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Â äîêëàäå ïðåäñòàâëåí ïîäõîä äëÿ ïðîåêòèðîâàíèÿ îáðàòèìîãî öåëî÷èñëåííîãî óìíîæèòåëÿ êâàòåðíèî-

íîâ íà êâàòåðíèîí-êîíñòàíòó â àðèôìåòèêå ñ ôèêñèðîâàííîé òî÷êîé, îñíîâàííûé íà áëî÷íî-ëåñòíè÷íîé

ñòðóêòóðíîé ïàðàìåòðèçàöèè ìàòðèöû M± (·). Ëåñòíè÷íûå øàãè áëî÷íîé-ëåñòíè÷íîé ñòðóêòóðû âû-

ïîëíåíû íà îñíîâå àïïðîêñèìàöèè ìàòðèöû âðàùåíèÿ Ãèâåíñà, ðåàëèçîâàííîé ñ èñïîëüçîâàíèåì ìîäèôè-

öèðîâàííîãî CORDIC-àëãîðèòìà èçâåñòíîãî â ëèòåðàòóðå êàê CORDIC-II. Ïðåäëîæåííàÿ ñõåìà óìíî-

æèòåëÿ ìîæåò èñïîëüçîâàòüñÿ â ñèñòåìàõ L2L íà îñíîâå ïàðàóíèòàðíîãî áàíêà ôèëüòðîâ â àëãåáðå

êâàòåðíèîíîâ (Q-ÏÓÁÔ). Ïðèâåäåíû àïïàðàòíûå çàòðàòû äëÿ ÏËÈÑ ñåðèè Xilinx Zynq-7000.

Ââåäåíå

Àëãåáðà êâàòåðíèîíîâ H [1] ÿâëÿåòñÿ àññî-
öèàòèâíîé íåêîììóòàòèâíîé ÷åòûð¼õìåðíîé àë-
ãåáðîé H = {q = q1 · 1+ q2 · i+ q3 · j+ q4 · k}, ãäå
îðòîãîíàëüíûå ìíèìûå ÷àñòè îïðåäåëåíû ñëåäó-
þùèìè áëî÷íî-äèàãîíàëüíûìè ìàòðèöàìè ÷åò-
âåðòîãî ïîðÿäêà 1 = [ I 0

0 I ], i =
[

0 I
−I 0

]
, j =

[
E 0
0 −E

]
,

k = [ 0 E
E 0 ], ãäå I2 = [ 1 0

0 1 ] è E =
[

0 1
−1 0

]
óäîâëåòâî-

ðÿþò óñëîâèþ E2 = −I2. Ñîïðÿæåííûé êâàòåð-
íèîí îïðåäåëÿåòñÿ ïî àíàëîãèè ñ êîìïëåêñíûìè
÷èñëàìè q = q1 · 1 − q2 · i − q3 · j − q4 · k, òà-
êèì îáðàçîì â ìàòðè÷íîì âèäå ãèïåðêîìïëåêñ-
íîå ñîïðÿæåíèå áóäåò ñëåäóþùåå: q = Dc · q, ãäå
Dc = diag (1,−I3).

Åäèíè÷íûé êâàòåðíèîí |q| = 1 â ìàòðè÷-

íîì âèäå q, à êâàòåðíèîí p = [p1 p2 p3 p4]
T
â

âèäå âåêòîðà ñòîëáöà, îáîçíà÷èì ìàòðèöó îïå-
ðàòîðà ¾ïðàâîãî¿ óìíîæåíèÿ êâàòåðíèîíîâ q ·
p = M− (q) · p, èñïîëüçóÿ ñâîéñòâî êâàòåðíèîíîâ
î ãèïåðêîìïëåêñíîì ñîïðÿæåíèè â ìàòðè÷íîì
âèäå ìîæíî ïîëó÷èòü ìàòðèöó ¾ëåâîãî¿ qp =
DcM

− (q)Dc · p = M+ (q) · p. Íåèçìåííîñòü íîð-
ìû ñòðîê è ñòîëáöîâ ìàòðèöû M± (·) ïîçâîëÿåò
ñòðîèòü îáðàòèìûå ïðåîáðàçîâàíèÿ â àðèôìåòè-
êå ñ ôèêñèðîâàííîé òî÷êîé 1 .

