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Abstract.  The system of 10 radial equations, derived from the Duffin—
Kemmer—Petiau equation for a spin 1 particle in the external Coulomb field,
is studied. With the use of the space reflection operator, the whole system is
split to independent subsystems, consisting of 4 and 6 equations, respectively.
The most simple subsystem of 4 equations is solved in terms of hypergeometric
functions, which gives the known energy spectrum. Also, the solutions and en-
ergy spectrum are found for the minimal value of the total angular momentum,
j = 0. The second subsystem is expected to give the description of the other
two series of bound states. With the use of the Lorentz generalized condition
in presence of the Coulomb field, we prove that one of 6 radial function turns
to be equal to zero. This simplifies the explicit form of the system of 6 equa-
tions, which contains only 5 unknown functions. Combining this system, we
derive a new separated of 2-nd order system of differential equations for three
radial functions. In particular, one of the equations turns out to be a rather
simple one, and may be recognized as a confluent Heun equation. A series of
bound states is constructed in terms of the so called transcendental confluent
Heun functions, which provides us with solutions for the second class of bound
states, with corresponding formula for energy levels. The subsystem of 6 equa-
tions, with no use of additional constraints due to the Lorentz condition, after
excluding two non-differential relations reduces to the system of 1-st order dif-
ferential equations for 4 functions f;,i = 1,2,3,4. We derive the explicit form
of a corresponding of 4-th order equation for each function. Among them, there
are equations with two substantially different sets of singular points: 3 regular
(or 2) and 2 irregular of rank 2. Any of these functions may be considered as a
main one, and all remaining functions may be found in explicit form, in terms of
the main one. From the four independent solutions of each 4-th order equation,
only two solutions may be referred to series of bound states.
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1 Introduction

Till now, the known quantum-mechanical problem of a spin 1 particle in presence of
the external Coulomb field remains unsolved. The first of three expected sub-classes
of bound states was described by I.LE. Tamm [1]. The incompleteness of the study
relates to two other sub-classes of expected bound states. The main conclusion from
LLE. Tamm considerations consists in the statement that in two remaining sub-classes
of states, the particle should fall to the center. However, the study of the non-
relativistic problem of spin 1 particle in the Coulomb field showed [2] that there exist
three correctly defined series of bound states, which are described by the formulas
similar to the one of the spinless Schrodinger particle in Coulomb field. In [3, 4], it
was shown a possibility for some radial functions to confine to different 2-nd order
differential equations, instead the expected equations of the 4-th order!.

In Section 2, the system of 10 radial equations, derived from the Duffin—-Kemmer—
Petiau equation for a spin 1 particle in the external Coulomb field, is studied. With
the use of the space reflection operator, the whole system is split to independent sub-
systems, consisting of 4 and 6 equations, respectively. The most simple subsystem
of 4 equations is solved in terms of hypergeometric functions, which gives the known
energy spectrum. Also, the solutions and energy spectrum are found for the mini-
mal value of total angular momentum, 57 = 0. The second subsystem should give a
description of the two other series of bound states.

In Section 3, with the use of the Lorentz generalized condition in presence of the
Coulomb field, we prove that one of the 6 radial functions turns to equal to zero.
This simplifies the explicit form of the system of 6 equations, which contain only 5
unknown functions.

In Section 4, by combining the equations in the 6-equation system, we derive for
several radial functions the 2-nd order differential equations, and we derive a more
simple 2-nd order equation for one of the radial functions. The qualitative analysis
of this equation indicates that it may have solutions which describe bound states.

In Section 5, this simple equation is related to a confluent Heun equation. Its
Frobenius solutions have been constructed and convergence of the involved power
series is proved. The functions relevant to bound states are constructed in terms
of the so called transcendental confluent Heun functions. This provides us with the
second class of bound states for spin 1 particle in the external Coulomb field, with a
corresponding formula for energy levels.

In Section 6, the subsystem of 6 equations, with no use of additional constraints
due to the Lorentz condition, after excluding two non-differential relations reduces
to the system of 1-st order differential equations for four functions, f;,i = 1,2,3,4.
We elaborate a method which permits to examine projections of the whole set of
solutions — the curve {fi(r), fa(r), f3(r), fa(r)} in the 4-dimensional space — on the
different planes f; = 0 of the space. In each case, such a projection consists of two
parts (branches), which are determined by different 2-nd order differential equations.
In particular, the constraint fi(z) = 0 coincides with that derived previously from
the Lorentz condition. In this way we obtain explicit form of four pairs of 2-nd order

L Unfortunately, one technical error appeared in [3, 4], so some part of intermediate formulas turns
to be incorrect, though the main final result is the right one. In the present paper, we repair this
error.
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equations, all of them having the structure of singularities more complicated than the
class of hypergeometric functions.

In section 7, we derive the explicit form of the 4-th order equation for each function.
Among them there arise two substantially different sets of singular points: 3 regular
(or 2) and 2 irregular of the rank 2. Any of these four functions may be considered as
a main one, then all the remaining functions may be found in explicit form through
the main one. From four independent solutions of the main 4-th order equation, only
two solutions may be referred to series of bound states.

Section 8 contains a general discussion and prospects the further research of the
problem.

