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Abstract

The aim of this paper is to describe equiaffine connections on three-dimensional homo-
geneous spaces. The affine connection is equiaffine if it admits a parallel volume form.
Only the case of spaces not admitting connections with nonzero torsion is considered.
For such homogeneous spaces, it is determined under what conditions the connection is
equiaffine (locally equiaffine). In addition, equiaffine (locally equiaffine) connections and
Ricci tensors are written out in explicit form. In this work we use the algebraic approach
for description of connections, methods of the theory of Lie groups, Lie algebras and ho-
mogeneous spaces.

Keywords: Equiaffine connection, homogeneous space, transformation group, Lie algebra, torsion
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1 Introduction
The aim of this paper is to describe equiaffine connections on three-dimensional homo-
geneous spaces. Only the case of spaces not admitting connections with nonzero torsion
is considered. The case of affine connections is known (see [2]). The affine connection
is equiaffine if it admits a parallel volume form (see [4]). For all such spaces, it is deter-
mined under what conditions the connection is equiaffine (locally equiaffine). In addition,
equiaffine (locally equiaffine) connections and Ricci tensors are written out in explicit form.

Let (G,M) be a three-dimensional homogeneous space, where G is a Lie group acts
transitively on the manifoldM . We fix an arbitrary point o ∈M and denote byG = Go the
stationary subgroup of o. Then we can correspond the pair (ḡ, g) of Lie algebras to (G,G),
where ḡ is the Lie algebra of G and g is the subalgebra of ḡ corresponding to the subgroup
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G. The pair (ḡ, g) is said to be isotropy-faithful if its isotropic representation is injective.
The classification all three-dimensional isotropically–faithful pairs (ḡ, g) with torsion-free
connections only, is described in [2]. Let m = ḡ/g. Invariant affine connections on (G,M)
are in one-to-one correspondence [3] with linear mappings Λ: ḡ→ gl(m) such that Λ|g =
λ and Λ is g-invariant. We call this mappings (invariant) affine connections on the pair
(ḡ, g). If there exists at least one invariant connection on (ḡ, g) then this pair is isotropy-
faithful [1]. The curvature and torsion tensors of the invariant affine connection Λ are given
by the following formulas: R : m ∧ m → gl(m), (x1+g) ∧ (x2+g) 7→ [Λ(x1),Λ(x2)]−
Λ([x1, x2]); T : m∧m→ m, (x1+g)∧(x2+g) 7→ Λ(x1)(x2+g)−Λ(x2)(x1+g)−[x1, x2]m.
The connection Λ is torsion-free (or without torsion) if T = 0. In this case we have:
R(x, y)z +R(y, z)x+R(z, x)y = 0 for all x, y, z ∈ m (the first Bianchi identity).

We define the Ricci tensor: Ric(y, z) = tr{x 7→ R(x, y)z}. An affine connection Λ
with zero torsion has symmetric Ricci tensor if and only if it is locally equiaffine [4]. Really,
Ric(y, z)−Ric(z, y) = tr{x 7→ R(x, y)z−R(x, z)y}. From the first Bianchi identity we
obtain Ric(y, z)−Ric(z, y)=tr{x 7→−R(y, z)x}=−trR(y, z). Then Ric(y, z)−Ric(z, y)=
−tr(Λ(y)Λ(z)−Λ(z)Λ(y))+trΛ([y, z])=trΛ([y, z]). Hence Ric is symmetric if and only if
trΛ([y, z]) = 0 for all y, z ∈ ḡ. We say that the affine connection Λ is locally equiaffine if
trΛ([x, y])=0 for all x, y ∈ ḡ (i.e. Λ([ḡ, ḡ]) ⊂ sl(m)). By equiaffine connection we mean
the (torsion-free) affine connection Λ such that trΛ(x) = 0 for all x ∈ ḡ. In this case, it is
obvious λ(g) ⊂ sl(m).

We define (ḡ, g) by the commutation table of the Lie algebra ḡ. Here by {e1, ..., en}
we denote a basis of ḡ (n = dim ḡ). We assume that the Lie algebra g is generated by
e1, ..., en−3. Let {u1 =en−2, u2 =en−1, u3 =en} be a basis of m. We describe affine con-
nection by Λ(u1), Λ(u2), Λ(u3), curvature tensor R by R(u1, u2), R(u1, u3), R(u2, u3)
and torsion tensor T by T (u1, u2), T (u1, u3), T (u2, u3). We say that the affine connection
is trivial if Λ(u1) = Λ(u2) = Λ(u3) = 0. To refer to the pair we use the notation d.n.m,
where d is the dimension of the subalgebra, n is the number of the subalgebra of gl(3,R),
m is the number of (ḡ, g) in [2].

