29)  (2, 29) …  (28, 29)  29/29  1. 

29 – , , (Z / 29Z, , ) – , -
.  Z / 29Z .  

 Z / 29Z: .10 )()(  
) n  8. 

 k  1, 2, 4, 8.  
 4  Z / 8Z: 

k  1  | I1 |  I1  }{0   ;0  )(  

k  2  | I2 |  I2  }{ 0,4   ,4  )(  . . (4, 8)  8/2  4; 

k  4  | I4 |  I4  }{ 0,6,4,2   )(2   ,6  )(  . . (2, 8)  (6, 8)  8/4  2; 
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k  8  | I8 |  I8  Z / 8Z  }{ 0,7,6,5,4,3,2,1   )(1   )(3   )(5   ,7  )(   
(1, 8)  (3, 8)  (5, 8)  (7, 8)  8/8  1. 

8  23, , )(2  –  (Z / 8Z, , ). 

 Z / 8Z: .1240 )()()()(  
) n  24. 

 k  1, 2, 3, 4, 6, 8, 12, 24.  
 8  Z / 24Z: 

k  1  | I1 |  I1  }{0   ;0  )(  

k  2  | I2 |  I2  }{ 0,12   ,12  )(  . . (12, 24)  24/2  12; 

k  3  | I3 |  I3  }{ 0,16,8   )(8   ,16  )(  . . (8, 24)  (16, 24)  24/3  8; 

k  4  | I4 |  I4  }{ 0,18,12,6   )(6   ,18  )(  . . (6, 24)  (18, 24)  24/4  6; 

k  8  | I8 |  I8  }{ 0,21,18,15,12,9,6,3   )(3   )(9   )(15   ,21  )(  . . (3, 24)  
 (9, 24)  (15, 24)  (21, 24)  24/8  3; 

k  12  | I12 |  I12  }{ 0,22,20,18,16,14,12,10,8,6,4,2   )(2   )(10   )(14   

 ,22  )(  . . (2, 24)  (10, 24)  (14, 24)  (22, 24)  24/12  2; 

k  24  | I24 |  I24  Z / 24Z   }{ 0,23,,2,1   )(1   )(5   )(7   )(11   )(13   

 )(17   )(19   ,23  )(  . . (1, 24)  (5, 24)  (7, 24)  (11, 24)  (13, 24)  (17, 24)  
 (19, 24)  (23, 24)  24/24  1. 

24  23
  3, , )(2   )(3  –  (Z / 24Z, , ). 

 Z / 24Z: 

 )(   0    )(12    )(   6    )(   3  
       

 )(   8    )(   4    )(   2    )(   1  

 
1.  (P[x] / ( g(x)), , ), -

. ,  
, : 

)   F2, g(x)  2x   1; )   F3 , g(x)  2x   2 x  2. 
2. ,  Z[x] / (n)  Z / nZ[x],  n  N. : ,  

f : Z[x]  Z / nZ[x],  

k

i

i
i

k

i

i
i xaxaf

0  0 
,   

 
    ia   Z,  0  i  k,  k  Z  0, -

;  Im f, Ker f  -
 (  4.3.4). 

 
1. ) R – , | R |  4, 1x  – , char R  2; )  F9, char F9  3. 
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N –  
Z –  
Q –  
R –  
C –  

   –    
   –    
  A –   A 

A   a –  A  R, ,  a 
A   a –  A  R, ,  a 
A   a –  A  R, ,  

 a 
A   a –  A  R, ,  

 a 
1, 2,…, a n  A –  1, 2,…, a n  A,  n  2 

| a | –  a 
a  b –  a  b  0 
b | a –  b  0  a 
a b –   b  0 
b | a –  b  0  a 

 – ,  « », « » 
 –  ( ), -

 « » 
 –  ( ) 
 –  ( ) 
 –  

 –  
 ( 1, 2,…, a n  )  ( 1, 2,…, a n ) –  1, 2,…, a n ,  n  2 

nmi ,  – i  m  n,  m  n 
 –  

 –  
 ( 1, 2,…, a n  )  [ 1, 2,…, a n ] –  1, 2,…, a n ,  n  2 

sgn(a) –  a 
   –  A   

[a; b] –  (  R,  r, ,  a  r  b) 
[a] –   

 – ,  « », « » 
n! –  n 
| –  « , », « , »  
a  b (mod m) –   b  m  N 
i  –  i  Z 
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   –    
Z /mZ –  m 

   –    
 –  ( ) 
k
nC  –  n  k,  

q:   Y –  q   Y 
   –  ( )    

q  (X, Y, Q) –  q  X,  Y -
 Q 

D(q) –  q 
E(q) –  q 
q( ) –   q 
q – 1( y) –  y  q 
q( A  ) –  A  q 
q – 1(B ) –  B  q 
p  q –   q  
q: x y  q(x)  y –  q  -

