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THonyyenvl nogvle anarumuueckue npeOCMAgieHus Ol YCEYEHHbIX CHEeKMPAIbHbIX XAPAKMEPUCTIUK
YeMbIPEXMOUEUHOU QYHKYUU KOLEPEHMHOCTNU TA3EPHO20 NYUKA UZTYYEHUS,, PACHPOCMPAHAIOWe20Cs 8 Myp-
bynenmuoil cpede. Imu npedcmasienus 6epHul 05 1100020 YPOBHS ryKmyayutl NOKa3ameisi RPeiLoMIeHUs.
6030yxa. [[isi 08X UACMHBIX CyHaes OHU NEPexo0sim 8 MOUHbIE COOMHOUEHUS, 8blGeOCHHbIe PaHee C UC-
NONb306AHUEM UHINEZPO-(DYHKYUOHAILHO2O YPABHEHUSL Ol YCEUeHHOU CNEeKMPAIbHOU XAPaAKMePUCmuKu
yemvipexmoyeurou yukyuu koeepenmuocmu. Ilpednodicena KOHCMPYKMUGHAsE NPoyedypa NowyueHus npu-
ONUIICEHHBIX AHATUMUYECKUX GbIPAdICEHUTL OISl CAMOU YembIPeXmMOo4eyHOl DYHKYUU KO2ePEeHMHOCmU 1a3ep-
HO20 NYYKa U3IYy4eHUs, pacnpocmpansaouezo 8 mypoyieHmuou cpeoe.

Kntoueswie cnosa: unmezpo-ghynKyuonaivHoe ypaguenue, mypoyieHmuas cpeod, Gaykmyayuu, 4emvl-
PEXMOUCUHAs: (PYHKYUSL KO2EPEHMHOCMU, YCEUEHHbIE CNeKMPANbHbLE XAPAKMEPUCIUKU, SUPMYATbHbIE NAPa-
Mempul UHBAPUAHIHO20 NOSPYHCEHUA, OUEKMUBHbIE C8A3U, AHATUMUYECKOe NPeOCMAseHue, TA3ePHbILL HYYOK.

New analytical representations for the truncated spectral characteristics of the four-point coherence
function of a laser beam propagating in a turbulent medium are obtained. These representations are valid
for any level of fluctuations of the refractive index in air. For two particular cases they turn into exact ana-
Wytical representations previously derived by the authors with using of an integro-functional equation for
truncated spectral characteristic of the four-point coherence function. A constructive procedure for obtain-
ing approximate analytical expressions of the four-point coherence function of a laser beam propagating in
a turbulent medium is proposed.

Keywords: integro-functional equation, turbulent medium, fluctuations, four-point coherence func-
tion, truncated spectral characteristics, virtual parameters of invariant embedding, bijective connections,
analytical representations, laser beam.

BBeaenue. [lns pemeHus LEJIOT0O psiia HAYYHBIX M HAYYHO-TEXHUYECKHX MpobieMm mepenadn UHMOP-
MAaIlMH B OTKPBITHIX ONTUYECKUX CUCTEMAaxX CBSA3H, JIOKAIMH, TeO(PH3UKH, ACTPOHOMHH, aKyCTUKU U JHUArHO-
CTHKH OHMOJIOTHYECKHX OOBEKTOB HEOOXOIUMO YCTaHOBUTH 3aKOHOMEPHOCTH MpOIECCa PacHpOCTPaHCHUS
BOJIH (B YaCTHOCTH, AJIEKTPOMArHUTHBIX U aKyCTHYECKHUX) B CTOXAaCTHUECKUX CpelaX, CBOMCTBAa KOTOPBIX
W3MEHSIOTCS CIIy4aiiHBIM 00pa3oM B TpezesiaX MpOCTPAaHCTBEHHBIX MAacCHITa0O0B, 3HAYUTEIBHO MEHBIINX IO
CpaBHEHHUIO ¢ 0oOmIel UIMHON pachpoCTpaHEHUS ITHUX BOJH B HUX. CHUTyamusi Takoro poia MMEEeT MECTO,
HampuMep, IpU PaclpoCTPaHEHUH JIA3ePHOTO M3Iy4eHus: B TypOyneHTHou atMocdepe 3emnu. Teoperuue-
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CKO€ HCCIIEIOBAaHUE TIPOIIECCa PACIPOCTPAHEHHUS SNEKTPOMArHUTHBIX BOJH B TaKOH aTMoc(epe MOXKHO CBe-
CTH K PELICHUIO TPEX 3aJay: MOJEIUPOBAaHUE CTOXAaCTHMUYECKUX IPOLECCOB, ONMUCHIBAIOLINX U3MEHEHHE JIO-
KaJbHBIX (PU3NYECKHUX, B YACTHOCTH ONTHYECKUX, XapaKTEPUCTHK caMOi aTMocdepsl; BBIBOA (B paMKax He-
KOTOPBIX (PU3MKO-MaTeMaTHUECKUX THIOTE3 W JOMYIISHUH) YPaBHEHUH IS TeX XapaKTePUCTHUK BOJIHOBBIX
nojei B TypOyneHTHOH aTMocdepe, KOTOphIe MOYKHO HAWTH C MCIOJIb30BAHUEM IKCIIEPUMEHTAIBHBIX METO-
IIOB; pa3paboTKa TOYHBIX, aCHMIITOTHUCCKUX, NMPHONVIKEHHBIX AHAJIHTHUYCCKUX UM YUCICHHBIX METOIOB
pelIeHNs] JaHHBIX ypaBHEHWH. DTH TpHU 3agaud oOImieil mpoOneMsl H3ydeHHs INpoliecca paclpoCTpaHCHHUS
AIIEKTPOMArHUTHOTO W3Iy4YCHUS B TypOylIeHTHON aTMocdepe 3eMin, HecMOTpsl Ha 0oJiee YeM MOTYBEKOBYIO
HCTOPHUIO HCCIIEJIOBAHUM, PELIeHbl YaCTUYHO B CHIIy CBOEH CJII0)KHOCTH HJIM HENOJHON aJeKBaTHOCTH HUC-
MOJIb3YEMbIX METOJIOB UX PELICHHUS.