2 The separation of variables

We apply the matrix Duffin-Kemmer—Petiau form of the wave equation for spin 1
particle, adjusted to tetrad based formalism [5]; in spherical coordinates and tetrads,
the main equation reads

1) { e+ D[94 L5 4 2% + 10— m b oa) =0,

where € = E/ch, m = Mc/h, a = €?/(ch) = 1/137; and ¥y, stands for the angular
operator

i0p + i j'? cosd

sin 0 '
Wave functions ¥(z) = { ®o(z), ®(x), E(z), H(z) } with the quantum numbers
(€, j,m) are searched in the form [5]:

(2.2) Yop =150 +

, . ‘ ®1(r)D—4
(I)()([IJ) = e_letq)()(T)D() s (I)(ZL') = e_“t @2(7“)D0 s
®3(r) D41
. El(’I’)D,1 . Hl(’I")D,1
(2.3) E(x)=e " | Ex(r)Dy , H(xz)=e " | Hy(r)Dy ;
E3(’I“)D+1 H3(’I“)D+1

The Wigner functions are defined as follows: D, = Dimﬂ(qb, 0,0), c0=0, +1, —1;
quantum number j takes on the values 0,1, 2,... Applying the known recurrent for-
mulas for Wigner functions, after simple calculation we arrive at the radial system of

10 equations [3,4]:

d 2 v « d 1 v
— (= 4+ =) Ey— - (E1+ E3) =m® ] —)FE i (— + =) Hy +i— Hy = m®
(dr+r) 2 T( 1+ E3) m0,+2(6+r) 1 +Z(dr+r) 1+Zr 2 =m®Py
+Z(€+8)E2 *ZK(H1*H3):’ITL®2,+Z(E+9)E5 *’L(i+l)H57ZKH2:m‘I)3,
r r r dr r r
Cie+ ) Dy + LB —mB =0, —i(e+ 9B — L dg—mB =0,
r r r dr
d 1
i+ ) ds +Z Do — mEs =0, —i (= + =)Dy —iZ &y — mH, =0,
r r dr r r

d 1
(2.4) 102 (@1 — ®3) —mHy =0, +i (— + =) O3+ i2®y —mH; =0,
r dr r r
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where v =+/j(j+1)/2, j=1,2,....

Together with the operators J 2. J3 we will diagonalize the space reflection operator
I1. After transforming it from usual Cartesian tetrad to a spherical one and to a cyclic
representation of the matrices S%, for this discrete operator we get the following
expression

1 0 0 0
. 0 IIs 0 0 R 00 -l
(2.5) II= P, 3 = 0 -1 0
0 0 II3 0 1 0 0
0 0 0 -—II

The eigenvalue equation v =Pv gives two possibilities:
(2.6) P=(=1)", ®=0=0, ®3=—dy, B3 =—FE1, B2=0, Hy = H, ;
(2.7) P=(-1), ®3=®,, E3=+F,, Hy=—H,, Hy=0.

Correspondingly, the system of 10 equation (2.4) gives two more simple subsystems.
The first is

— (1 e+ & T Y, =
P=(-1)"", +Z(E+T)E1+Z(dT+T)H1+ZTH2 m®;
. o ., d 1 v
(2.8) —i(e+ ;) d, =mkE, —z(% + ;)<I>1 =mH,; , 21;@1 =mH, .
After excluding the variables F1, H1, H2, we get a 2-nd order equation for ®;:

d2 2 d a2 2 ]
2. — 4+ ——= =) - —=—=—]9; =0.
(2.9) dr2+rdr+(€+7~) m 21 =0
In fact, this coincides with the radial equation arising for scalar Klein—Fock—Gordon particle
in external Coulomb field. Solutions are constructed in terms of confluent hypergeometric
functions, and we can write down only the energy spectrum

Mc® 1
(2.10) o N=n+-4+V(G+1/2)2—aZ.

V1+a2/N2’ 2

For states with parity P = (—1)7, we have the system of 6 equations:

d 2 v e d 1
1) (—+-)FE 2—-F by = 2 ; —) FE i(— 4+ —)H1 —m®, =
)(dr+7") 2+ , 1+mPo =0, ) +Z(€+T) 1+Z(dr+r) 1—m®b; =0,
3) +i(e+%)E2—2i%H1—m@2:O, 4) —z‘(e+%)¢:l+;q>o—mEl:o,
o d d 1 v
2.11 ] —)® —d Ey = i(— + —)® i — Hi=0.
( ) 5) Z(E—FT) 2+dr o+mE;=0, 6) Z(dr+r) 1+ZT 2+mH; =0

The states with j = 0 should be considered separately, because in this case we should start
with the more simple substitution

0
Bo(z) = e Do (r) , P(z) =e ' <I)20(r) ,
— . 0 - . O
(2.12) E(x)=e""| Exr) |, H(z)=e""| Ha(r)
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The angular operators Yy 4 act as follows: g ¥ = 0; the parity is P = (=1)°*!' = —1. In
order to exclude the imaginary unit from the arising four equations, we will use the variables
Dy = o, —iP1 = 1, —iP2 = 2. Then the radial system reads

a4
dr

whence it follows a 2-nd order equation for the main function Fs:

2 d
(213) Hy=0, —(—+ ;)Ez =mypo , (e+ %)E2 =myp2, (e+ %)@2 = oppo =mba,

&  2d 2 Q2 2

—+ - = +(e+—=)"—m"|E2=0.
[ dr?  rdr 1?2 + r ) 1B

Its solutions are constructed in terms of confluent hypergeometric functions. We write down
only the relevant energy spectrum

o \7V? 1+V0—4a2
m ) Ffiy n7071727...