  
 –   

R2 –  
q – 1 – ,  q 

   –    
 –  

g  f   g f  –   f   g 
f A –   f    

 \  –    
p  q –   q  
[a; b) –  (  R,  r, ,  a  r  b) 
(a; b) –  (  R,  r, ,  a  r  b) 
(a; b] –  (  R,  r, ,  a  r  b) 
Vn(K ) –  n  K 
Mn(K ) –  n  K 
 –  

A – 1 – ,  A 
det( A  ) –  A 

   –    
|  | –   

n – n   
( A  ) –  ( )   

A  B –    
GLn(K ) –  n -

 K 
H  G  H  G (  H  G) – H  G 
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SLn(K ) –  n  
 K 

   –  ( ),  a 
ord(a) –  a  

  A –   A 
aH –  a  H 
Ha –  a  H 
[G : H ] –  H  G 
H  G – H  G 
G / H –  ( )  G  H 
{a} –  a 
A*

 – -
,  A 

En –  n 
S n –  n 
S( ) –   
( i1 i2 … ik )  (i  f (i ) …  f  k – 

1(i )) –  k  S n 
An –  n 
Im f  –   f 
Ker f  –   f 
(G1, )  (G2, )  G1  G2 –  (G1, )  (G2, )  
K 

*
 –  K  

L  K  L  K (  L  K ) – L  K 
J  K – J  K 
( ) – ,  a 

 –  ( ), -
 « » 

K [x] –  x  K 
deg f  –   f (x) 
g(x) |  f (x) –  g(x)  0   f (x) 
f (x)  g(x) –   f (x)  g(x)  0 
g(x) |  f (x) –  g(x)  0   f (x) 
f (x) g(x) –   f (x)  g(x)  0 

 ( f  1 (x), f 2 (x),…, f  s (x))  ( f 1 (x), f 2 (x),…, f s (x)) –   f  1 (x),  f 2 (x),…,  

f s (x),  s  2 
)(~

 xf  – ,   f (x) 
 ( f  1 (x), f 2 (x),…, f s (x))  [ f  1  (x), f 2 (x),…, f  s (x)] –   f  1 (x),  f 2 (x),…,  

f s (x),  s  2 
Fq –  q  
a  –  a  
K / I –  ( )  K  I 
(K1, , )  (K2, ,  )  K1  K2 –  (K1, , )  (K2, ,  )  
char K –  K 
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1. , .  / . , . .  ; 

. . – 2- ., . – . : , 2005. – 400 . 
2.  / . .  [ .] ; . . . . -

. – 3- ., . – . : , 2003. – 400 . 
3. , . .  : .  / . . . – . : 

, 1980. – 176 . 
4. , . .  / . . . – 9- ., 

. – . : , 1981. – 176 . 
5. , . . : , , -

 / . . . – . : , 2000. – 200 . 
6. , . .  / . . , . . -
. – . : , 1972. – 240 . 

7. , . .  : . 
 / . . , . . . –  : . ., 1977. – 254 . 

8. , . . .  3 . . 1 :  / 
. . . – 3- . – . : , 2004. – 272 . 

9. , . .  / . . . – . : -
, 2001. – 464 . 

10. , . .  RSA / .  ; 
. . – . : , 2001. – 328 . 

11. , . .  / . . , 
. . . – . : , 1980. – 344 . 

12. , . .  :  / . . . – 
17- ., . – . : , 2008. – 432 . 

13. , . . .  
 : .-

.  / . . . – 2- ., . –  : , 2006. – 88 . 
14.  : .  / 

. .  [ .]. –  : , 2003. – 382 . 
15. , . .  :  
.  2 . . 1 / . . , . . , . . . –  : 

, 2001. – 400 . 
16. , . .  / . . -
. – 12- ., . – . : , 2008. – 480 . 

17.  : .  / 
. .  [ .] ; . . . . – 2- . –  : , 

1999. – 302 . 
18. , . .  : .- .  / 

. . . –  : , 2010. – 120 . 
19. , . .  / . . -

. – 3- ., . – . : , 2008. – 224 . 
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20. , .  / 

. , .  ; . . – . : , 1987. – 416 . 
21. , . .  / . . , . . . – 

. : , 1983. – 124 . 
22. , . .  : .  
 / . . , . . , . . . – 2- ., . . – . : 

 – , 2002. – 175 . 
23. , . . : , , 
 :  / . . , . . . –  : , 2015. – 

152 . 
24. , . . :  

 :  / . . , . . . – 
 : , 2015. – 114 . 

25. , . .  / . . . – 3- ., . – . : 
URSS, 2008. – 384 . 

26. , . .  / 
. . . – . : , 2003. – 326 . 

27. , . .  : .  
 / . . . – . : , 1987. – 496 . 

28. , .  / .  ; . . – . : , 1968. – 564 . 
29. , . .  2 . / . , .  ; . . – 

. : , 1988. – 820 . 
30. , .  / . , .  ; .  
. – . : , 1999. – 720 . 
31. , . .  / . . . – 3- ., . – . : 

, 2003. – 336 . 
32. , . .  / . . . – 

2- ., . –  : , 1977. – 768 . 
33. , . .  / . . , 

. . . – 11- ., . . – . : , 1977. – 288 . 
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