IepBBie (hyHIaMEHTANBHBIC HCCIECAOBAHMUS 10 PEIICHUIO IEPBOM 3a1a4X BHIIIOJIHEHH! B padoTax [1—3].
OzHaKo 10 HACTOSIIEr0 BPEMEHH MPOBOIATCS YTOUHEHHs KJIACCHYECKHX MOJENEH, OMUCHIBAIOLINX JIOKAIb-
HBIE XapaKTePUCTHKHN TypOYyJeHTHOU aTMochepsl Ha MPU3EMHBIX TpaccaXx U B HOHOChepe (cM., Hampumep,
[4, 5] u ccpiku Tam). [TockoJIbKy JTOKaJIbHBIC CBOMCTBA TypOYJEHTHOM aTMOc(epbl U3MEHSIOTCS CIydaii-
HBIM 00pa3oM, NP PEIICHUH BTOPOH 3agadi, CTPOTO TOBOPS, M3HAYANBHO IPHUXOAUTCS CTAKUBATHCS C
HEOOXOAMMOCTBIO PElIEHHs] KPaeBbIX 3ajay AJIsi CTOXaCTUYECKUX BOJHOBBIX YpaBHEHMH WM Ui UX CIel-
CTBUH, KaKOBBIMHU, B YaCTHOCTH, SIBJISIIOTCS CTOXacTH4Yeckue ypaBHeHMs I'enbMrounbiia. OnHako maxe ¢op-
MaJIbHBIE CTPOTHE PEHICHHUS CKAIPHBIX CTOXACTHIECKUX YpaBHEHUH (BOIHOBOTO, [ enmbMrosbma u maxe cy-
IIECTBCHHO 0OJiee MPOCTHIX) IO CHX HOp He moiydeHbl. CBeaeHus 00 o0MmUX MaTeMaTHIeCKUX CBOWCTBAaxX
croxacTuiyeckux AuddepeHInaIbHbIX YPaBHEHUH W CIOXKHOCTSAX MONyYEHHs MX SBHBIX CTPOTHUX PEIICHUH
W3JI0KEHBI, HanpuMmep, B [6—10]. B cBsA3M ¢ HaJM4YreM Takoro poja TPYJHOCTEH MpPU PEIICHUH MPOOIEMBI
pacmpocTpaHeHHsT IEKTPOMAaTHUTHOTO (JIa3€pHOT0) M3IYyYCHUST HA HOCTATOYHO OOJNBIINE PACCTOSHUS UL
Clly4as MeJIKOMAacIITaOHbIX (pIyKTyanuii B TypOyJeHTHOI aTMOocdepe ¢ y4eTOM He3HAUYUTEIbHOr0 00paTHO-
IO paccestHUs MPH MEPEX0IC OT COOTBETCTBYIONIMX CTOXACTHIECKUX MU PEePeHIINATBHBIX YPaBHEHUH K M-
HAMHYECKUM TU(PepeHIINATbHEIM YPABHEHISAM [UIS PA3IMIHBIX CTATHCTUIECKIX MOMEHTOB BONHOBBIX ITO-
Jel mpUMeHSUTUCh pasiauyHble MeTonsl [10, 11]. DTu MeToAbI MO3BOIMWIN MOIYYUTh 3aMKHYThHIE IHHAMHYE-
ckue auddepeHraIbHbIe YPaBHEHUS Il CTATUCTHYECKUX MOMEHTOB JIF000r0 mopsaka. C ydeToM HaIU4Hst
SKCHEPUMEHTAIBHBIX METONOB [12] HaxoXKAEHUs CTaTUCTUYECKMX MOMEHTOB IPEANPUHUMAIUCH IOINBITKU
peleHusl KpaeBbiX 3a1au Juid IuddepeHIralbHbIX YpaBHEHUNH B YaCTHBIX MPOU3BOAHBIX, KOTOPHIM OHHU
yA0oBIETBOPsIOT. [lomyueHune pemieHnit JaHHBIX 3a/lad OTHOCUTCSI K TPETheH COCTABIISIIOIIECH BBINICYKa3aH-
HOIi poOiieMbl. B psie paboT (cMm., Hanpumep, [13—15] ¥ CCBUIKHM TaM) MOJTy9eHbI PEIICHUST COOTBETCTBY-
IOLIUX KpaeBbIX 3aJay AJIS CTaTUCTUYECKHMX MOMEHTOB IEPBOro0 W BTOPOro MOpsiikoB. OgHAKO A HaXOXK-
JICHHsI OTHOIICHWH THIIa CUTHAI/IIYM HEOOXOAMMO HAWTH MOMEHT YETBEPTOrO MOpPSAKA, T. €. (paKTHUYecKH
OTBICKATh YETHIPEXTOUYCUHYIO (QYHKIHIO KorepeHTHOCTH ['2(...) [3]. K coxanenuro, mis oTbickaHus QyHK-
e [2o(....), KOoTopasi, BOOOIIE TOBOPS, IS CIydas OrPAHUYICHHBIX JIA3€PHBIX IYYKOB H3ITyUCHUS SBILIETCS
(hyHKIMEH IeBATH CKAJSIPHBIX MEPEMEHHBIX, HE YAAJIOCh MPEAJIOKUTh JOCTATOUHO 0OOCHOBaHHBIX MaTeMa-
THYECKHX METOJOB W aJTOPUTMOB. B dacTHOCTH, B padorax [15—20] npu HaxXoXJICHUU JaHHOW (PyHKIIUU
HCTIONB30BAITICH TOJIBKO MPUOIIMKCHHBIC U YHCIEHHBIE MeToAbl. VickimouenueM siBisiercst pabora [21], B ko-
TOpOH BBIBEIEHO HOBOE HHTErPO-(PyHKIMOHANBbHOE ypaBHEHHME AJisl 4YeThpexMepHoro obpasa mo Dypne
(OH UMeeT CMBICIT YCEUSHHOH CIEKTPATbHON XapaKTEPUCTUKN) OT YETHIPEXTOYCUHON (DYHKIIMH KOTEPEHTHO-
ctH ['22(...) mazepHOTO My4Ka U3JIy4YeHHUs B TypOyseHTHOU atMocdepe. JlaHHOe ypaBHEHHUE TIOIYYEeHO Ha OC-
HOBE PsiJia 3BPUCTUYECKHUX MPOLEAYP METoJa peayKIuu oOumx cootHomeHnid naBapuanTHoctd (GIRRM),
KOTOPBIH SIBIIIETCS OJHUM M3 00IUX U 3()(PEKTUBHBIX METOMOB PEIICHUS MHOTOMEPHBIX 3a/1ad TEOPHUH Iie-
peHoca M3JIYYCHHUs, ONTHKH PACCEHBAIOIINX CPEell U MaTeMaTHdeckor (pu3uku (cM., Hampumep, [21—30] u
cceutkd TaMm). [TocpencTBoM aHamm3a CTPYKTYpHI ATOT0 ypaBHEeHUS B [21] BliepBrIe HAWACHBI B SIBHOH GopMe
TOYHBIC AaHATUTHYECKUE MPENICTABICHUS ISl CEMEHCTBAa MHTETPAIbHBIX XapaKTepUCTHK QPyHKIUH [2o(...).

