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H. II. Mo:xeit
Benopycckuii rocy1apcTBEHHBI YHUBEPCUTET MHPOPMATUKH U PAIHONIEKTPOHUKA

COBEPHIEHHBIE AJITEBPBI TOJIOHOMMHA TPUBUAJIbHBIX CBA3HOCTEM
HA OJHOPOJHBIX ITPOCTPAHCTBAX PASPEHIMMBIX I'PYIIII JIX

Bo BBenennn ykasan oObeKT UCCIeJOBaHNS — allreOpbl ToJIOHOMUH a)pUHHBIX CBS3HOCTEH Ha OJTHOPO/I-
HBIX TpocTpaHcTBax. OnpeIeicHbl OCHOBHBIC MIOHSTHS: HHBapUaHTHAsS aGUHHAS CBI3HOCTh, TCH30D KpyUe-
HUS1 M TEH30p KPUBH3HBI, alireOpa roloHoMuH. Llenbro taHHoi paOoThI SIBIISIETCs JIOKaIbHAs KiacCH (UKL
TPEXMEPHBIX OZHOPOJHBIX MPOCTPAHCTB, AOIYCKAIOIIMX TOJIBKO TPUBHAIBHYIO ah(GUHHYIO CBA3HOCTH C CO-
BEpIIICHHON anreOpoll TOJOHOMHH. PaccMOTpeHBI MPOCTPAHCTBA, Ha KOTOPBIX MEHCTBYET pa3permmast
TpyIIa Ipeodpa3oBaHuil. B 0OCHOBHOI YacTi pabOThI MPUBEICHO JOKATHHOE ONHMCAHNE TPEXMEPHBIX OTHO-
POJHBIX IPOCTPAHCTB, HA KOTOPBIX ICHCTBYET pasperinmMast rpyIa npeodpa3soBaHHmii, JOITYCKAIOIIUX TOJIBKO
TPUBHAJIbHYIO a)UHHYIO CBSI3BHOCTB C COBEPIICHHOH alreOpoii rOJIOHOMHM, YTO SKBUBAJIICHTHO OIHCAHUIO
COOTBETCTBYIOIIMX 3P (EKTUBHBIX map aireop JIn. OnucaHbl B SIBHOM BUJIE TEH30PbI KPHBU3HBI U CAMH CO-
BCPIICHHBIC anre6p1>1 TOJIOHOMHH YKa3aHHBIX CBSI3HOCTEH. I/ICCJ’IC}IOBS.HI/IS[ OCHOBAHbI Ha HUCIIOJIB30BAHWH
cBoiicTB anredp JIu, rpymi JIu 1 OJHOPOIHBIX MTPOCTPAHCTB M HOCAT, TIIABHBIM 00pa3oM, JIOKTbHBIN Xapak-
Tep. OcOOEHHOCTRIO METOIOB, MPEICTABICHHBIX B paboTe, SBIACTCS NPHMEHEHNE YHCTO aIreOpandecKoro
TI0/IX0/1a K OTMCAHUIO MHOT000pa3nii M CTPYKTYp Ha HUX, & TAKXKE COYETAHNUE PA3JIMIHBIX METOJIOB T de-
PEHIMATBEHON T€OMETPHH, TEOPHH TPYII 1 anredp JIu u Teoprn 0JJHOPOHBIX IIPOCTPAHCTB.

KaioueBsie ciioBa: aiareOpa rolloHOMUH, OHOPOIHOE IIPOCTPAHCTBO, IPYIIIA MpeoOpa3oBaHuid, ad-
(MHHAas CBSI3HOCTD, TEH30P KPHBU3HBI.
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PERFECT HOLONOMY ALGEBRAS OF TRIVIAL CONNECTIONS
ON HOMOGENEOUS SPACES OF SOLVABLE LIE GROUPS

In the introduction, an object of research is indicated — the holonomy algebras of affine connections
on homogeneous spaces. The basic notions, such as an invariant affine connection, torsion and
curvature tensors, a holonomy algebra are defined. The purpose of the work is the local classification
of three-dimensional homogeneous spaces, admits the trivial affine connection perfect holonomy
algebra only. We have concerned the case of the solvable Lie group of transformations. In the main
part of the work a local description of three-dimensional homogeneous spaces, admitting only trivial
affine connections with the perfect holonomy algebra, on which an solvable Lie group of
transformations acts, is given. It is equivalent to describing the corresponding effective pairs of Lie
algebras. The curvature tensors and the perfect holonomy algebras of the indicated connections are
described explicitly. Studies are based on the use of properties of the Lie algebras, Lie groups and
homogeneous spaces and they mainly have local character. The peculiarity of techniques presented in
the work is the application of purely algebraic approach to the description of manifolds and structures
on them, as well as compound of methods of differential geometry, the theory of Lie groups and
algebras and the theory of homogeneous spaces.