The description of (torsion-free) equiaffine connections on three-dimensional homoge-
neous spaces can be divided into the following parts:

- classification of pairs that allow nontrivial locally equiaffine connections (the curva-
ture tensor is only zero in Theorem 2.1; the curvature tensor is not only zero in Theorem
2.2);

- classification of pairs with only trivial locally equiaffine connections (the curvature
tensor is zero in Theorem 3.1; the curvature tensor is not zero in Theorem 3.2).

The information about equiaffine (locally equiaffine) connections and Ricci tensors is
contained in the proof of the Theorems 2.1, 2.2, 3.1 and 3.2.

2 Pairs of Lie algebras, admitting nontrivial locally equiaffine connec-
tions

2.1 The curvature tensor is only zero

Theorem 2.1. I. If the pair (ḡ, g) allows nontrivial equiaffine connections, the curvature
and torsion tensors are only zero, then (ḡ, g) is equivalent to one and only one of the
following pairs:
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– ḡ is nonsolvable:

4.21.11. e1 e2 e3 e4 u1 u2 u3
e1 0 e2 −µe3 (1− µ)e4 u1 0 µu3
e2 −e2 0 e4 0 0 e2 + u1 0
e3 µe3 −e4 0 0 0 −2e3 u2
e4 (µ− 1)e4 0 0 0 0 −e4 e2 + u1
u1 −u1 0 0 0 0 0 0
u2 0 −e2 − u1 2e3 e4 0 0 −2u3
u3 −µu3 0 −u2 −e2 − u1 0 2u3 0

, µ = −1;

– ḡ is solvable:

1.2.1 e1 u1 u2 u3
e1 0 u1 λu2 µu3
u1 −u1 0 0 0
u2 −λu2 0 0 0
u3 −µu3 0 0 0

,
λ=−2/3,
µ=−1/3;

2.9.1. e1 e2 u1 u2 u3
e1 0 (1− µ)e2 u1 λu2 µu3
e2 (µ− 1)e2 0 0 0 u1
u1 −u1 0 0 0 0
u2 −λu2 0 0 0 0
u3 −µu3 −u1 0 0 0

,
λ=−3/2, µ=1/2;
λ=−2/3, µ=−1/3;
λ=1/2, µ=−3/2;

3.20.25, µ≤0 e1 e2 e3 u1 u2 u3
e1 0 (1−2µ)e2 (1−µ)e3 u1 2µu2 µu3
e2 (2µ−1)e2 0 0 0 u1 e3
e3 (µ−1)e3 0 0 0 0 u1
u1 −u1 0 0 0 0 0
u2 −2µu2 −u1 0 0 0 0
u3 −µu3 −e3 −u1 0 0 0

, µ=−1/3.

The Ricci tensors are zero.
II. Any pair (ḡ, g), allows nontrivial affine connections, the curvature and torsion ten-

sors are only zero (i.e. if ḡ is nonsolvable then d.n.m = 6.3.2, 5.9.2, 4.19.2, 4.21.11
(µ6=0, 1,1/2), 3.6.2, 3.12.2, 3.13.6 (µ6=0, 1,−1, 1/2), 3.28.2, 2.8.7 (λ6=0, 1,−1, 1/2), if ḡ
is solvable then d.n.m = 5.10.1 (λ=1/2, µ=0), 4.8.1 (λ=0, µ=1/2), 4.11.1 (µ=0, λ=1/2),
4.11.5, 3.7.1 (λ=1/2), 3.8.1 (λ+µ=1/2, µ=0, 1/2), 3.14.1 (µ6=0, 2), 3.19.17, 3.20.1 (λ=1/2
(µ6=0, 1/2); µ=1/2 (λ6=0, 1/2)), 3.20.25 (µ6=0), 3.20.26 (λ6=1/3, 1/4), 3.23.1 (λ=3/4),
3.29.1 (µ=1/2), 2.1.1 (λ=1/2), 2.8.1 (λ=1/2), 2.9.1 (λ=1/2 (µ 6=0,−1/2, 1/4, 1/2);
λ=2µ (µ 6=0, 1/4, 1/3, 1); µ=1/2 (λ 6=1/2, 0, 1, 3/2)), 2.19.1 (λ=1/2), 2.19.5, 2.21.1
(λ=3/4), 1.2.1 (µ=2λ (λ6=1/3, 1/4); µ=λ/2 (λ6=−2); λ=1/2 (µ 6= 1/2)), 1.7.1 (λ=1/2),
see [2]), admits locally equiaffine connections.