I. Ëåñòíè÷íàÿ ôàêòîðèçàöèÿ

Ëåñòíè÷íàÿ ôàêòîðèçàöèÿ [2] ÿâëÿåòñÿ èç-
âåñòíûì ïðèåìîì ðàçëîæåíèÿ ìàòðèöû âðàùå-
íèÿ Ãèâåíñà R(θ) íà îáðàòèìûå øàãè, òàêèì ÷òî
Q(R(θ)) × Q(R(−θ)) = I2 , ãäå Q(·) � îïåðàòîð
êâàíòîâàíèÿ.

R(θ) =

[
cos θ − sin θ
sin θ cos θ

]
=

[
1 cos θ−1

sin θ
0 1

]
×

×
[

1 0
sin θ 1

] [
1 cos θ−1

sin θ
0 1

]
.

(1)

Îáðàòèìîå ïðåîáðàçîâàíèå ñ òî÷êè çðåíèÿ
àëãåáðû êâàòåðíèîíîâ ìîæåò áûòü îïèñàíî ñëå-

äóþùèì îáðàçîì:M± (q) ·M± (q) = Q(M± (q))×
Q(M± (q)) = I4.

Ìàòðèöà óìíîæåíèÿ êâàòåðíèîíîâ M+ (q)
ìîæåò áûòü ïðåäñòàâëåíà â âèäå ñëåäóþùåé
áëî÷íîé ñòðóêòóðû:

M+ (q) =

[
C(q) −S(q)
S(q) C(q)

]
,

C(q) =

[
q1 −q2
q2 q1

]
,S(q) =

[
q3 q4
q4 −q3

]
.

Ïðèíèìàÿ âî âíèìàíèå ñòàíäàðòíîå ëåñò-
íè÷íîå ðàçëîæåíèå ìàòðèöû âðàùåíèÿ (1), îáîá-
ùèâ åãî äî ÷åòûðåõ ìåðíîãî ñëó÷àÿ:

M+ (q) =

[
I2 F(q)
0 I2

] [
I2 0

G(q) I2

] [
I2 H(q)
0 I2

]
, (2)

ãäå âûðàæåíèÿ äëÿ F(q),G(q) èH(q) ìîãóò áûòü
ïîëó÷åíû îäíîçíà÷íî, ïðè óñëîâèè ÷òî îáðàò-
íàÿ ìàòðèöà S(q)−1 íå íóëåâàÿ: F(q) = (C(q) −
I2)S(q)

−1
, G(q) = S(q), H(q) = S(q)

−1
(C(q) −

I2). Áëî÷íî-ëåñòíè÷íàÿ ôàêòîðèçàöèÿ äëÿ ñî-
ïðÿæåííîãî êâàòåðíèîíà M+ (q) ïðåäñòàâëÿåò
ñîáîé îáðàòíûé ïîðÿäîê ëåñòíè÷íûõ øàãîâ F(q),
G(q) è H(q) ñ îòðèöàòåëüíûì çíàêîì [3].

II. Àëãîðèòì CORDIC-II

CORDIC-àëãîðèòì ìîæåò èñïîëüçîâàòüñÿ
äëÿ âðàùåíèÿ âåêòîðîâ íà çàäàííûé óãîë θ. Åãî
ïðèíöèï ðàáîòû îñíîâàí íà ðàçáèåíèè óãëà âðà-
ùåíèÿ íà ñóììó óãëîâ, âðàùåíèå íà êîòîðûå ðåà-
ëèçóåòñÿ ñ èñïîëüçîâàíèåì îïåðàöèé ñëîæåíèÿ è
ñäâèãà. Â àëãîðèòìå CORDIC-II [4] ïðåäëàãàåòñÿ
èñïîëüçîâàòü äðóãîé íàáîð óãëîâ äëÿ ïîâîðîòà
íà òðåáóåìûé óãîë, êîòîðûé ïîçâîëÿåò óñêîðèòü
ñõîäèìîñòü àëãîðèòìà. Ýòî ïðèâîäèò ê óìåíüøå-
íèþ êàê çàäåðæêè, òàê è êîëè÷åñòâà ñóììàòîðîâ
â àïïàðàòíîé ðåàëèçàöèè.