Key words: holonomy algebra, homogeneous space, transformation group, affine connection,
curvature tensor.

For citation: Mozhey N. P. Perfect holonomy algebras of trivial connections on homogeneous
spaces of solvable Lie groups. Proceedings of BSTU, issue 3, Physics and Mathematics. Informatics,
2022, no. 2 (260), pp. 21-25 (In Russian).

Beenenue. MuorooGpasue 001agaeT coBepILcH-
HOH TPpyIIOi TOJIOHOMHUH, €CIU BCS aJIreOpa rojoHo-
MHH HOPOKAAETCS TOJIIBKO ONEPaTOpaMH KPUBU3HBI.
HccnenoBanust CTPYKTYpbl KPUBH3HBI MHOT00Opa-
3 ¢ COBEPLICHHOH TPYIIION rOJIOHOMUU IPOBOIH-
Jch, Hampumep, B padorax [1-3]. C ommcanuem

anreOp TOJIOHOMHMHU TPUBHAIBHBIX CBS3HOCTEH Ha Ofi-
HOPOAHBIX ITPOCTPAHCTBAX C Pa3PEILIMMBIMHU IPYIIIAMH
peoOpa3oBaHHU MOYKHO O3HAKOMHTHCS B CTaThe [4],
LENBI0 K€ JaHHOW paloThl SBISETCS OIpeese-
HHeE, [P KaKUX yCJIOBUSX anreOpa roJloHOMHUH SIB-
JsieTcsl COBEpIIEHHOM. B craThe paccmarpuBaroTcst
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CoBepIrieHHBIC anTeOpsl TOJOHOMHH TPHUBHU-
AJBHBIX CBA3HOCTEH MPEICTaBIEHBI B Ta0m. 1.

Tabmuma 1
CosepuieHHBbIC a1re0pbl FOJI0HOMHH
Hapa cosorou
5.10.2, 4.11.4, 4202, 4212(A#1),| (0 0 p
3.89, 3132 (u#0,1/2,1/4), 3134, |0 0 0
3.142, 3.19.16, 3.204 (A#0,1/4),{ 0 0 0
3.20.5(w=#1/2), 3.23.2, 3.27.2, 2.8.6,
293u=0,1/2,1/4),2.16.2
0 0 0
4.8.10 0 0 p
0 0 0

B tabmune pe R . Ecnu Ha mapameTrps! Hakia-
JIBIBAIOTCS JIOTIOJTHUTEIBHBIE YCIIOBHS, TO OHHU 3a-
MMUCHIBAIOTCS B TAOJIUIE YMHOKEHUS, B IPOTHBHOM
cilydae TpearnojaraeTcs, 4To MapaMmeTpsl mpode-
ratotr Bce R.

Jlokasamenocmeo. Anredpsl TOIOHOMHUHU TpPH-
BHAJBHBIX CBA3HOCTEH HA OJHOPOIHBIX MPOCTpPaH-
CTBaX C pa3pelIMMBIMU I'PyTIIaMy PE0Opa30BaHU
ommcansl B padore [4]. Ompenmenum, mpu KaKux
YCIOBUSIX anrebpa TOJOHOMHUH SBIISETCS COBEp-
LIEHHOM.

Paccmotpum, Hanipumep, ciydaii 3.23, rae

Xy z
g= Ax y A#Lx,y,ze Ry,
2A-1)x

Bazuc nopanredpsl BeIOMpaeM, MpuaaB OHOHN 13
JIATHHCKHUX NEPEMEHHBIX 3HaYeHHe 1, a OCTaJIbHBIM —
0, Hymepanusi 0a3HCHBIX BEKTOPOB COOTBETCTBYET
andasury.