Remark. In the cases 5.10.1 (λ = 1/2, µ = 0), 3.8.1 (λ = 0, µ = 1/2), 3.20.1 (λ=1/2
(µ 6=0, 1/2), µ=1/2 (λ 6=0, 1/2)), 3.23.1 (λ = 3/4), 3.29.1 (µ = 1/2), 2.9.1 (µ=1/2
(λ6=1/2, 0, 1, 3/2)), 2.19.1 (λ = 1/2) the connection is trivial after basis replacement.
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Proof. For the subalgebras g of gl(3,R) in [2] we find isotropy-faithful pairs (ḡ, g) and
choose pairs, allows nontrivial affine, equiaffine (locally equiaffine) connections, such that
the curvature and torsion tensors are zero for all connections.

Let ḡ is nonsolvable, for example, the pair (ḡ, g) has the form 6.3.2 and

Λ(u1)=

 p1,1 p1,2 p1,3
p2,1 p2,2 p2,3
p3,1 p3,2 p3,3

, Λ(u2)=

 q1,1 q1,2 q1,3
q2,1 q2,2 q2,3
q3,1 q3,2 q3,3

, Λ(u3)=

 r1,1 r1,2 r1,3
r2,1 r2,2 r2,3
r3,1 r3,2 r3,3

,
pi,j , qi,j , ri,j ∈ R (i, j=1, 2, 3). Λ|g is the isotropic representation of g, Λ is g-invariant
⇒ [Λ(e2),Λ(u1)] = 0, p3,1 = p3,2 = p1,2 = 0, p3,3 = p2,2. [Λ(e1),Λ(u1)] = Λ([e1, u1]) ⇒
p1,3 = p2,1 = p2,3 = 0. [Λ(e5),Λ(u1)] = Λ([e5, u1]) ⇒ p2,2 = p1,1. If [Λ(e2),Λ(u2)] = 0
then q3,1 = q3,2 = q1,2 = 0, q3,3 = q2,2. [Λ(e1),Λ(u2)] = Λ(u2), q1,1 = q2,2 = q2,3 = 0.
[Λ(e3),Λ(u2)]=Λ(u3), r1,1 =r1,3 =r2,1 =r2,2 =r2,3 =r3,2 =r3,3 =0, r3,1 =q2,1, r1,2 =
−q1,3. If [Λ(e4),Λ(u2)] = Λ(u2) then r1,2 = 0. [Λ(e5),Λ(u2)] = Λ(u1)+Λ(e1)+3Λ(e4),
p1,1 = r3,1 = −2, tr Λ(3e4+u1) = 0 ⇒ tr Λ([x, y]) = 0 for all x, y ∈ ḡ, the connection
is locally equiaffine and has the form, presented in the table, the curvature and torsion
tensors are zero. In this case Ricci tensor is equal to zero too. We have tr Λ(e4) 6= 0 ⇒
the connection is not equiaffine. In the cases 3.13.6 (µ = −1) and 2.8.7 (λ = −1) the
connection is equiaffine, but admitting nonzero torsion tensor.

Similarly we obtain the results in the other cases:
Pair Locally equiaffine connection

6.3.2

 −2 0 0
0 −2 0
0 0 −2

,
 0 0 0
−2 0 0
0 0 0

,
 0 0 0

0 0 0
−2 0 0


5.9.2
3.12.2

3.13.6, µ6=0,1,−1,1/2

 0 −1 0
0 0 0
0 0 0

,
 0 0 0

0 −1 0
0 0 1

,
 0 0 0

0 0 0
0 −1 0


4.19.2.