(2.14)

(2.15) E =M (1 + 5

3 Lorentz-like condition for particle wave functions

It is known that for a massive spin 1 particle in external electromagnetic field there exists
a generalized Lorentz constraint for the wave function of the particle. To get its form, it is
convenient to start with the tensor equations in Proca form [5]:

(3.1) Da @571)5 b, :m<I>a5 5 D* <I>a5 :m<I‘5 5
where Do = Vo 4 ieAq. Acting on the second equation in (3.1) by the operator Dq, we
derive the following relationship

LN L
2m

This can be transformed to the usual form of the wave functions, and leads to the following
radial relationship [5]:

(3.2) (Vo +iedy) @ =

«@ d 2 v 1o
3.3 i+ ) B — (= 2Dy — L (B 4+ Ps) = —— By .
(3.3) z(e+r) 0 (errr) 2 7n(1+ 3) o 2
For states with parity P = (—1)7*!, the relation (3.3) holds identically. For states with

parity P = (—1)7, it reads

@ d 2 2v iov

3.4 —i —)Po— (—+=)Po—— &1 = ——
(3.4) Z(eJrr) 0 (errr) 2T T o2
With the use of relation (3.4), from the system (2.11) we can derive a more simple constraint
on the radial functions. To this end, from eq. (3.4) let us exclude the function ®, with the
help of the third equation in (2.11); this yields

o a ., d 2 2iv,d 1 2my (16"

. i (e 4+ Z)mBo +ile + ) (= + VB, — (L + HH = 2 .
(3.5) Z(€+T)m 0+Z(€+r)(dr+r) 2 T(dT+’r’) 1+ , 1=55 k2
Transforming the second and the third terms with the help of the first and second equations
from (2.11), we obtain

b .

«a o (1o
; —)m®Py — 1 —)by=— F E;=0.
z(e—l—r)m 0 zm(e—&—r) 0=155 B2 E >
Thus, we have the following constraint:
(3.6) E>;=0.

In fact, it means that in the subsystem of 6 equations we have only 5 independent functions.
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4 Differential 2-order equation for &

From the system (2.11) with the relation E; = 0 taken into account:

1) mE1:—’§—V2 r®o , 2) (e+ 2) mEr + (£ + 1)mH; + m*p1 =0,
(4.1) 3) %H1 =2, 4) —(6+%)501+%¢‘0:mE1 ,

5) (e+ 2)pa+ F:®0o =0, 6) (F+ 1)p1+ Lp2 +mH =0,

we can derive a rather simple equation for the function ®g.
To this end, first by applying eqgs. 3) and 4), we exclude the functions s and Ei:

1) = 2+ 21 + (2% +m?)® =0,
(4.2) 2) (e + DH1+ e+ D ¥+ 3 [m* — (e+ £)%lpr = 0,

5) Ldg+ 2 (c+ 2)H, =0,

6) (& + o1 + L{(m? + 25 )H1 = 0.

By acting over eq. 5) in (4.2) by the operator —7 we infer:

d? 2v «@ 2V « 2v a, d
gz T et D - Sre it (et D) g Hi =0
Now, with the help of eq. 2) in (4.2), we get
d 1 1v 1 2 Q2
YH = | H SVt —m—(e+ 2
et L 1+ (e+ — )mr o+m[m (€+T)]<P1} ;
and )
d 2v «@ 2V «
L gy — e LA -
dr2 ° 2(E+r) ! 2t
_27’/( + 2 1y +(€+g)iﬂ + =m® = (e + )7 -0
mr r ! P 0 o=
or ) )
d 2v Q.o
{dﬂ B m2r2( +3) }c{)of
2v a 2V « 2v 2v 2 Q.o
i e H e+ 2 0.
mr2( )+mrr2+mr2(e+ )] lmr(6+ )[m (E+r)]<‘01 0

In order to exclude the function 1, we use eq. 1) in (4.2):

2v «@ 1 212
“—(e+ —)pr = —(m® +72)%0;
mr r m
hence producing
d? Q.o s 22 4v «@ 2V «

4, e il [ WA P § - ALty - Ay
(4.3) +(€+r) m r2 0 mr2(6+r) V2t 0

i)

Now, we use eq. 5) from (4.2)

d 2v «
—®¢ + — —)H; =0;
dr 0+mr(€+7“) ! ’
and further obtain
d? .o s w? 24 2V «
il SV em? - T S @ - - Hy =
dr2+(€+ ) m 72 Jr7"d7" O 2t 0.
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Finally, we apply again eq. 5) from (4.2), and yield:

_mr 1 _dg
2v (e+ %) dr o

Hy,

so arriving at the equation for a single function ®q:

d? 3 € d 5 s 2ea o —2?
4.4 242 - 2 e AL N gy=0.
(4.4) d7’2+(7“ er—i—a)erre met T * r2 0
In the variable
(4.5) i=—<r <0, r=-2
o €

the last equation takes the form

d*® 3 1 . do a? 207 2% -0
(4.6) 20 +(= - )= + (a —_—
dz z z—1"dz
where all quantities are dimensionless: m?/e* = M?c*/E* = 1/E¢. For shortness, we will
apply the notations

2 2 2 2 2 2 a? 51— Eg
If=2v"-a"=j(F+1)—a" >0, AN =—(-a"+ =) =—« — <0;
Eq Eg
then eq. (4.6) reads
d*® 3 1 . d® 5 227 I?
4.7 - — —_— AN —— - —=)Pr=0
(4.7) dz? +(z z—l)dz ( z z2) 0
Let us define the squared linear momentum
20% T2
4.8 P2(2) = (A2 = 22 _ 2.
(48) (5) = (A2 = 22 -,
in physical singular points it behaves as follows
2 r 2 2
z—0 P(z) ~ —— ~ —00, z — 00 Pi(z) ~—A"<0.
z

Two turning points, the root of the equation A%22% + 202z + T2 = 0, are

—a? £ /ak “T?AZ
A2 ’

(4.9) Z1,2 =

They both are negative, and belong to the physical region, if

2
a

4.10 o' —T°A’<0 = Eji<l— 5.

(4.10) R

This qualitative consideration shows that we may expect existence of solutions associated

with bound states.
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5 Analytical study of the 2-nd order ODE for ¢

Equation (4.7) has two regular singularities, z = 0 and z = 1 and one irregular singularity,
z = oo of the rank 2. In the vicinity of the point z = 0, we have
d’®y  3ddy TI? A

e

(5.1) A1 =—-14++V/14T12>0, Ao=-1—-+1+1I2<0;

to bound state may correspond only solutions with positive A. When z — oo, the solutions
behave in accordance with the formulas

d*®, 2 dP N
(5.2) dz20+;T;_A2¢°:07 B L

to bound state may correspond only solutions which vanish at infinity. Near the nonphysical
point z = 1, the solutions behave in a quite regular manner:

(5.3) Do(2) ~(2—1)°, o0=0,2.