B HacTosmiei pabote mokazaHo, 4To HHTErpo-pyHKIMOHANBHOE ypaBHeHUE (13) U3 paboThl [21] MOXKHO
Takke SPQPEKTHBHO HCIONB30BATh UL MOMYYCHUS PA3IMIHBIX aHAJTUTHYCCKUX MPEACTABICHUH KakK ULl
YCEUEHHBIX CIIEKTPAJIbHBIX XapakTepuCTHK QPyHKUUH [22(...), Tak U 111 caMOi (PyHKLHUH.

IMocTanoBka 3apaum. PaccMoTpuM 3aMKHYTOE MTONYIPOCTPAaHCTBO [ V], Ha TpaHuIle S KOTOPOro pacrio-
JI0’KEHa MIoCcKocTh OXY MpsMOYTOIBHON AeKapTOBOM MpaBoi cucteMbl koopauHat OXYZ. Ock Z HallpaBuM
BHYTpH nodymnpoctpancTsa [V]. Ilycts [V] 3anonHeHo ciy4aifHO HEOAHOPOIHOW Cpeloi, CBOHCTBAa KOTOPOi
UJICHTUYIHBI CBOHCTBAM HEKOTOPOI mpo3padHoi yacTu TypOyiaeHTHOH atMocepsr 3emu. Ha mo6oit mioc-
KOCTH z = const (const > 0) BozbMeM ueTblpe TOUKU M1, Mo, M3, Ma, TIONOKEHUST KOTOPBIX ONPEAEISIOTCS

paanycaMu-BeKTOpaMH I = (P11,p12,2), F2 = (p21,p22,2), r1' = (p'11,p"12,2), 2" = (p'21,p'22,2); Aaliee UCTIONIB3Y-
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eM o0o3HaueHus: p1 = (p11,p12), P2 = (P21,p22), P1’ = (P'11,p"12), P2’ = (p'21,p'22). [Ipeanonoxum, 94TO MOIY-
OeckoHeuHas cpena 0OJIydaeTcss MOHOXPOMAaTHYECKUM JIMHEWHO MOJSIPU30BAHHBIM IYYKOM H3IIy4eHUs,
MPOEKIIUN HAMpPSKEHHOCTH 3JIEKTPUYECKOTO MOJS KOTOPOro Ha ocH X M Y MOTYT OBITh 3alHCaHbl B BUC
e =B U(p; z), Tae i — MHMMas enuHUIA; k = 27/A — BONHOBOE YHCIO; A — JJTMHA BOJHBI M3TyUeHHS;
® — KpyroBas vactora u3nyueHus; U(p;z) — KOMIUIEKCHas aMIUIUTYNa, KOTOpas SBJSAETCA CIy4aillHOU
(GyHKIMEH U HE3HAUYUTEIILHO H3MEHSICTCS Ha PACCTOSIHUSX TOPSIKA JUTHHBI BOJIHBI U3IYYEHUs;, p = (P1,P2) —
JBYMEpHBII BEKTOp, MapajulenbHbli wiockoctd OXY. CunraeM, 4TO MOIIHOCTb ITyuyKa — KOHEYHas BEJIU-
YHHA, U OH SIBISICTCS MMOYTH PUHUTHBIM ((PaKTHUECKH OTPAaHWYCHHBIM B JIOOOM €TO ITOTIEPEYHOM CCUCHUH ),
OTHOIIIEHUE A/a YAOBJIECTBOPAET HEPABEHCTBY A/a << 1 (¢ — TOYHAas BEepXHSAA rPaHb MHOXKECTBA JJTUH XOP/I,
COCAMHSIOMNX JIOOBIC JTBE TOYKH TPAHHUIBI MTOTIEPEYHOTO CCUCHHS TAKOTO ITyYKa JIA3EPHOTO H3ITydYCHHS,
paBHast yaBoeHHOMY 3(dekTHBHOMY paamycy 3Toro cedenums). [lomaraem Taxke, 94TO IEHTP HMOMEPEIHOTO
CEYCHUSI UCXOMIHOTO IMy4YKa JIA3€PHOTO M3IIyYEHUS JISKHUT HA OCH Z W KOMIUICKCHAs aMIUTUTYAa IydKa I
T0OBIX KOHEUHBIX z€[0,+0) nomyckaer oueHKy U(p;z) = Olexp(—wo|p|)] mpu |p|—>+0 (wo — HEKOTOpOE Imo-
JIOXKHUTENTBHOE KOHEUHOE YUCIIO, HMeloliee pasMepHocTs [L1], o6paTHyto pasmeproctu amunsl [L]). Kpome
TOTO, CUUTAEM, YTO 00HEM M3BECTHON MH(OPMAIMH O KOTEPEHTHBIX CBOMCTBAX My4yKa M3JIyYEHHUS JOCTaTO-
YeH U 3allaHusl YeThIPEXTOUeYHON (YHKUMU KOorepeHTHOCTH [a2a(p1,p2,p1',p2"3z) [31, 32] Ha mimockocTu
z =0 B cucreme OXYZ:

Ty (P1:2.01:02:2) =<U (p132)U (p232)U” (pi32)U” (Piz) > (1
3neck (...) 03HaYaeT OMepalrio YCPESTHEHHUS [0 aHCaMOITI0 pealin3aluii; ¥ — CHUMBOJI ONepaIliiil KOMILJIEKC-
noro conpsikenus; U(pi;z), U(p2;z), U(pi'z), U(p2';z) NMEIOT CMBICT KOMIUIEKCHBIX AMILIUTY BOJHOBOIO
T0JI Ha TUIOCKOCTH, 33JjaBacMOM aNnmiinKaTol z u napauiensHoi miockoctu OXY, B Toukax My, M, M3, M4
COOTBETCTBEHHO.