 0 1 0
0 0 0
0 0 0

,
 0 0 0

0 1 0
0 0 −1

,
 0 0 0

0 0 0
0 1 0


4.21.11, µ 6= 0, 1, 1/2

 0 0 0
0 0 0
0 0 0

,
 0 0 0

0 1 0
0 0 −1

,
 0 0 0

0 0 0
0 1 0


3.6.2

2.8.7, λ6=0,1,−1,1/2

 −1/2 0 0
0 0 0
0 0 1/2

,
 0 0 0

0 0 0
0 0 0

,
 0 0 0

0 0 0
−1/2 0 0


3.28.2

 0 −1 0
0 0 0
0 0 0

,
 0 −2 0

0 −1 0
0 0 −1

,
 0 0 0

0 0 0
0 −1 0


The connection is equiaffine only in the case 4.21.11, µ = −1.
Let ḡ is solvable, for example, (ḡ, g) is 5.10.1 (λ=1/2, µ=0) then Λ|g is the isotropic

representation of g. Λ is g-invariant⇒ tr Λ([x, y])=0 for all x, y ∈ ḡ and locally equiaffine
connection there exist and has the form, presented in the table, the Ricci tensor, curvature
and torsion tensors are equal to zero. In this case tr Λ(e1) 6= 0 and the connection is not
equiaffine. Similarly we obtain the results in the other cases:
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Pair Locally equiaffine connection
5.10.1, λ=1/2, µ=0
4.11.1, µ=0, λ=1/2

3.20.1, µ=1/2(λ6=0, 1/2)
3.23.1, λ=3/4
3.29.1, µ=1/2

3.8.1, λ=0, µ=1/2
2.9.1, µ=1/2(λ6=1/2, 0, 1, 3/2)

2.19.1, λ=1/2
2.21.1, λ=3/4

 0 0 0
0 0 0
0 0 0

,
 0 0 0

0 0 0
0 0 0

,
 0 0 r1,3

0 0 0
0 0 0



4.8.1, λ=0, µ=1/2
3.8.1, λ=1/2, µ=0

2.8.1, λ=1/2
2.9.1, λ=2µ(µ6=0, 1/4, 1/3, 1/2, 1)

1.2.1, µ=λ/2(λ6=−2)

 0 0 0
0 0 0
0 0 0

,
 0 0 0

0 0 0
0 0 0

,
 0 0 0

0 0 r2,3
0 0 0


4.11.5
3.19.17

3.20.25, µ 6= 0

 0 0 0
0 0 0
0 0 0

,
 0 0 0

0 0 0
0 0 0

,
 0 0 0

0 0 1
0 0 0


3.20.1, λ=1/2(µ6=0, 1/2)

3.7.1, λ = 1/2
2.1.1, λ=1/2

2.9.1,λ=1/2(µ6=0,−1/2, 1/4, 1/2)
1.2.1, λ=1/2(µ6=1/2, 1)

1.7.1, λ=1/2

 0 0 0
0 0 0
0 0 0

,
 0 q1,2 0

0 0 0
0 0 0

,
 0 0 0

0 0 0
0 0 0



3.14.1, µ 6= 0, 2
2.9.1, λ = 1, µ = 1/2

 0 0 0
0 0 0
0 0 0

,
 0 0 0

0 0 0
0 0 0

,
 0 0 r1,3

0 0 r2,3
0 0 0


3.20.26, λ 6= 1/3, 1/4
(q1,2 = 0 λ 6= 1/2)

 0 0 0
0 0 0
0 0 0

,
 0 q1,2 0

0 0 0
0 1 0

,
 0 0 0

0 0 0
0 0 0


2.19.5

 0 0 0
0 0 0
0 0 0

,
 0 0 0

0 0 0
0 0 0

,
 0 0 r1,3

0 0 1
0 0 0


1.2.1, µ = 2λ (λ 6= 1/3, 1/4)

 0 0 0
0 0 0
0 0 0

,
 0 0 0

0 0 0
0 q3,2 0

,
 0 0 0

0 0 0
0 0 0


1.2.1, λ = 1/2, µ = 1

 0 0 0
0 0 0
0 0 0

,
 0 q1,2 0

0 0 0
0 q3,2 0

,
 0 0 0

0 0 0
0 0 0


We have equiaffine connections only in the cases 2.9.1, λ = −3/2, µ = 1/2; 1.2.1, λ=

−2/3, µ=−1/3 and 2.9.1, λ=−2/3, µ=−1/3; 3.20.25, µ=−1/3; 2.9.1, λ=1/2, µ=−3/2
(respectively).

The Ricci tensors Ric(y, z)=tr{x 7→ R(x, y)z} are equal to zero.
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2.2 The curvature tensor is not only zero

Theorem 2.2. I. There are no pairs (ḡ, g), admitting nontrivial equiaffine connections with
nonzero curvature tensor and only zero torsion tensor.