The general solutions of eq. (4.6) should be constructed in the form ®o(z) = z*e®* f(2); the
equation for f is

2A 3 1
R e L
A% +2A -T2 2AB+A 3B—2a> A+B
+ (B =A%) + . + + @ _LEZ oy,
z z z—1
We take A and B as shown
(5.4) A=-1++/14T12, B=+VAZ,
then the last equation reduces to the more simple structure
2A+3 1 2AB+ A+3B—20° A+B

(5:5) "+ (2B + )+ . -5 =0

This can be recognized as a confluent Heun equation [7]

d ,  A—taz

. H' 4+ (—t+ € H H=
(5.6) +( +Z+z_1) +Z(Z_1) 0,
with parameters

t=—2B, c=24+3, d=-1
(5.7) —A=2AB+3B+A—24°, —ta=2BA+2B—24°.

In particular, @ = A + 1 — o?/B; and further (see (5.4)) we get

(5.8) a=-+V1+T2-0a°/A.

Solutions for function f may be searched in the form of power series: f =37 dipz".
Taking in mind the equation

n(n —1)d —Z(n+1)ndn+1z"—

n=2 n=1

in—l dn—12"+(t+d+c annz —CZ n+ 1)dny12"+
n=2

n=1 n=0
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+A idnzn — tai dn_12" =0,
n=0 n=1

we arrive at the 3-term recurrent relations

n=20, cdi+Ado=0;
n>1,2,3,.. t(n—1+a)dn-1
(5.9) —[nn—=14+t4+d+c)+A]dn+(n+1) (n+c¢)dny1 =0.

The main recurrent formula may be re-written as

n =0, cdi+Ado=0,
(5.10) n=1,2,..  Padn—(Qn+ ) dns1+ R dns2 =0,

where
(B511)P,=t(n—14a), Qun=nn—-1+t+d+c), R.=n+1) (n+c).
The relations (5.10) are equivalent to

1

1 dn+2 dn+1
5 Pa— = (Qu+ ) Init

dn+1 dn

dn+1
dp

1
n

whence for n — oo we get a simple algebraic equation,

. dny1 . dpy2
—r+7r?= 0, lim = = lim 22 =
n— 00 n n— 00 dn+1

According to the Poincaré—Perrone method, we yield that the minimal convergence radius
is Reonv = 1. Another possibility is R..,, = co. We may expect that the series converges in
the domain with R.,,, = 0o, because near the third singular point z = 1 on the bound of
the circle with radius 1 solutions behave themselves regularly?.

It is known the possibility to get solutions of the confluent Heun equation in terms of
polynomials [6]. To this end, we need to impose the first restriction

(5.12) Piy1=0 = a=-n, ne{0,1,2,...}.

and the second restriction d,+1 = 0; in this way, from the recurrent formulas there follows
the breaking of the series to polynomials of power n

O'dn_(Qn+1+)\)'0+Rn+ldn+2:0 - dn+2:0;

Indeed, two above restrictions lead to the linear system

- c 0 0 0 0 0 0 do
P v Rt O 0 0 0 0 di
0 P wvo Rz O 0 0 0 da
0 0 P3 V3 R3 0 0 0 d3
0 0 0 P4 Vg 0 0 0 d4 =0 ,
0 0 0 0 0 -+ vp—2 Rpo 0 dn—2
0 0 0 0 0 e Pnfl Vn—1 Rnfl dnfl
0 0 0 0 0o - 0 P, Un dn

2However, this issue should be studied more accurately.
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where v, = —(Qr + A), K = 1,n, and its solutions exist if the determinant of the system
equals to zero; in this way we get an algebraic equation of power n with respect to the
parameter A.

When imposing only the first constraint, a = —n, and ignoring the second one d,+1 = 0,
we obtain the so called transcendental confluent Heun functions (which are not polynomials):

(5.13) a=-n, n=0,1,2,3..
Using the notation

N=n++V14+4T2=n++/14+jiG+1) —a?

2 2
_« Ej
N=F=o1—g"

whence it follows the quantization rule for energy levels:

the constraint (5.13) leads to

1
(5.14) Byp= —— N=n++/1+jG+1)—a?.

V1+a2/N?
This formula seems to be reasonable from physical point of view. It may be considered as
representing the second series of bound stated from expected three.

Further analysis shows that proceeding combining 6 equations from the system we are
able to get 2-order equations for separate functions, which are characterized by only a few
sets of singular points®. It may be understood as a good feature. However, still remains
a number of questions with no replies. We do not know which spectra may arise from
studying various 2-nd order equations for different functions. Variety of spectra should not
be considered as a good result. Another difficult point consists in the following: in general we
have no reliable method to derive the quantization rules for equation with complicated sets
of singularities. Also, we should get an answer to the question — which forms of presenting
the Lorentz condition are possible, does the form E2 =0 is unique.

In the following, we will turn back to the initial system of 6 equation, ignoring the above
constraint Fo = 0, in fact this established form may be rather accidental.