B ucxonnoe muddepeHumansHoe ypaBHEHHE B YaCTHBIX IMPOU3BOJHBIX, PELICHUEM KOTOPOTO SBISETCS
bynakmust a(pr,p2,p1’,02';2) (eM., Harmpumep, [21, 31—33]), BXOAAT BTOpPEIC YaCTHBIC TPOU3BOIHBIC 110 BCEM
MEPEMEHHBIM P11, P12, P21, P22, P11'5 P12, P21’, P22" M YACTHAS IPOU3BOHAS NIEPBOTO TOPSAIKA MO IEPEMEHHOH Z.
[ycte dymxmust [o(pi,p2,p1’,p2";0), onHcEBaiOmas CBOHCTBa HCXOMHOTO MyYKa JIA3epHOTO U3IyUeHHs Ha
wiockoctd OXY ¥ 3a/aromiasi OHO U3 TPAaHUYHBIX YCJIOBHHM ATt ncKoMo ¢yHkuuu [22(p1,p2,p1',p2"52), HIMe-
€T HeNpEePBIBHBIC YACTHBIC TIPOU3BOIHBIE 10 1-TO TOpsAKa (17 > 2) BKIFOUYUTEIBHO IO BCEM IIEPEMEHHBIM P 1,
P12, P21, P22, P11’s P12’, P21’, P22’. Torma ecTecTBEHHO UCKATh PEIICHUE KPACBOW 3aJ1aud JUIS HCXOIHOTO JH -
(epeHumanbHoro ypaBueHus g GyHkiuuu [o(p1,p2,p1',02';2) B Kilacce GyHKUUN, KOTOPBIE UMEIOT HEempe-
PBIBHYIO IIPOHM3BOJAHYIO IO MepeMeHHOH z (z€[0, +o0)), HeNmpephIBHBIC YaCTHBIC MPOU3BOAHBIC A0 /-TO IIO-
psKa BKIIOYUTEIBHO TIO BCEM MEPEMEHHBIM P11, P12, ..., P21, P22’. IIpu 3TOM B KauecTBe BTOPOTO KpaecBOTo
yenoust st yHkumn I'ox(p1,p2,pi’,p2'iz) OGepem ouerky Iaa(pi,pa,pi’,p2'iz) = O(exp(—wo(|piltlp2lHp1 [+ [p2'),
KOTa XOTsI OB O/IHA W3 BEIIMYHH |pPil, |P2|, |p1'], |p2’| cTpeMuTcs k +oo (ykazaHHBIE BEIIIE ITyYKHA aBTOMaTHIe-
CKH yIIOBJICTBOPSIIOT 3TOMY YCJIOBHIO). B pamMKax ciermaHHBIX TOMyIICHUI MOTyYeHBl aHAJTUTHICCKUC TIPeI-
CTaBJICHUS JIJIsl YCEUEHHBIX CIIEKTPaIbHBIX XapakTepucTUK QyHKUuH [22(...) u camoil pyHKIMM.

AHaJTuTH4YecKHe npeacTaBiaeHus. MHTerpo-¢pyakironansHoe ypasaenue (13) u3 [21] umeer Bu:

U3 (0~ 2(y + )., ~ 2(y ~0).Ly2k 1 2) = exp(~f (@0 & v:2:6.0)
{F=§2(51,072,c, 7:0) 27k [jexp( /(o00,.8, 1:738.0) )2 (o, 0.8 v;kz'/z;a,a)df} = )

—exp(~/ (0,0, & 115 & 0)|T5 (0,058 1:0)- By (0, 0,8 1:5E a),
rae
£=2k"2,0, =0, + 2k '2(Y+§),0, =@, + 2k '2(y ),
O, =p,—p,.T,=p,+p, ,se{l2}u=1,-1,, p=1,+71,,
p, =2" ((01 +2’1(u+p)), p,=2" (co2 +2’1(p—u)), (3)
pi =27 (27 (u+p)-e),  pp=2"(2"(p-u)-o,),

c=0,-2 (1+§), 0=0, 2 (y-§);
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I, (0,0,,u,p;2) =Ty (p,p,.p1 5 32),

I (0.0,.67:2) = (20) 7 [ 21207 Texp (i((6w) + (v-p)) )¢ @

xI'3, (0, 0,,u,p;z)du,du, dpdp,;

2(0,0,8,7:k2'/ 2;6,0) = rwrw i (2K’ 2)[cos

(n-(o-0)))~cos{(n (o +0))) ]~

><{F_Ez(6,9,C—w;k%’/ 2)—gcos((n-@)) T3, (0,0,6 ;K2 / 2)}dn1dn2, 5)
‘l:(ﬂlanz),
flono, ¢ V;Z;é,a) L)%l(ml —2(+8).0, (- 0)ikE"/ 2 a) ', ©)

7 (6’,6’,1(2” /2; E_,,a) 87cff<1) (q,k”’ / 2) X (0',9';q; E_,,a) dq,dq,,

o (v+9). 9’:")2_2”(7_3;)’ q=(49),
Xl(G”e';qiﬁ“)=1+§cos{(q;)jcos (q'(c;gl))