II. Any pair (ḡ, g), allows nontrivial affine connections, the curvature tensor is not only
zero, the torsion tensor is only zero (i.e. if ḡ is nonsolvable then d.n.m=4.21.11 (µ=1/2),
3.13.6 (µ=1/2), 2.8.7 (λ=1/2), if ḡ is solvable then d.n.m=3.13.2 (µ=1/2, 1/4), 3.20.4
(λ=1/4), 3.20.26 (λ=1/4), 3.20.27, 2.9.1 (λ=1/2, µ=1/4), 2.9.3 (µ=1/4), 1.2.1 (λ=1/4,
µ=1/2), see [2]), admits locally equiaffine connections. The Ricci tensors are zero.

Proof. Just as earlier, in case, for example, 3.13.2 (µ = 1/2, 1/4) we have tr Λ([x, y])=0
for all x, y ∈ ḡ, the torsion tensor and Ricci tensor are zero and locally equiaffine connec-
tion has the form, presented in the table. The connection is equiaffine if tr Λ(e1) = 0 ⇒
µ = 2, but in this case 0 < µ < 1 ⇒ the pair does not allow equiaffine connections. In
the case 3.20.4 the connection is equiaffine if λ= 2, but λ< 1/3. Similarly we obtain the
results in other cases:

– ḡ is solvable:
Pair Locally equiaffine connection

3.13.2, µ = 1/4

 0 0 0
0 0 0
0 0 0

,
 0 0 0

0 0 0
0 0 0

,
 0 0 0

0 0 r2,3
0 0 0


3.13.2, µ = 1/2
3.20.4, λ = 1/4

 0 0 0
0 0 0
0 0 0

,
 0 0 0

0 0 0
0 0 0

,
 0 0 r1,3

0 0 0
0 0 0


3.20.26, λ = 1/4

 0 0 0
0 0 0
0 0 0

,
 0 0 0

0 0 0
0 1 0

,
 0 0 r1,3

0 0 0
0 0 0


3.20.27

 0 0 0
0 0 0
0 0 0

,
 0 0 0

0 0 0
0 1 0

,
 0 0 0

0 0 0
0 0 0


2.9.1, λ = 1/2, µ = 1/4

2.9.3, µ = 1/4

 0 0 0
0 0 0
0 0 0

,
 0 q1,2 0

0 0 0
0 0 0

,
 0 0 0

0 0 r2,3
0 0 0


1.2.1,λ = 1/4, µ = 1/2

 0 0 0
0 0 0
0 0 0

,
 0 0 0

0 0 0
0 q3,2 0

,
 0 0 r1,3

0 0 0
0 0 0


– ḡ is nonsolvable:

Pair Locally equiaffine connection

4.21.11, µ = 1/2

 0 0 0
0 0 0
0 0 0

 ,

 0 0 0
0 1 0
0 0 −1

 ,

 0 0 r1,3
0 0 0
0 1 0


3.13.6, µ = 1/2

 0 −1 0
0 0 0
0 0 0

,
 0 0 0

0 −1 0
0 0 1

,
 0 0 r1,3

0 0 0
0 −1 0


2.8.7, λ = 1/2

 −1/2 0 0
0 0 0
0 0 1/2

,
 0 0 0

0 0 0
0 0 0

,
 0 0 0

0 0 r2,3
−1/2 0 0


In these cases, equiaffine connections does not exist.
The Ricci tensors are equal to zero.
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3 Pairs of Lie algebras with only trivial locally equiaffine connections
3.1 The curvature tensor is only zero

Theorem 3.1. I. If the pair (ḡ, g) admits only trivial equiaffine connection, the curvature
and torsion tensors are zero, then (ḡ, g) is equivalent to one of the pairs:

– ḡ is nonsolvable: 8.1.1(sl(3,R));

6.2.1 e1 e2 e3 e4 e5 e6 u1 u2 u3
e1 0 0 0 (λ−1)e4 0 (λ−1)e6 λu1 λu2 u3
e2 0 0 2e3 e4 −2e5 −e6 u1 −u2 0
e3 0 −2e3 0 0 e2 e4 0 u1 0
e4 (1−λ)e4 −e4 0 0 −e6 0 0 0 u1
e5 0 2e5 −e2 e6 0 0 u2 0 0
e6 (1−λ)e6 e6 −e4 0 0 0 0 0 u2
u1 −λu1 −u1 0 0 −u2 0 0 0 0
u2 −λu2 u2 −u1 0 0 0 0 0 0
u3 −u3 0 0 −u1 0 −u2 0 0 0