6 The system of 4 differential equations

Let us turn back to the system of 6 equations for states with the parity P = (—l)j ,i=1,2,..:

Fie+ 2V By = 2 i~ MB2 =0, —i(e+ %) B+ Z® — MBy =0;

d 2 . . d 1
(S 4 2B+ 22 + M®o =0, +ile+ ) By +i(—= + =)Hy — M®, =0,
dr 7 r r dr r
. « d o d 1 v
(61) Z(G—f—*)@g-ﬁ-f@o-‘rMEQ:O, Z(i+7)@1+27©2+MH1:0.
T dr dr r r

We note the physical dimensions of the involved quantities

mc 1 1 FE 1 e2 1

poox M= s M=

M =

_hc:ﬁ'

3Within this article we cannot detail these various equations.
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It is convenient to work with the equations in dimensionless form, by taking the Compton
wave length X\ as a unit for the length, and the rest energy of a particle as a unit for energy.
We further denote

rM ~x, /M = E/mc® ~ e,

et OB — 2 Hi — @ =0, —i(e+2)®+ Z0g—E1=0;
x x x X

d 2 v a d 1
— + 2By +2—-F Py = ] — FE i(— + —)H; — &1 =
(G + B +2-Eit®o =0, +ile+ ) Br+i( + )Hi - 21 =0,
« d d 1 v
2 ; —)® —d By = i(— + —)P i — Hi=0.
(6 ) Z(5+x) 2+d1’ o+ E2=0, Z(dx+$) 1+’L$ 2+ H; =0
With the use of the substitutions
1 1 1
Dy = —¢1, Ey=—Fe, Hi=-m
T T T

the system reduces to a more simple and symmetrical form

. 1 . . 1
@222(6—}—9)—262—22%}11 R :—z(e—&—g)ﬂpl—i—zd)o;
zx x z'x x

d
— ey = —2uzE, — 2°® —hy=-— Ei—i
dme2 veE) — 2" ®g , dxhl (ze+ @) E1 — i,
d «@ 1 d
. — Py = —1 — )by — — —_ = —vd ih1 .
(6 3) dr 0 Z(6+ {L') 2 x2627 dx@l v®sy + ihy

Applying the two first (non-differential) equations, we exclude the functions ®2 and FEji:

ieg = 2iv(e+ %)@1 — (2% + %)y ,

dx
(6.4) %hl = Hille+ 2~ Tor — e+ 20 ;
w a Lo
TP = —;(6 + ;)62 + Z(? + 1ha,
(6.5) %@0 _ %[(e +2) — 1es - %’;(e + O

It is convenient to use the following notations

2 _ .2
a=20 2T o (P ya?), 4=l EFY T, vieta)
X T LU
2 2 2,2
A:_i’/(“ija)’ C:Hijﬁ D:W, B:—w7
X €T T -
ab—cd=ip(z), AB_CD:_ip(x) P(x):[(62_1)$2+2a6x—(2u2—a2)].

x4’
Also, we re-designate the functions: es = fi, h1 = fa, o1 = f3, ®o = fa. Then the system
under consideration reads
d d
—fi=afstcfa, ——fo=dfs+bfs;
dx dx
d d
(6.6) —fs=Afi+Cfe, —fa=Dfi+Bfs.
dx dx

In Section 3, with the use of the Lorentz condition, we derived the simple constraint Fs =
0 (f1 = 0). We examine the same constraint again, and extend this approach by imposing
similar constraints on the other functions.
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By requiring for the system (6.6) the restriction f; = 0, we get?

d d d
(6.7) afs+cfs=0,  dfs+bfs=—fa, —fa=Cfa, — fs=Bf,.
dx dz dz
Considering tho first equations as a linear system with respect to f3 and fi, we get
—c d a d
(6.8) b= @—ad @™ T e a’

Substituting these formulas into the two remaining equations in (6.7), we obtain two different
2-nd order equations for the variable fa:

d —c d . I d 202 +2% d w?+? o

(6.9) dr ab — cd dr f2=C2 s (dx p(z) dz + z2 )f2 =0;
d a d II II d €xr + « d (eaz—l—a) II

1 @ de_p 4 d 0.

(6.10) dr ab — cd dr f2 LR (da: z p(z) dz + x3 )20 =0;

Thus, the system (6.7), describing the projection of the whole solution { f1, ..., f4} onto the
plane fi = 0, may be solved on the base of the two main functions f; = f{, f{’; they obey
different 2-order equations, which lead to the different non-zero remaining functions fs, fa.
In other words, the projection of the whole solution — the curve {f;(z)} onto the plane fi =0
consists of the parts (branches), related respectively to the functions f3 and fi’. In fact,
the concept of projection is determined by definition, and this definition permits us to get
additional information about the needed whole solutions { fi(z)}.

Similarly, by imposing the constraint fo = 0, we get the equations

Lh=an,  Lp=pp.
X

d
—f1, 0=dfs +bfs, pi
XL

(6.11) afg + Cf4 = dr

which result in

b d —-d d d d
(6.12) o= o am ma  f o fs= AR, o fa=Df
and the two equations for fi:
d b d .r I d (ex4+a) d (ex+a), 1

1 ————fi=A — — =

(6-13) dz ab — cd dz h Uz (dx zp(z) dz 3 )i =0;
d —-d d d (ex+a)*—2* d ex + a)? — 2?

(6.14) T _ ppt (= ( ) ( ) VT =0

dz ab— cd dz”! dz x2p(x) dx x4

By imposing the constraint f3 = 0, we get the equations
d d d
—fi=cfs, ——fa=0bfs, Afi+Cf2=0, Dfi+Bfo=—f1,
dx dx dx

which result in

-C d A d d d
1) h=4p—cp &’ "=ap-cp &l &N Ll
and the following two equations for fa:
d  —C d_ g d@@2+2%?d BRI,
1 _——  —f; = — = T 2 2 —0-
(6.16) dz AB—-CD dxf4 e/ (dﬂc p(x) d * @7+ 2D/ =05

4Thereby we examine the projection of the curve {f1, ..., f4} on the plane f; = 0.
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d A d.n
dx AB — CD dz’*

d (ex+a)r d  (ex+a, g1
=b I fhadl fadl =
i (dz p(z) dx + z )fim =0

(6.17)
By imposing the constraint fi = 0, we get the equations

d d d
Af1+C'f2:5f3, Dfi+Bfa=0, —fi=afs, afzzdfé.

dx
these yield

B d -D d

618)  h="p—cepa’ =45 _cpa

d d
fo, oh=als, o f=dfs,
and the two equations for fs:

da_ B d
dx AB — CD dx

d2v(ex+a)r d  2w(ex+a,,; .
dr  p(x) i x )z =0;

(6.19) fs=afs, (

4 _-D d
dx AB — CD dx

d (ex+a)>—2> (ex+0a)?—z?

dz p(x) x?