1Îïåðàòîð óìíîæåíèÿ êâàòåðíèîíîâ ïîçâîëÿåò ïîëó÷èòü ðàçëîæåíèå îðòîãîíàëüíîé ìàòðèöû 4 × 4
∀

A∈SO(4)
∃

|p|=1,|q|=1
A = M+ (p) ·M− (q) = M− (q) ·M+ (p), íåîáõîäèìîå ñâîéñòâî äëÿ ïîëèôàçíîé ìàòðèöû Q-ÏÓÁÔ.
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Âðàùåíèå íà óãîë θ ìîæíî ïðåäñòàâèòü êàê
óìíîæåíèå íà êîìïëåêñíûé êîýôôèöèåíò P =
C + jS, [

XD

YD

]
=

[
C −S
S C

] [
x
y

]
,

ãäå x+ jy âõîäíîé âåêòîð, à XD + jYD � ðåçóëü-
òàò âðàùåíèÿ, à C è S ýòî öåëûå ÷èñëà, êîòîðûå
ñâÿçàíû ñ óãëîì âðàùåíèÿ êàê

C = L(cos θ + εc),

S = L(sin θ + εs),

ãäå εc è εs � îøèáêè êâàíòîâàíèÿ, L � ìàñøòà-
áèðóþùèé êîýôôèöèåíò.

Â àëãîðèòìå CORDIC-II (ðèñóíîê 2) ïðèìå-
íÿþòñÿ ñëåäóþùèå óãëû âðàùåíèÿ:

� òðèâèàëüíûå óãëû (Trivial)
P0 = 1, P1 = −1, P2 = j, P3 = −j;

� äðóæåñòâåííûå óãëû (Friend angles), ïðè
âðàùåíèè íà êîòîðûå ìàñøòàáèðîâàíèå
îäèíàêîâî
P0 = 24 + j7, P1 = 20 + j15, P2 = 25;

� ðàâíîìåðíî ìàñøòàáèðóþùèå óãëû (USR
CORDIC ), ïðè âðàùåíèè íà äàííûå óãëû
ìàñøòàáèðîâàíèå ïî÷òè îäèíàêîâî
P0 = 128 + j16, P2 = 129;

� óãëû âðàùåíèÿ êëàññè÷åñêîãî àëãîðèòìà
CORDIC
P = 2k + j, k = 5, 6, 7;

� íàíî-âðàùåíèÿ (Nano-rotations)
P = 1024 + jk, k = 0, . . . , 8.

III. Óìíîæèòåëü êâàòåðíèîíîâ

Ðåàëèçàöèÿ êîìïîíåíò F(q), G(q) è H(q) èç
óðàâíåíèÿ (2) ìîæíî ðåàëèçîâàòü ñ ïîìîùüþ ïî-
ñëåäîâàòåëüíîãî ñîåäèíåíèÿ áëîêà CORDIC-II,
áëîêà ìàñøòàáèðîâàíèÿ íà îñíîâå ïðåäñòàâëå-
íèÿ CSD (Canonical Signed Digit) [5], áëîêà ïåðå-
ñòàíîâêè êîìïîíåíòîâ ðåçóëüòàòîâ âðàùåíèÿXD

è YD (óìíîæåíèå íà ìàòðèöó J2 = [ 0 1
1 0 ]). Àðõè-

òåêòóðà óìíîæèòåëÿ íà êâàòåðíèîí êîíñòàíòó íà
áàçå áëî÷íî-ëåñòíè÷íîé ôàêòîðèçàöèè ñ èñïîëü-
çîâàíèåì àëãîðèòìà CORDIC-II ïðåäñòàâëåíà íà
ðèñóíêå 1. Îïåðàöèÿ îêðóãëåíèÿ íå âëèÿåò íà îá-
ðàòèìîñòü ðåçóëüòàòà óìíîæåíèÿ ïðè ïðåäñòàâ-
ëåíèè âûõîäíûõ äàííûõ â ôîðìàòå W + 3.