, λ=−1/2;

6.4.1 e1 e2 e3 e4 e5 e6 u1 u2 u3
e1 0 0 0 0 (1−λ)e5 (1−λ)e6 u1 λu2 λu3
e2 0 0 2e3 −2e4 −e5 e6 0 u2 −u3
e3 0 −2e3 0 e2 −e6 0 0 0 u2
e4 0 2e4 −e2 0 0 −e5 0 u3 0
e5 (λ−1)e5 e5 e6 0 0 0 0 u1 0
e6 (λ−1)e6 −e6 0 e5 0 0 0 0 u1
u1 −u1 0 0 0 0 0 0 0 0
u2 −λu2 −u2 0 −u3 −u1 0 0 0 0
u3 −λu3 u3 −u2 0 0 −u1 0 0 0

, λ=−1/2;

4.2.1. e1 e2 e3 e4 u1 u2 u3
e1 0 0 0 0 λu1 λu2 u3
e2 0 0 2e3 −2e4 u1 −u2 0
e3 0 −2e3 0 e2 0 u1 0
e4 0 2e4 −e2 0 u2 0 0
u1 −λu1 −u1 0 −u2 0 0 0
u2 −λu2 u2 −u1 0 0 0 0
u3 −u3 0 0 0 0 0 0

, λ = −1/2;

– ḡ is solvable: 5.10.1 (λ = µ = −1), 4.8.1 (λ = µ = −1), 4.9.1 (λ = 0, µ = −2),
4.11.1 (λ=µ=−1), 4.14.1 (λ= 0, µ=−2), 4.21.1 (µ=−1 − λ (λ 6=−1,−3/2)), 3.8.1
(λ = µ = −1), 3.13.1 (λ = −µ − 1 (µ 6= 0, 1/2,−1/3,−1)), 3.16.1 (λ = −2µ), 3.20.1
(λ=−µ − 1 (λ 6= 0, 1/2,−1,−3/2)), 3.22.1 (λ=−2µ (λ 6= 0)), 3.23.1 (λ= 0), 3.27.1
(λ=−1/2), 3.29.1 (µ=−2), 2.2.1 (λ=µ=−1), 2.4.1 (λ=0, µ=−2), 2.9.1 (λ=−µ− 1
(λ 6= 1/2, 0,−1,−2/3,−3/2)), 2.16.1 (λ=−1/2), 2.19.1 (λ=−2), 1.2.1 (λ=−µ − 1
(µ 6=−1/3,−3/2, 0,−2/3)), 1.4.1 (λ=−2µ (λ 6= 0)), 1.7.1 (λ=−2). The Ricci tensors
are zero.