—Cos
2

M &cos{(q;a)]+c05 (q-(G'—O'))
2 2

Oyukmusa D:°(q;z) = constd,(q;z), e GyHkius Dg(q;z) UMEET CMBICI CIEKTPATbHOW IUIOTHOCTH
(IIyKTyaluii QMAIeKTPHYECKON IPOHALIAEMOCTH € BO3YXa, KOTOPAs C YYETOM COOTHOLICHHS 7 = g Hero-
CPEICTBEHHO CBSI3aHA C IIOTHOCTHIO (MIIYKTyalluil moka3aress MmpeaoMiieHus 7 (const eCTh MOJI0KUTEIbHOE
YHCII0, KOTOPOE Ompesensercss BeioopoM (opM 3amucu mpsMoro U obpatHoro mpeoOpaszoBaHuii Dypbe).
Beipaxenust tumna (a-1) B (4)—(6) 0003HaYarOT CKaJIIPHOE MPOU3BeaeHHe BeKTOpoB a u l. dynkims ®:°(q;z)
yaoBieTBopsieT paBeHCTBY D.°(q;z) = @:°(—q;z), KOTOpOE aBTOMATHYECKH BBIMIONHACTCS, KOTIa
D:°(q;z) = D:°(|q;z). OT™METHM, YTO BETHYMHA z U KOMIIOHEHTHI JBYMEPHBIX BEIICCTBEHHBIX BEKTOPOB ®1,
2, U, p, p1, P2, p1’, P2, T, T2, B, ®,, C, 0, &', O, & UMEIOT pa3ZMEPHOCTH JUTHHEL [L], a KOMIIOHEHTHI BEK-
Topos &, ¥, q — pasmeprocts [L71].

B (2), (5) u (6) BenmuunHa & 1 KOMIOHEHTHI O, 012 BEKTOPA O SIBJIAIOTCSA MPOU3BOJIBHBIMU BELLIECTBEH-
HBIMH YHCJIaMH, OT KOTOPBIX pelleHue ypaBHeHH (2) He 3aBUCUT. OJJHAKO OT JAHHBIX “BUPTYaNbHBIX Ia-
paMeTpoB MHBAPHAHTHOTO TOTPYKEHUS 3aBUCST 3HAYCHUS WICHOB, BXOMALINX B IPABYIO YacTh WHTETPO-
(YHKIMOHAIEHOTO YpaBHEHUS (2). DTH mapaMeTphl MPH OTHICKAHUH MPUOIIKESHHBIX HITH ACHMIITOTHYSCKIX
AQHAJIUTUYECKUX PEIICHUH JaHHOTO ypaBHEHUs cleqyeT OpaTh TaKUMH, YTOOHI B (2) MOAYJb KOMILIEKCHO-
3HauHOM ¢yHKuMU g(6,0,0,v;kz'/2;E,0) NpUHMMAT 3HAYEHHs, CYNIECTBEHHO MEHBIIHME IO CPaBHEHHIO

C MOJyJIeM JaHHOH (pyHKIMM, KOTJa mapaMeTpsl &, o He Henonb3ytoTes, T. €. § =0 u a = 0 = (0,0).
[omoxxum E=1 m aa=0 B (2). Torma ¢ yuerom (3), 4eTHOCTM KOcHHYyca, paBeHcTBa M.°((;z) =
= @¢(—(q;z) ¥ B CHITy CYIIECCTBOBAaHMS PAaBHOMEPHO OTPAaHMYCHHBIX W HENPEPHIBHBIX YACTHBIX IMPOU3BOIHBIX

IIEPBOTO U BTOPOTO MOPSIKOB OT KOMIUIEKCHO-3HAYHON QyHKimu [,(6,0,8—n,y;kZ'/2) mo BemecTBeH-

HBIM TIEpEMEHHBIM (11, 12) YpaBHEHHE (2) MOXKHO IIpeoOpa3oBaTh K BUIY

F=;2(‘913(°2»C»Y;k5/2) =eXp(—f(CE,OTZ,C,Y;E;LO))F:EZ(UI,OTz,Cy 7;0)—31(071,@»5,7;2), (7)
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By (01,5, 132) =22k [jexp (£ (0,1 & 1:551.0) = £ (.0, & 1:251,0) ) x
+00+00

<[ [@, (2mkz'/ 2)[cos((n (o- 0)))—c0s((n (o+ 9)))] x (8)

—00—00

1 x ~ o ~
X[EdiA I (6,9 R WA /2)}1‘110"12 ) (0‘)1: 0.5, 'YQZ;LO)-

3nece 6=, — (2 - 2')(7 + C); =0, - (2 - Z’)(y - C) ;o Nt = (nf,n?) =cn (Oe3pa3sMepHBI TIapaMeTp
ce(0,1)); d iA (...) — nuddepeHmnan BTOPOTO TOpPsSAKA OT KOMIUIEKCHO-3HAYHOW  (DyHKIMH

N3

| (0,9,2; -0, yikE'/ 2) 0 TIEPEMEHHBIM (nf,n?) B HEKOTOPOH “Touke” N® = (c11, cnz). Jannsii qudde-

peHIman ¢ yyerom onpenenennit yuxmuii '5,(...),T5,(...) 1 OHEKTUBHBIX CBA3CH MEKIY Pa3IHYHBIMH Be-
muarHamu (cM. Gopmyitsl (3) u (4)) MOKHO BBIPA3HUTh Yepe3 YEThIPEXTOUCUHYIO (DYHKITUIO KOrepEHTHOCTH
Ioa(...):

diAF=§2(6,9,C—nA,y;kE’/2):

| Jewltr-0)} T (09 expli((@-ens)oy)abiars » )

XTT exp{4i(y . x)}lﬂ22 (A1, AL, Ay Ay kZ' ] 2)dxydx,,

—00—00

e Ay =X +27(0, -0, +y +E =) +0), Ay =x+27 G- ) (Y-8, Ay =x+27 (Y~ 0, —0, — (-2 x

XY +0) Ay =x-0, -2 (F-2)(y-0).