(6.20) fil=d ', ( V=0,

Let us write down the explicit form of all the derived 2-order differential equations, and fix
their singular points. We recall that

p(z) = (€ — 1)a® + 2eax — (207 —a?) = (€ — 1)(z — 1) (z — z2) .

) 1 _ 62 )
these roots are complex-valued in the case of bound states: 0 < e < 1.
The projection fi1 = 0.

We have
i2u2+x2 i 22 + 22 fI—O
dr  p(x) dz z2 S
d? 2x p'.d Doy
(6.21) [@4'(@_5)%4‘?”270,

and the singular points x1, 22, x34 = £ivV202, 0, o[y .

Further, the equation

d? € 1 p.d D L1
.22 — _ £y B —0-
(6.22) [de (em—|—a T p)dx—’_xQ} 2 0;
has the singular points x1, x2, 5 = —%, 0, oo -

The projection fz = 0.

We have
d? € L pd  pia
2 _ - _EN2 L F _
(6.23) dx? (em—i-a T p)dac xQ]fl 0
and
d? 2ex + a)e — 2z 2 o d
(6.24) ( ) A A WA A

da? ((ez+a)2—a:2 x pldx x?
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(E$+a)2_x2:0 = st:_eil’lc_ye’
with the singular points 1,72, 3,24, 0, 00[g .
The projection f3 = 0.
We get
d? 2x 2 9\ d Do
6.25 — e e e =0
(6.25) [dx2+(2u2+a:2+a: p /) dz azz}ﬁl ’

and the singular points 1, z2, 34 = £ivV202, 0, copy
Further, we get

2 /
(6.26) I omt - D)+ 51 =
and the singular points z1, z2, z5 = —¢, 0, 0opy -

The Projection fs = 0.
We have

2

(6.27) i -D L 2y =0,
and the singular points z1, z2, z5 = =<, 0, 0opy -

Further, we obtain

d? 2(ex + a)e — 2x

(6.28) [ dz? ( (ex + )% — z2 %]

d
—%)d—+ =0,

and the singular points x1, x2, %3, 74, 0, 00 .

7 The 4-th order differential equations

We start with the system

d d
—fi=afs+cfs, —fe=dfs +bfs,
dx dx
d d
(7.1) —fs=Af+Cf2, —fi=Dfi+Bfa.
dx dx
It is equivalent to the following
Bfs —Cfy —Dfs+ Afi bfi —cfs —dfi +afs
2y =B — 3T e - — ZWiTaly
T2h=Z3p—cp’ 2~ ap-cp * P77 w—ca’ T w—
First, we exclude functions f3 and fa:
o B dbfi-cpp O d —dfitaf,
'""(AB—CD) dz ab—cd (AB—CD) dx ab—cd ’
foe - D d bff —cfs A d —dfi +afs

(AB—CD) dx ab—cd ' (AB—CD) dx ab—cd

Taking in mind the expressions for a(z), ..., D(z), the last equations may be written as:

d? df2

(o) oz + ) g + Ko ) 1 =

() @xgﬂ+mui+mm0ﬁ:%,
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where the following notations are used

Ko(z) = 1 —2°? — 22t e+ 20°%0% +2® — 230
T r(2exd+3az?+2av?)v ’
1e2-1 (x—xe—ema—i—Qu) 1 «
K == - =
1) + v (2ex? +3azx?+2av?) +2x

lo
2 ev 2 €
Kolz) = — (( )x +2exa — 212 +a)
o=y v (exd+3/2az?+ av?) ’
(33562 +2z%ae—2® + %% — 21/23:3) T

L —
2(e) (22 + 222 + 2exa + a?)va ’
I _ (2exau2+2x3ea+2x2a2+2u2a2)x
@) = (22 + 222 + 2eza+a®)va ’
2 2 2 2\2 2
e —1)z"+2exa—2v-+a”) x
PG )

v (22 + 222 + 2exa+ a?)a
Let us exclude the function fo from equations (7.3):

2@ = [ (Kelo) oz + K0+ Kolo)) 1

2 2

d d d d
(Le—— + L1)(K2=— + Ki1— + Ko) f1 +L0/d:v(K2 +Ki— +Ko)fi=0

d
dx dz? dx dzx? dx
The second relation should be divided by Lo(x) and the result be differentiated. In this way,
we obtain a 4-order equation for fi(x):

d Ly d L d? d d? d
(7{)dx(Lde+fz)(Kﬁ+Kld +Ko) + (K2d2+K1d +K°)}f1(x):

Similarly, we obtain a 4-order equation for fs:
d Ky d K d? d d’ d B
(75{dx(Ko dr TRy g T Iy ¥ Lo+ (Lagy + I+ Lo) p fole) =

Now, we shall exclude the functions f; and f2 from the equations

L oBfs-Cho . -DE+AL o bfi—cfs . —dfi+afs
'Y AB—-cD’ *T AB—-¢cD > T ab—ecd’ * ab—cd
This results in
fo b A BE-CH ¢ d-Df+Af
3T ab—cddr AB-CD ab—cddx AB—CD '’
f d d Bfy—Cf} a d —Dfs+ Af}
4 = —

ab—cd dv AB—CD ' ab—cd dv AB—CD

Taking into account the expressions for a(zx),..., D(z), we reduce the last equations to the
form