II. Any pair (ḡ, g) that admits only trivial affine connection, the curvature and torsion
tensors are zero (i.e. if ḡ is nonsolvable then d.n.m = 9.1.1, 8.1.1, 7.1.1, 7.2.1, 6.2.1,
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6.3.1, 6.4.1(λ6=1/2), 5.1.1, 4.2.1(λ6=1/2), 4.3.1, 4.5.1, if ḡ is solvable then d.n.m = 6.5.1,
5.4.1, 5.5.1, 5.6.1, 5.7.1, 5.8.1, 5.9.1, 5.10.1 (λ2 + µ2 6= 0, (λ − 1)2 + (µ + 1)2 6= 0,
(λ−1/2)2+µ2 6=0), 4.4.1, 4.6.1, 4.7.1, 4.8.1 ((λ+1)2+(µ−1)2 6=0, λ2+(µ−1/2)2 6=0,
λ2 + µ2 6= 0), 4.9.1 (λ2 + µ2 6= 0), 4.11.1 (λ2 + µ2 6= 0, (µ + 1)2 + (λ − 1)2 6= 0,
µ2 + (λ − 1/2)2 6= 0), 4.12.1, 4.13.1, 4.14.1 ((µ − 2)2 + λ2 6= 0), 4.15.1, 4.16.1, 4.17.1,
4.18.1, 4.19.1, 4.20.1 (λ 6=0,−1), 4.21.1 (µ 6=0, µ 6=1/2, µ 6=1− λ), 4.22.1, 3.1.1, 3.2.1,
3.6.1, 3.7.1 (λ 6= 0, 1/2), 3.8.1 (λ2 + (µ − 1/2)2 6= 0, λ2 + µ2 6= 0, (λ − 1/2)2 + µ2 6= 0,
(λ + 1)2 + (µ − 1)2 6= 0, (λ − 1)2 + (µ + 1)2 6= 0), 3.9.1, 3.10.1, 3.11.1, 3.12.1, 3.13.1
(µ 6= 0, µ 6= 1 − λ, µ 6= 1/2, µ 6= λ − 1, µ 6= λ/2), 3.16.1, 3.17.1 (λ 6= 0), 3.18.1, 3.19.1
(λ 6= 0,−1), 3.20.1 (λ 6= 0, λ 6= 1/2, µ 6= 0, µ 6= 1/2, µ 6= 1 − λ), 3.21.1 (λ 6= 0), 3.22.1
(λ 6= 2µ), 3.23.1 (λ 6= 2/3, 1/2, 3/4, 3.24.1, 3.26.1, 3.27.1 (λ 6= 0, 1/2), 3.28.1, 3.29.1
(µ 6=0, 1/2), 3.30.1, 3.31.1, 2.1.1 (λ 6=0, 1/2), 2.2.1 ((λ−1)2 + (µ−1)2 6=0), 2.3.1, 2.4.1
(λ2 + µ2 6= 0, λ2 + (µ − 2)2 6= 0), 2.5.1, 2.6.1, 2.8.1 (λ 6= 0, 1/2, 1,−1), 2.9.1 (λ 6= 1/2,
λ 6=0, λ 6=1− µ, λ 6=2µ, λ 6=µ+ 1, µ 6=0, µ 6=1/2), 2.10.1, 2.11.1, 2.12.1, 2.14.1, 2.16.1
(λ 6= 0, 1/2), 2.19.1 (λ 6= 0, 1/2), 2.21.1 (λ 6= 0, 1/2, 2/3, 3/4), 2.22.1, 1.2.1 (µ 6= λ + 1,
µ 6=2λ, µ 6=1− λ, µ 6=λ/2, λ 6=1/2), 1.4.1 (µ 6=2λ), 1.7.1 (λ 6=0, 2, 1/2), 1.9.1, see [2]),
admits the locally equiaffine connection.

Proof. If, for example, (ḡ, g) is the space 8.1.1 (sl(3,R)), Λ|g =λ, Λ is g-invariant ⇒
Λ(u1)=Λ(u2)=Λ(u3)=0, then the torsion and Ricci tensors are zero, tr Λ(ei)=0, i = ¯1, 8,
(Λ(ei) ∈ sl(3,R)) ⇒ the connection is equiaffine (and locally equiaffine). In the other
cases are similarly.

3.2 The curvature tensor is not zero for some connections

Theorem 3.2. I. If the pair (ḡ, g) admits only trivial equiaffine connection, the curvature
tensor is not zero, the torsion tensor is zero, then (ḡ, g) is equivalent to one and only one
of the pairs

4.21.2. e1 e2 e3 e4 u1 u2 u3
e1 0 (1−λ)e2 (3λ−1)/2e3 (1+λ)/2e4 u1 λu2 (1−λ)/2u3
e2 (λ−1)e2 0 e4 0 0 u1 0
e3 (1−3λ)/2e3 −e4 0 0 0 0 u2
e4 −(1+λ)/2e4 0 0 0 0 0 u1
u1 −u1 0 0 0 0 0 0
u2 −λu2 −u1 0 0 0 0 e4
u3 (λ−1)/2u3 0 −u2 −u1 0 −e4 0

, λ=−3;

3.13.4, −1<µ<0 e1 e2 e3 u1 u2 u3
e1 0 (1+µ)e2 (1− µ)e3 u1 (1+2µ)u2 µu3
e2 −(µ+1)e2 0 0 0 0 u2
e3 (µ−1)e3 0 0 0 0 u1
u1 −u1 0 0 0 0 e2
u2 −(2µ+1)u2 0 0 0 0 0
u3 −µu3 −u2 −u1 −e2 0 0

, µ = −2/3;
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3.20.5, µ≥1/3 e1 e2 e3 u1 u2 u3
e1 0 2µe2 (1−µ)e3 u1 (1−2µ)u2 µu3
e2 −2µe2 0 0 0 u1 0
e3 (µ−1)e3 0 0 0 0 u1
u1 −u1 0 0 0 0 0
u2 (2µ−1)u2 −u1 0 0 0 e3
u3 −µu3 0 −u1 0 −e3 0

, µ = 2;

2.9.3. e1 e2 u1 u2 u3
e1 0 (1− µ)e2 u1 (1− 2µ)u2 µu3
e2 (µ− 1)e2 0 0 0 u1
u1 −u1 0 0 0 0
u2 (2µ− 1)u2 0 0 0 e2
u3 −µu3 −u1 0 −e2 0

, µ = 2.