Ecmn A=1/2, o mmbo mapa (g, g) TpUBHAIBHA
(T.e. cymecTByeT KOMMYTAaTHUBHBIA HIeal m
aireOpsl JIu g, Takoi, uro g @® m =g ), Toraa oHa
JIOITYCKaeT TOJIKO TPUBHAIBbHYI0 ahPUHHYIO CBS3-
HOCTh C HYJIEBOW KPHBHM3HOW, HYJEBOW anreOpoi
TOJIOHOMUH W HE BXOIWT B pPacCMaTpPHBAaEMBIA B
pabore Kiacc, MO0 CBSI3HOCTH HE SBJISIETCS HYJIEBOMH,
a mapa TaKkKe He BXOJIUT B pacCMaTpUBaeMBId B
pabote knacc. Ecimm A #1/ 2, To nmapa S5KBHBaJICHTHA
TPUBHAIBHON Tape (CBSI3HOCTH Ha ITOM mape, TEH-
30pbl KPUBHU3HBI W KPy4eHUs, anreOpa TOJIOHOMUN
HyJIeBBIE ), KPOME CITyJaeB, yKa3aHHBIX HIKE. B ciry-
yae A=3/5 mapsl (g, g) u 3.23.2 SKBUBAJICHTHBI.
Cesi3HOCTh Ha mape 3.23.2 u ee TeH30p KPydUeHUs
HYyJICBBIC, TEH30P KPHWBHU3HBI BBITMCAaH B TaOI. 2.
Anre0pa, HOPOKACHHASI MHOXECTBOM R(u;,u ;), T. €.
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V= {[A(X), A(y)] - A([X, y]) | X,V € ﬁ} »  COBIAIACT
¢ anreOpoil TomoHOMHUM (TakMM 00pa3oM, TpymIa
TOJIOHOMHNH COBeleIeHHa) u UMCCT BUMI, TPUBCIACH-
HEIA B Teopeme. B ciayuae A =3/4 mapa mubo Tpu-
BUaJIbHA, JTUOO HE JomycKaeT ad)(UHHBIX CBI3HOC-
teit. Eciin A = 0, To napa 0o TpuBHaIbHA, JTHOO0 HEe
SIBJISIETCS. PA3PEIIUMON U HE BXOJHT B pacCMaTpH-
BaeMBIii B paboTe Kiacc.

OcrajbHbIe CIIy4ad paccMaTpUBAIOTCS aHAalo-
THYHO.

Jpyrux TpexMepHbIX OJHOPOJHBIX IIPOCT-
PaHCTB C pa3peluMoil g, JONMYCKaIIIMX TOIbKO
TpUBHAJBHYIO a)GUHHYIO CBS3HOCTH C COBEPIICH-
HOW anreOpoil TOJIOHOMHUH, KPOME YKa3aHHBIX B
Teopeme, HeT.

Tabiuuna 2
TeH30pbl KPUBU3HBI
[Tapa Ten30p KpUBU3HBI
5102,4.114,4202, 4212 %1, /6 0 0\ (0 0 0
389, 3132 @#0,1/21/4,| 4 o ollo o o
3.13.4, 3.14.2, 3.19.16, 3.20.4 ’ ’
(A£0,1/4), 320.5(u=1/2), 3232, 0.0 0/10 00
3.27.2,2.8.6, 293 (U#0,1/2,1/4), 00 -1
2.16.2 000
00 0
00 0Y(0 0 O
000400 -1|,
000/l00 O
4.8.10
000
000
000

3akJirouenune. Takum oOpa3oM, HalJEHBI BCe
TPEXMEpPHBIE OJIHOPOJIHBIC TPOCTPAHCTBA, HAa KO-
TOPBIX JIEHCTBYET paspemmmas Tpyria npeoopa-
30BaHUH, JOIyCKAIOMIUE TOJIBKO TPHUBHAIHHYIO
apUHHYIO CBSI3HOCTH C COBEpIICHHOH anreOpoii
TOJIOHOMHH, YTO SKBUBAJICHTHO OIMCAHUIO COOTBET-
cTBYIOIINX Y ekTHBHBIX Map anreop JIn. Onucanbl
B SIBHOM BHJIC TCH30Pbl KPHUBHU3HBI U CAMH COBEp-
HICHHBIC aireOphl TOJOHOMHHU YKa3aHHBIX CBS3-
HOCTEH.

[Tosy4yeHHbIe pe3ysbTaThl MOTYT OBITh HCIIOJIb-
30BaHbI IPH UCCIIEJOBAHUU MHOTOOOpa3Hid, a TaKKe
MMETD MPUIIOKEHHS B PA3IUYHBIX 00JIACTSAX TEOMET-
puH, TOMOJNOTHHU, HU(dEpeHIIMANBHBIX YpaBHECHHH,
aHanm3a, anreOpsl, B 001Iel TEOPHH OTHOCHTEIIBHO-
CTH, B si/IepHOI (hu3nke, HU3KMKE JIEMEHTAPHBIX Ya-
CTHII M IPYTHX, TIOCKOJIbKY MHOTHE (DyHIaMEHTalIb-
HBIC 33]]a4H B 9THX 00JIaCTSAX CBSI3aHbI C U3y4YCHUEM
OJTHOPOJIHBIX MPOCTPAHCTB M CTPYKTYP HA HUX.
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