(Pato) s + P g+ Pl ) 73 = 2

(7.6) (Qz( )d +Qu(z )iJrQo( )) f4:%,
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where the following notations were used

. 2 2 2 2 2 2
T (21/ —€er° —2era—« +x)

P -
2(@) v (2x%€ + 2v2a + 322a) ’
p _ 21 (exa+a2+2m2)
l(x)_x(2m3e+2y2a+3x2a)’
. 2 2 2 2\ 2
—i((e"=1)x"+2exa—2v° 4+«
Poa) = ((e-1) )

2verd +3vax?+2v3a
1 izt (21/2 — 272 f2e:cafa2+;c2)
Q2(x):§ va (2exa+ 22 4 €222 4 o?)
i (2 v2z? —v?a? —viexza — 2t — 22202 + 2t — 31:36a)
Qi) = va (2exa+ z? + 222 4+ a?)

)

)

Qo) = -1/2i((¢ = 1) 2° +2eza — 20° +a2)2m2
ol® va (22 4+ €222 + 2exa + a?) '
By acting in accordance with the above method (see (7.4)—(7.5)) we derive 4-order equations
for functions fl 5 f2 y f3 y f4.
The equations for f1 and f3 have the same set of singular points (3 regular and 2 irregular
of the rank 3, and 2, respectively):

(7.7) (2¢2” + 3ax® + 20°a) = 2e(x — a1)(z — x2)(x —x3) , @ =0p, ==o00p;

122 (ex + a) 6
1" 11"’
PR i i e P A
2ex3 —+ 212 —+ 3az?2 x
18a (2v2a + 4ev?e — az?) 64202 — 402 —30a — 12¢x dea
+ -2 +22 - 5 + — 7+

(2ex3 +202a 4+ 3012) x2 2¢x3 4+ 2020 + 3az? B

7201 (ex + a) 8ea  —4v2 + 202 602 —6a2 — 12 4 66212
( 3 2 22 2 3 2 +
2¢a3 4 2020 + 3ax ) @ @ zv

24v%c — 36ea?v? — 242020 + 1803z — 36amc?v? + 36az — 1222v2¢

1+
(26:!:3 +2020 + 3am2) v2 o1

2,263 4 2402 — 1222602 4 1212m2]

—6a2 +6e202 4 6e2a22 4 602 — 4204 4 a0t — 202202 dea (202 - a?)
2, 4
R - +
z202 23
—18€e2a202 4 18a% — 180202 — 84cexv? 4+ 120a3ex — 12ae3 212 — 4822202 4 72226202
(2513 + 2020 + 30¢m2) v2a
72a% — 180620212 — 1080202 — 7203202 — 216acav? + 28803 ex — 14422202 4 162226202 — 180202
(2m3 42,020 + 3(1:1:2)2
s “10? b at b avt 40202 2027 de(-9a2 — 0202 4 602 4 2a20?) ,
7.8 + - + 1 =0
24 336 171/2& '
122 (ex + a) 10
1" 11
B e e |
2z3¢ + 3az?2 4 202« :
5 202 — 402 4 24 —66a — 48cx 18a (202 + 4ov?e — az?)  sac| ,
T o2 2 3 2 2q 2 I EEE
@ 203 4 3az? + 2020 (27:36+3am2+2v2a) .

16ae 124 6a2 — 1202  T2a (251/2 — 3az — 2512)

+
z2 z3 (21;36 + 3aw? +2u2a)2

+

24ev? — 36ea202 — 2462 4 18032 — 24axv? — 3602202 + 1620 — 1222023 4+ 108ea? 4 1202ca? — 120202

2z3¢ 4+ 3az? 4+ 2v2a) 0?2
( )
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—54 — 6a? 4+ 202 + 10202 |
2 f3+

TV

—1202 412202 4 6620202 4 40t — 20202 — 4t 12,2
T2U2

+ -2 et bt

—54e2a202 — 420202 4 3602 — 132exa v? 4 186a3ex — 24e3zav? — 72226202 4 108022
+

2
(2:):35 + 3az2 + 21/2a) v2a

x

B 4ae (—2 7;142 + 21/2) B 2022 i

x 16

72a% — 180620202 — 1080202 — 72e3zav? — 216exav? + 288a3ex + 162026222 — 180222 — 14422¢
+

(2z35 —+ 3az? =+ 2u204)2

2¢ (—27a2 — 20202 + 1802 + 252a21/2> —2a2 — 40202 — 402 £ ot 44t

1 fz3 =0,

(7.9) +

+
axv? x

(6]

The equations for f2 and fs have the same set of singular points (2 regular and 2 irregular

of the rank 3 and 2, respectively):

2y, 2 2 2
(7.10) I+e)z"+2ecax+a"=1+€e)(z—as5)(r—26) , =0, Tz=00;

—dea — dze? — 4z 10 22 — 402 4+ 242

| — et T

2 2eva + 22 + a2 + 222 | o |2 z2
82 32¢2a — 16a + 240e® + 24ca ¢ (—6+a2)|
5+ +4 5+
(ZE:I;a +a22 +a? + 621'2) (2ema +a22 + a2+ 6212) a az

4e (202 —6+3a2)  24ca - 8c3a — 8zct 4 82
+

+
ax? (2ewa + 22 + a2 +6212)2

—72e3a + 8v2e3a + 56ea + 8cad — 24v2ca — 48z + 8av2e? — 32262 + 8202z — 8xv? + 162 + 8a3a
+

(2ewa + 2 + a2 4 222) a2

8v2 — 8102e2 — 16 + 4862 — 1402 4+ 6202 —1202 4 8 + 602

’
+ ot
a2z 23 2
2402 4 6202 + 6e2a? — 240262 — 4026202 — 3002 — 20% 4 40202
4l — 22 114
2202
160<3 - 16au2 —+ 48041/262 + 3261)V2 + 3253zu2 2@21/2
2 1 a2 4 242)2 T
2exa + 22 4+ a2 + 2z a z

—40av2e

4 _ 4003e2 4 19200262 4 2403 — 24012 — 3200265 + 643202 — 3206302 — 32¢a?x 4 96exv?