IV. Ðåçóëüòàòû ïðîåêòèðîâàíèÿ

Îöåíêà ïðîèçâîäèòåëüíîñòè è ïîòðåá-
ëÿåìûõ ðåñóðñîâ ïðîâîäèëàñü â ÑÀÏÐ
Vivado 2021.2 äëÿ êðèñòàëà xc7z020clg400-1

ñåðèè Xilinx Zynq ñî ñòàíäàðòíûìè ñòðàòåãèÿ-
ìè ñèíòåçà, ðàçìåùåíèÿ è òðàññèðîâêè ïðîåê-
òà. Àïïàðàòíûå çàòðàòû è ïðîèçâîäèòåëüíîñòü
óìíîæèòåëÿ êâàòåðíèîíîâ äëÿ q = (4− 1i+3j −
2k)× 300.5 ïðèâåäåíû â òàáëèöå 1.

Òàáëèöà 1 � Àïïàðàòíûå çàòðàòû è
ïðîèçâîäèòåëüíîñòü óìíîæèòåëÿ êâàòåðíèîíîâ

Ðåñóðñû
Ðàçðÿäíîñòü (W ) [áèò]

12 10 8 6

LUTs 1191 999 836 635

FF 1355 1028 903 597

LUTRAM 78 66 54 42

Ëàòåíòíîñòü
[Òàêòîâ]

39 36 37 33

×àñòîòà (fCLK)
[ÌÃö]

215.05 219.78 243.24 248.49

CORDIC-II
xin

xout yout

yin

x(1)

x(2)

x(3)

x(4) +
+

y(1)

y(2)

y(3)

y(4)

y = qx

Scale (CSD)

J2

J2

Scale (CSD)

+
+

F(q)

CORDIC-II
xin

xout yout

yin

J2

Scale (CSD)

+
+

H(q)

CORDIC-II
xin

xout yout

yin

W

W

W

W

W+3

W+3

W+3

W+3

G(q)

Ðèñ. 1 � Àðõèòåêòóðà óìíîæèòåëÿ íà êâàòåðíèîí
êîíñòàíòó (îïåðàöèÿ îêðóãëåíèÿ îáîçíà÷åíà ◦)

V. Çàêëþ÷åíèå

Ïðèìåíåíèå ðàçëè÷íûõ òèïîâ âðàùåíèÿ â
àëãîðèòìå CORDIC-II, ïîçâîëÿåò îáåñïå÷èòü áî-
ëåå âûñîêóþ òî÷íîñòü àïïðîêñèìàöèè ìàòðèöû
Ãèâåíñà äëÿ áëî÷íî-ëåñòíè÷íûõ êîìïîíåíò F(q),
G(q) è H(q), ïðè ñîõðàíåíèè ñâîéñòâà îáðàòèìî-
ñòè îïåðàöèè óìíîæåíèÿ êâàòåðíèîíîâ.
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±180° ±45° ±10.3° ±3.56° ±1.79° ±0.89° ±0.45° ±0.03°

Trivial Friend angles USR CORDIC CORDIC CORDIC CORDIC Nano-rotations

P0=1 
P1=−1 
P2=j
P3=−j

P0=24 + j7 
P1=20 + j15 
P2=25

P0=128 + j16 
P2=129 P=32 + j P=64 + j P=128 + j P = 1024 + jk

k = 0, ..., 8

Ðèñ. 2 � Àðõèòåêòóðà àëãîðèòìà CORDIC-II
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