Monyns dynkumu g(...) B ypaBHenuu (2), korna & = 1 u o = 0, paBeH MOJYJIIO ABYKPaTHOTO HHTErpaia
0 TIEpEeMEHHEBIM 1)1, M2 B popmyre (8), B koTopoil andepeHnnan BTOporo mopsiaka MpencTaBiIcH B BUIE
(9). ITosTOMY 3HAUYEHHE JAHHOTO MOJYJISl B CYLIECTBEHHOW Mepe 3aBUCUT OT (PYHKIIMOHAIBHOTO BUJA CIICK-
TpalbHON IUIOTHOCTH (I): (2n;k2'/ 2) W BEJIMYMH, CTOSIIIMX B KBaJIpaTHBIX CKOOKax B (8). OmnuiemM KpaTKo

PSI YCIIOBHH, TP BBINOJHEHUH KOTOPBIX MoIynb (yHkumn g(c,0,E,y;kz'/2;1,0) obpamaercs B HylIb WIH
MOXET NMPUHUMATEH IOCTaTOYHO Majble 3HAUEHHS IO CpaBHEHHIO co ciaydaeM & =0, o = 0. Bo-nepBrix, B
ypaBHeHUsX (2), (7) BTOpBIE cilaraeMble B IMPaBbIX YacTAX OOpalIalOTCA B HyJb IPU BBIMOJHEHUH JIFOOBIX
HETIPOTHBOPEUHBBIX YCIOBHIA:

c-0=1(c+0). (10)

IpumenutensHo k ypaBHeHuto (7) ycmoBus (10) cooTBeTcTBYIOT curyanusm @z =0, y =, ®; — npowus-
BOJIBHBIN JABYMEpHBIH BeKTOp; @1 =0, ¥ =—{, ®2 — NPOU3BOJIBHEIA IByMEpHBIA BeKTOp. [Ipn BEIMONTHEHUT

m060ro U3 9THX yciaoBui GyHKuus [5,(®,,®,,E,v;z) paBHa mepBoMy wieHy B npaBoil yactu (7). YcmoBust
TaKOT'0 POJIa MCHOJIb30BaHbI [21] A MOMydYEeHUS! TOUHBIX aHAJUTHYECKUX MPEJCTABICHUI /Ul HHTETPab-

HBIX XapaKTEePUCTUK YETHIPEXTOYCUHON (QYHKIIUH KOTSPEHTHOCTH. BO-BTOPBIX, /151 KOHEUHBIX 3HAYCHUHA Z
TIEPBBIC WICHBI B MPaBBIX YacTAX ypaBHEHUH (2), (7) ABISIOTCS TIIaBHBIMH YJICHAMH aCUMITOTHK s (pyHK-

n [,(...) (4epe3 Hee HeMOCPEACTBEHHO BBIPAKAIOTCS yCECUEHHbBIE CIICKTPAIbHbIC XapaKTEPUCTHKH (DYHK-

it T5,(...), Taa(...)) wns cnygaes: 1) @ — npou3BOIbHbINA BEKTOP, [02| — 0, |y — €| — 0; 2) @, — npowus-
BOJIBHBII BEKTOD, |@1| = 0, |y + | — 0. B-TpeTbux, B cuity (pakTH4ecKoi MonepeyHol orpaHHueHHOCTH MO-
JeTbHBIX U PeabHBIX Ja3epHHIX MyuKkoB [34, 35] n Hamuuus mMuHOxkuTeNns 27'(1) - y)* B IByKpaTHOM MHTETpa-
Je 1Mo nepeMeHHbIM (11, }2) B (9) U 10cTaTOYHO OBICTPOro yObIBaHHMSI HEOTPULATEIbHON BEIECTBEHHOM
byukmn @ (2n;k2'/2) npu Bo3pacTaHuu |n| (cM., Hampumep, [4, 10, 32]) MOXKeT MPOUCXOANUTH CyIIe-
CTBEHHOE YMEHBIIECHHE MOJYJISI BTOPOTO WieHa B MpaBoi 4yacTH (7) MO CpaBHEHHIO C CHUTyaluel, Korja
B ypaBHEHHH (2) BOBCE HE UCIONIB3YIOTCA “BUPTyalbHbIE” MapaMeTphl MOTPYyKeHHs & U o, T. €. Korna B (2)
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9THU TapaMeTpbl 3aMEHEHBI Ha HyJIb U HYJEBOW BEKTOp. I yKa3aHHBIX BBIIIE IIyYKOB MHTEIPUPOBAaHHE B
npaBoii gacTu (9), Mo CyTH, TOIKHO BBIITOTHATHCS TOJIBKO 110 YaCTH YETHIPEXMEPHOTO €BKINA0BA IIPOCTPAH-

ctBa Ry, eciut xoTs ObI 0MH U3 MoayJei |Ail, |Azl, |As|, |A4l, |A1—Az|, |A1 — As|, [A1 — A4, [A2 — A3, |A2 — A4,

|A3 — A4 s 3amannoro HaGopa (01,02, (Z—2'),y,6) Gonbiue a. Eciu BIMOIHEHO XOTs ObI OJHO M3 HEpa-

BeHCTB |A1 — A3| > a, |A2 — A4| > a, To mpaBas 4acTh (9) mpakTHIeCKH paBHA HYIIO, TAK KaK BEPHO MPHOIH-
JKeHHOEe paBeHCTBO [2(...) =~ 0. Hampumep, mis ciaydaes, korna @) = 0, @, = 0, § = 0, Y — mpou3BONBHBII
IBYMEPHBIH BeKTOp, Wik @1 = 0, @2 =0, y = 0, { — npou3BOIBLHEIN IBYMEPHEII BEKTOP, MOIYJIH |y| yIOBIIe-
TBOpsieT HepaBeHCTBY |y| < 2a. Ilpu HammumM orpaHuyYeHUi MOA00HOTO THIIA HA MOy |y| BennunHa Bi(...)
B IipaBoit yacty (7) MOXKET IPUHUMATh [0 MOIYIIO 3HAYEHUsI, CYIIECTBEHHO MEHBIIINE MOAYJIS BTOPOTO Clia-
raemMoro B mpaBoi 4yactH (2), koraa & =0 u o = 0. DTo moATBepKaaeT, YTO BeIMUMHa Bi(...) B ypaBHEHUHU
(7) MoXxeT OBITh MONPABOYHBIM CJIATAEMBIM K TIEPBOMY WICHY B €r0 MPaBOH YacTH, a camo (7) MOXKHO HC-

0JIb30BaTh JUISl TMOJYYCHHs Pa3IMYHBIX aHAIMTHYCCKHX MpeacraBieHuit (yHkuuid [, (...), [,(...),