(2(1& + a2 + a2+ 6212) a3
4e (724u2 +e2a? 480262 4802 — (14) 802 — 40202 4ot 14t
1

+

+ _

(7.11)

dt —dea — 4ze? — 4z 1| 4314
- 4 l4a +
dzd x2 + a2 + 2exa + €242 da3
8a2 —402 4 242 4 52
+ |22 2 o
(12 + a2 +2€1‘a+£2z2) x2
44ae? — 28a + 362¢3 + 36ec ¢ (a? —9)] a2,
+4
(12 + a2 4 2exa + 52z2) o az da2

—8e3a + 56ea — 8xzed + 16xe2 4 240 4e (716 +5a2 + 2u2) 48 + 10a2 — 2002
2 + 2 + 3
(:2 + a2 + 2eza + 6212) az

x
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8v2e3a — 136e3a — 24carv? 4 8ade + 184ea — 100z + 8zv2e? — 402e? + 8a2ze? + 602 + 8a2z — 8xv2
+
(m2 + a2 + 2exa + 62.7:2) a2

100€2 — 60 + 100262 — 1802 — 8202 4+ 802 | dfy

a2z dx

4 —2002 + a* + 6a? 4+ 4 — 40202

2
+ e —2e“ 4+ 1+ 1

x

480e2v2 +16a3 — 16 av? + 32e3002 4 32e 1?2

(a:2 + a2 4 2eza + 5%2)2 a

3202 — 4402 + 120262 4 40202 — 20 — 4026202 — 326202 4 ()62Q4
2202
45( a —504 — 6v +20<21/2) 2a2u2
- - +
az3 z6

—48av2e? — 48032 + 240ae202 + 3203 — 32002 — 4026502 — 402302 + 80, 32v? — 40exa? + 120z ?
(22 + a2 + 2¢za + €202) 3

4e (—301/2 +10a2 - a? 4106202 4 62(14)

(7.12) + fa=0,

a3z

Any of the four functions f1, fo, fs3, fa may be considered as a main functions, and then
all the remaining ones can be calculated in straightforward manner.

Let the function fi; be the main one. We should take into account the 6 equations (7.2),
(7.3):

h= Bf;s - Cfi o= —Dfs+ Afs fo= bfi —cfs fi= —dfi +af;

'“Ap-cp’ " AB-c¢D ' T ab—ca’ ab—cd
d? d dfo d? d dfr

(7. 13§K2 +K1d + Ko)fi = Az (L2d 3 +L1d + Lo)fa = dr

From the fifth equation we find f5; then from the 3-rd and 4-th, we express f3 and fs.

If we choose f2 as a main function, then from the 6-th equation we express fi and, after
that, from the 3-rd and 4-th equations we obtain the functions fs3 and fs. Let the main
function be f3; then we use the 6 equations

oBE=Cho SDE+AfL o bi—efs o —ditafy

'“AB-CD’ 7 AB-CD ' 7 Tab—cd’ ' ab—cd
d? d dfs dfs

(714)(P2ﬁ+P1d*+P0)f e (Q2 +Q1*+Q0)f e

from the fifth equation, we get fi4; then from the 1-st and 2-nd equations we obtain expres-
sions for f1, f2. If the main function is fi, we get f3 from the 6-th equation, and after that,
from from the 1-st and 2-nd equations we find f1, fa.

We conclude that the formal Frobenuis solutions of each of the derived 4-order differential
equations are constructed, and the convergence of the involved power series, is studied. From
four independent solutions of any 4-order equations, only two solutions may be referred to
independent series of bound states.
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8 Conclusions

In fact, in the paper it is shown that in the system which is described completely by 4-th
order differential equations, some 2-order differential equations associated with this system
play an important role as well.

The system of 10 radial equations, derived from the Duffin—-Kemmer—Petiau equation for
a spin 1 particle in the external Coulomb field, is studied. With the use of the space reflection
operator, the whole system is split to independent subsystems, consisted of 4 and 6 equations
respectively. The most simple subsystem of 4 equations is solved in terms of hypergeometric
functions, which gives yet known energy spectrum. Also solutions and energy spectrum are
found for minimal value of the total angular momentum, j = 0.

The second subsystem should give description of two other series of bound states. With
the use of the Lorentz generalized condition in presence of the Coulomb field, we prove that
one of 6 radial functions turns to be identically zero. This simplifies the explicit form of the
system of 6 equations, which contain only 5 unknown functions. Combining this system, we
derive a 2-nd order differential equation for one radial function, which may be recognized
as a confluent Heun equation. A series of bound states is constructed in terms of so called
transcendental confluent Heun functions, which provides us with the second class of bound
states for spin 1 particle in the external Coulomb field, with corresponding formula for energy
levels.

The subsystem of 6 equations, with no use of additional constraints due to the Lorentz
condition, after excluding two non-differential relations reduces to a system of 1-st order
differential equation for 4 independent functions f;,i = 1,2, 3,4. We derive the explicit form
of 4-th order equation for each function. Among them there arise two substantially sets
of singular points: 3 regular (or 2 ) and 2 irregular of the rank 2. Their formal Frobenius
solutions have been constructed, and convergence of the involved power series is studied. Any
of these four functions may be considered as a main one, and then all remaining functions
may be found in explicit form through the main one. From four independent solutions of
the main function, governed by 4-th order equation, only two solutions may be referred to
independent series of bound states.
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