In these cases ḡ is solvable.
II. If the pair (ḡ, g), admitting only trivial affine connection (with nonzero curvature

tensor and zero torsion tensor), does not admit locally equiaffine connection, then (ḡ, g) is
equivalent to one of the pairs:

2.9.12. e1 e2 u1 u2 u3
e1 0 −e2 u1 −2u2 2u3
e2 e2 0 0 0 u1
u1 −u1 0 0 e2 0
u2 2u2 0 −e2 0 −e1
u3 −2u3 −u1 0 e1 0

;

3.8.8. e1 e2 e3 u1 u2 u3
e1 0 0 e3 u1 0 0
e2 0 0 e3 0 u2 −u3
e3 −e3 −e3 0 0 0 u1
u1 −u1 0 0 0 e3 0
u2 0 −u2 0 −e3 0 2e2 − e1
u3 0 u3 −u1 0 e1 − 2e2 0

.

III. Any pair (ḡ, g) that admits only trivial affine connection, the curvature tensor is
not zero, the torsion tensor is zero, except 2.9.12 and 3.8.8 (i.e. if ḡ is nonsolvable then
d.n.m = 4.11.2, 4.13.2, 4.13.3, 2.1.2, 2.3.2, 2.3.3, if ḡ is solvable then d.n.m = 5.10.2,
4.8.10, 4.11.4, 4.20.2, 4.21.2 (λ 6= 1), 3.8.9, 3.13.2 (µ 6= 0, 1/2, 1/4), 3.13.4, 3.14.2,
3.19.16, 3.20.4 (λ 6= 0, 1/4), 3.20.5 (µ 6= 1/2), 3.23.2, 3.27.2, 2.8.6, 2.9.3 (µ 6=
0, 1/2, 1/4), 2.16.2, see [2]) admits the locally equiaffine connection.

The Ricci tensors has the form (in the other cases Ricci tensors are zero):

Pair Ricci tensor Pair Ricci tensor Pair Ricci tensor

4.11.2

 0 0 0
0 0 −2
0 −2 0

 4.13.2

 0 0 0
0 −2 0
0 0 −2

 4.13.3

 0 0 0
0 2 0
0 0 2


2.1.2

 0 −1 0
−1 0 0
0 0 0

 2.3.2

 −1 0 0
0 −1 0
0 0 0

 2.3.3

 1 0 0
0 1 0
0 0 0


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Proof. In the case 2.9.12 we have Λ is g-invariant⇒ Λ(u1) = Λ(u2) = Λ(u3) = 0, Ricci
tensor has the form  0 0 0

0 0 −3
0 −2 0


and Ricci tensor is not symmetric. Also we have tr Λ(e1) 6= 0 ⇒ the connection is not
locally equiaffine (and equiaffine too). In the case 3.8.8 Ricci tensor as in the case 2.9.12,
also we have tr Λ(e1 − 2e2) 6=0⇒ the connection is not locally equiaffine (and equiaffine
too). In other cases the connection is locally equiaffine (tr Λ([x, y])=0 for all x, y ∈ ḡ), the
Ricci tensors have the form, presented in the theorem, and Ricci tensors are symmetric.

So for all three-dimensional homogeneous spaces, not admitting connections with non-
zero torsion tensor, it is determined under what conditions the connection is equiaffine
(locally equiaffine). In addition, equiaffine (locally equiaffine) connections and Ricci ten-
sors are written out in explicit form. For example, there are only two spaces (not admitting
connections with nonzero torsion tensor) that admit affine connections, but do not admit
locally equiaffine connections. There are no pairs, admitting nontrivial equiaffine connec-
tions with nonzero curvature tensor and only zero torsion tensor. In this work we use the
algebraic approach for description of connections, methods of the theory of Lie groups,
Lie algebras and homogeneous spaces. The results can find applications in mathematics
and physics, since many fundamental problems in these fields are reduced to the study of
invariant objects on homogeneous spaces.
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