I',,(...) . st 060CHOBaHMS JAaHHOTO YTBEP>KACHHS BHIIIOIHEHO CPaBHECHHE MOJYJEH BTOPOTO CJIaracMoro B

ypaBHeHuH (2) 1t cnyvaeB E=1, a =0 u £ =0, a =0. B xauecTBe MO/AEIHHOIO My4Ka UCIOIb30BAH KOJI-
JTUMHPOBAHHBINA TayCCOB MYyYOK C PaJMyCOM KOTEPEHTHOCTH, PaBHBIM OECKOHEYHOCTH, C HOPMAJIbHO pac-
MPENICIICHHBIM CITyJailHBIM TIOJIEM W 3aJlaHHOW KoppensnuoHHo# ¢ynkrmen I'11(...). @yrkmmsa I'»(...) Ha
TUIOCKOCTH, 3a/laHHON ypaBHeHueM z = 0, npejacrasiena B Buze [17, 19]:

Ty (P1,02,00:05:0) =T (p1,p1:0) Ty (P20 5:0) + Ty (p1,p5:0) Ty (P, 0150) (11)

Br100p Takoro MOJEIBHOTO My4YKa OOYCIOBJICH PSAOM MPUYMH: 1) OTHOCHTEIBHOW MPOCTOTON aHANIH-
THYeCKoro npencraBieHus: Gyakmun [22(p1,p2,p1',p2";0) Ui Hero; 2) B paMKax KBaJApaTHYHOTO MPUOIMKE-
HUSI CTPYKTYpHOU (DYHKINU TIOKa3aTels mpenoMiteHus GyHKIms [2:(...) coxpaHseT cBoi (pyHKINOHAIBHBIN
BUJI JUTA IPOM3BOJIBHBIX 3HAUEHHH Z; 3) BO3MOXKHOCTBIO peasM3allii 3HAUNTEIBHOM YacTu mpeoOdpa3oBaHuil
Y OIICHOK KPATHBIX MHTETPAIOB, BXOAAIHX B (2), (7)—(9), anamuruuecku. s nitoctpanuu 3QPeKTHBHO-
CTH CJICJIAHHOTO BBIOOpa “‘BUPTYaldbHBIX” MapamMeTpoB B (8) BBIMTOJHEHBI OIEHKH MOIYJSl OTHOIICHHS

B= By(@,, 0,,8, v;2;1,0)

BO(mls mz’ga "{;2;050)
CTaBJICHBI 3aBUCHMOCTH MOIYJIEH OTHOIIEHUH [ 0T 3¢p(pekTHBHOTO paanyca MOMEPEeTHOr0 CEUEHHsS TayCcco-
Ba IMy4yka b IS pa3iMyHbIX 3HaueHwi c. [Ipu 3TOM mpenrnonarajgock BBIMONHEHUE YCIOBUH: Lo = 241
|01 — 2| =2/ |01 + 02— 2z Y| =2.4491;; b= a/2 = 0.05[;70.6/r, lo= 0.04/); lo, Lo 1 [x — BHyTpeHHMIA, BHEIII-
HUH 1 TIonepeyHbIil MacTa0bl TYpOYJIEHTHOCTH COOTBETCTBEHHO [12]; /i monaranocs 0.08 M.

p
0.25r

st MopuumpoBaHHoro crnekrpa Kapmana [4] B cmyyae £ = 0. Ha puc. 1 npen-

0.20 - \ /
0.15F

0.10

~
N
~.
-~
~
.—-—"'-.'-.

0.05r 4

0- 4-_—1-.—-/-1"'"—-’ u T |

01 02 03 04 05 06 b

Puc. 1. 3aBucumocts Momyis B ot adpdekruBHOTO paanyca myuka b, ¢ =1 (1), 0.5 (2) u 0.2 (3)

W3 puc. 1 BUIHO, 4TO JUIsS BEIOPAHHBIX “BUPTYANbHBIX MapaMEeTPoB &, 0L U UCIIOJIB3YEMBIX OIPaHUYCH-
HBIX JIa3epHBIX My4KoB [12, 34, 35] cyuiecTByeT HEMyCcTOE MHOXKECTBO peasiu3yeMbIX BeJTHuuH Lo, lo, ©1, 02,
a, Z,Y, B paMKax KOTOpOTO OTHOIIEHHE [ 10 MOIYIIO IOYTH Ha MOPSIOK U OoJiee MeHbIIe enuHUIEL. C yde-
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TOM JTHX @aKTOB U TPUHATBIX BBILIC HOIQHHCHHﬁ OTHOCHUTCIIBHO HCXOJHBIX Moneneﬁ JIa3€pHBIX ITYYKOB

u3 (2) u (7) monydyaeM aHAJMTHYECKUE MPEICTABICHUS ISl YCEUCHHOHN CIIEKTPAIBHON XapaKTePUCTHKH (PyHK-
FX . .

i [ (o), 0,,u,p;2):

U5 (0,026 732) = T (0,05,6.752) = exp{— £ (0,06 1:51,0) T3, (0,0, 1:0); (12)

X

I, (")1:(‘)2’@,722) = F>2<2;1 (ml,mz,g,y;z) =1y (601,(02,@,7;2)—

—2nk3iem{—(f(51,03;,@,7;2;1,0)—f(a)vl,@,c,v;i';o))}di’x

+00+00

x [ [ @, (20" 2)[ cos(n-(o, -0, +2(2-)5)) - (13)

—00—00

~cos(n: (@, + @, + 22~ 2))) x| exp{-/ (,0,.L - 1,1: 51,0 x

XF=32(501072,C—1|,Y;0)—GXP{f(&T,OTZ,C,7;5’;1,0)}F=§2(50vp@,C,Y;O)}dmdnz'

[Ipu BeimonHeHnu mo60ro u3 ycnosuit (10) 3nak = B (11) u (12) MOKHO 3aMEHUTH Ha 3HAK PABEHCTBA.
OTMeTHM, 9TO apryMeHThI SKCTIOHeHT B (11), (12) HEMmoIoXUTENbHBIC, ITOCKOJILKY HMEIOT MECTO PABEHCTBA:

f((?)],(?)vz,t;,y;i;l,O) :%ﬁid;'fl_fio@: (q”;k?’ / 2)[sin (2_1 (q” - )) + sin(2_1 (q” TON ))T dqidqs,

S (01,0,,80:51,0) - / (0,0,,01:551,0) =
i ST S I P WP R N (14)
=T!dz J’iwj'iwd)g(q ikz /2)[sm(2 (q ¥O ))+sm(2 (q TO% ))} dqidgq;,

e O =0, +(Z-Z") Y+, 0 =0, +(Z-2")(y—) . ©opmynsl (14) noay4eHbl IEMEHTAPHBIMU TIPe-
obpazoBanusiMu GyHkK f(®,,®,,E,v;4;1,0), B KOTOpOii aprymeHT A paBeH z win z' (z €[0,Zz ]).

Cootnomenus (11)—(14) MOXXHO MCTIONB30BAThH IS HAXOXKACHHUS Psla aHAJTUTUYECKHX IpelcTaBlie-
HUH I yCeUEeHHBIX CIEeKTPaIbHBIX XapaKTepHCTUK GyHKIWHA ['2:(...), a Takxke camoit GpyHkmmu. s umro-
CTpallM¥ YTBEPXKICHHS 3alUIIeM MPOCTCHIINE aHATUTUYECKUE MPEICTAaBICHUS TaKOTO poJlia, KOTOPHIC B
paMKax OIMCAHHBIX NOMYyIIeHUH Mmoiy4deHbl Ha ocHOBe (11). B WacTHOCTH, MMEIOT MECTO aHATUTHUYECKHUE
IPEACTaBICHHUS:

+00+00+00+00

[ 1T Jexp{l((vy=8)-x)+ (Y +8) - YIS, (¥, X,y —a,x —b; z) dx,dx,dy,dy, =

—00—00—00—00

+00+00+00+00

= exp|-27'Z( = (v-0))ifexpi=} [ [ ] Jexpllr-00+(r+0)-y)h » (15)

xI'y, (y +27! zZL, x,y—a— 27! zy, x—b-— 2_12(7 - Q);O) dx,dx,dy,dy,,

~+00+00+00+00

Ty (P02, Py —2, P, —b;z)z(l/l6n4) 17 _[exp{—((m.pz)+(n-pl))i} exp {4} x

—00—00—00—00

~+00+00+00+00

xexp{(—4~' z((m-m) + (m-m)i}dmdmydndn, | | | [exp{((m-x')+(n-y"))i} Hadxidxidyidys.

3mece §) oGosHaueHa ¢yHkims [, (y’—4_12(n—m),x’,y’—4_12(n+m)—a,x'—2_12m—b;0), a moj
CHMBOIIOM Ao TOHUMAETCSI BBIPAKCHIE
TCkS Z ® oo ° I . -1 1/~ ~
——Jdz"|_|_ @ (q"kz"/2)[sin(27 (q"(a+27 (Z2-Z")(y +Q) )|+
3 AT (ke 2] tsin 27 (-2)(r+0))) .
+ sin(z-‘ (a"+27 (- 2")(y~¢) ))]2dq{'dq§ :
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a 1 b — npou3sBOIbHBIE JBYMEPHBIE BEKTOPHI, Kax/las KOMIIOHEHTa KOTOPBIX UMEET pa3MepHocTh [L];
m = (mi, m2), n = (n1, n2); BemuInHa A| 3aJlaeTcs MPaBOi 4YacThio BhIpakeHUs (16), B KOTOPOM BEKTOPBI
v+ € uy—  3amMeHeHbl Ha BEKTOPHI N X M.

3akmouyenne. Ananmutudeckue npeacrapineHus (11)—(16) 06001maT U KOHKPETH3UPYIOT PE3yJIbTaTHI,
ToJTydeHHbIE B [21], ¥ TIO3BOJISIFOT B SIBHOM (TOYHOW MM MPUOJIMKEHHOM) aHAUTHIECKOH (hopMe HAXOIUTh
BaXXHBIE BEJIMYMHBI, OMUCHIBAIOLINE CTaTUCTHUYECKHE XapaKTEPUCTUKU OTPAaHMYEHHBIX MYYKOB JIA3€PHOTO
U3JTyYeHHS, PaclpoCTPaHIIOMUXCS B TypOyneHTHOH atMoctepe 3emin. B wacTHOCTH, HA OCHOBE MOJYUCH-
HBIX aHAJIUTHUYECKUX MPEACTABICHUH MOKHO HAaWTH YCEUEHHBIE CIEKTPAJIbHBIE XapaKTEPUCTHKH YEThIpEX-
TOYEYHOH (PYHKIIMU KOT€PEHTHOCTH, €€ caMy M MHJeKC MepuaHuil [10] uid KOHKPETHBIX TUIIOB MOJEIBHBIX
MyYKOB. DBPUCTUYECKUE HJIEH METO/a PEAYKIIMHA OOIIMX COOTHOIIEHHH WHBAapHaHTHOCTH [25, 27, 29], uc-
mob30BaHHbIe B [21] mpu BBIBoAe ypaBHEeHHs (2), MO3BOJISIOT MONMydYaTh pPa3IMYHBIC AHAIOTH JTaHHOTO
ypaBHEHHUS] Ha OCHOBE MHBIX Pa3OMEHUIl W NpeACTaBICHUN cllaraeMblX, BXOIAIIMX B AuddepeHunanbHoe
ypaBHEHUE B YaCTHBIX MPOU3BOJHBIX BTOPOTO MOPSAIKA JUISl YETHIPEXTOUEYHOH (PYHKIIMH KOT€PEHTHOCTH.
OTO pacmupseT BO3MOXKHOCTH IOWCKa 00Jee TOYHBIX AHAJUTUYECKUX INPEICTABICHUH U YCCUCHHBIX
CHEKTPaJIbHBIX XapaKTEPUCTHUK YETHIPEXTOUYEHYHOM (PYHKLUMU KOTEPEHTHOCTH M ee camoil. Ilpemiaraemsiii
HOJXO]] AOIMyCKaeT 0000IIeHNEe Ha CIIydail CTATUCTUYECKUX MOMEHTOB JII000T0 HOPSIKa U TTO3BOJISIET MOTY-
9aTh TOYHBIC W NPUOIKEHHBIC aHATUTHYCCKAE TIPEICTABICHUS IS HUX.
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