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Spin 3/2 Particle in External Uniform Magnetic Field, the Method of Projective Operators

In the present paper, an algebraic method for solving the system of equations describing the spin 3/2
particle in the presence of uniform magnetic field has been elaborated. The method is based on decomposition
of 16-components wave function with transformation properties of vector-bispinor in the sum of four constitutes,
which are determined by four projective operators. With the use of formalism of elements of complete matrix algebra

the system is transformed to the form, in which only projective constituents ‘¥',,,(X), V'3, (X) enter. This system

of equations is transformed to cylindric coordinates. On the wave functions three operators are digitalized: of energy,
third projection of linear momentum, third projection of the total angular momentum. After separating the variables,

we derive 4 linked subsystems of equations for 16-component functions \¥',,,(r), ‘¥4, (r) . After performing needed

calculations, the problem reduces to four independent second order equations for four primary functions. These
equations are solved in terms of confluent hypergeometric functions, four different energy spectra are found.
Key words: spin 3/2 particle, magnetic field, projective operators, exact solutions, energy spectra.

YACTHUIA CO CIIMHOM 3/2 BO BHEITHEM MAT'HUTHOM I10JIE,
METO/ IPOEKTUBHBIX OIIEPATOPOB

B nacmosiwyeti pabome pazeum aneeOpaudeckuti Memoo aHam3a CUcmembl YPAasHeHuUll, ONUCHIBAIOWEl Yacmuyy
co cnunom 3/2 80 @HewiHem 00HOPOOHOM MacHumHoM nose. Memood octosan Ha paznodiceruu 1 6-KoMNOHeHmMHOU BOTHOBOU
DYHKYUU ¢ MPAHCHOPMAYUOHHBIMU CBOUICIBAMU BEKMOPA DUCNUHOPA 8 CYMMY 4-X COCMABISIOUIUX, KOMOpble ONpedeiis-
I0mcst OeticmeueM 4-X NPOeKmMUGHbIX ONepamopos Ha NoHyio onHogyio gyukyuio. C ucnonw3osanuem Gopmamusma
2NIEMEHMO8 NOJHOU MAMPUUHOU aneeOpbl U ceolicme mampuy J{upaxa cucmema ypasHeHutl npusedena K udy, Koeoa

6 Heil npucymcmeyem monvko 4 npoexmugnvie cocmaensiouue ¥ ﬂ,Z(X), Y 0 (X) Tlonyuennas cucmema ypasreHuil 3a-

nUcbIBaemcs 8 YUIUHOpU4eCcKou cucmeme Koopounam. Ha 6071HOBbIX QyHKYUAX OUALOHATUSUPYIOMC ONepamopbl
SHepeuU, mpemvell NPOeKyuu UMNYIbCa U mpemvell NPoeKyuu NOIHOo20 Yenosozo momenma. C yuemom coomeem-
cmeyroujell NOOCMAaHO8KU 075t B0IHOBOU (DYHKYUU U3 CUCEMbL YPAGHEHUL UCKTIOUAEMCsl 38UCUMOCHIb OM NePEMEHHBIX

(t,2,0), 6 pesywmame nomyuenvr 4 ceszanmvie Mmedicdy cobol noocucmemvl, 8 KOmopbvie eX00am 3a6ucAyue

om noasproii koopounamot ¥ gynxyuu ¥ +1/2 (r), Y i3/2(r). 3aoaua npusodumcs xk pazdenvhvim OugpeperyuarbHbim

VPAB-HEHUAM 8MOPO20 NOPAOKA Ol HEKOMOPBIX 4-X OCHOBHBIX (DYyHKYUU. Dmu ypasHeHus pewaiomecs 8 mepmuHax
BbIPOIHC-OEHHBIX cunepeeomempuyeckux Qyuxyuti. Ilonyuenst 4 paznuunsix cnekmpa sHepauil.

Knioueevie cnosa: vacmuya co cnunom 3/2, macHumHoe noie, NpoeKmugHble ONepamopbl, MOYHbLe PEULeHUs,
CneKmpbl IHepeUll.
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1. Initial equation and projective operators
The basic equation for the 16-component wave function has the form ([1-3], also see
[4-14])
(.o, +M)¥=0. 1)

Ml
The third projection of the spin operator is %, =—iJ,, =Y its explicit form is given
by the formula
Y= —i{% 1, ®1+1® (e )}, @)

where y , designates the Dirac matrices, e“" stands for the elements of the complete matrix

algebra (e""),, =6,,6,,, obeying the following multiplication rule e“*e** = &, e“*. We can

verify that the minimal equation for the matrix Y has the form
2 1 2 9
-=)Y*-==)=0. 3
(Y 4)( 4) @)

The last equation permits us to define four projective operators

+.

P, =£(Y—l/2)(Y2—9/4), P =—1(Y +l/2)(Y2—9/2),
2 2 @)

Pan = (VI-LIAY =312), Py, =2 (Y2 -1/4)(Y ~3/2).

Correspondingly, the complete wave function can be decomposed into the sum of four
constituents

PpV=Y_p, Pp,V=Y,, Psp,¥Y=V,, Ps,Y=Y,,,

_ (®)
\P—1/2 +1P+112 + LP+3/2 + LI1—3/2 - \P
We will study the basic equation (1) in presence of the uniform magnetic field
B=(0,0,B), A:—%sz, A :%Bxl, A, =0, A =0.
In the cylindric coordinates (r,¢,z) the basic equation reads
0 sing 0
(I,0,+I,0,+M)¥Y + (COS¢§_T¢8_¢)F1\P+
.0 C0S¢ O ieB . ieB
+6Sing—+———),¥Y+—rsingl",¥ ———rcosgI,¥ =0. 6
(¢6r r6¢)2 > P - o1, (6)

With the use of projective operators (5), we can transform eq. (6) to the form of four
linked equations in which only projective constituents enter (for shortness we perform
the change in notation e B — B):

g0 10 .
([30, +1,0, + M)¥ 5, +2e ¢{5_Fa_¢}(rl +ID)W g, +
1 ,,0 i0 . 1,0 i0 .
+2e L L Y[, +iT,)P,y, — = e+~ LN, —iT,) P, —
T R e (LR

H —i H B —i - B i .
—iBe ([, +il,) ¥ 4 -7 Y[, +iC,)Y ., —Zre¢’(r1—|r2)\1¢3,2 =0, (7
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(I',0,+T,0, +M)‘P

,|¢ _
{ ¢}(F +HIT)Y 5 + 2 5
1

e|¢( +__)(F —il,)Y 5, +
or

¢

+—e"¢(————)(1“ +ill )\Pm+2e'¢( +——)(r —iC)Y ., +

2 or rog¢
3. i . 1
+—Bre (I, +il,)¥Y ,,+—B
2 4
1

rog
rei¢ (rl - irz)lP+3/2 -

2 Bre ([, +iT,)¥_,, + Bre™ ([, —il,)¥ ,, =0, (8)

(FBaB +r4a4 + M )\IJ 1/2

4,0 10 : 1, .
+2¢ ¢(§_F_)(F1+IF2)\P+3/2+_e¢( I’+__)(F Irz)\PJrl/z_

o 2 8¢
_3ei¢(ﬁ+li)(r1—irz)‘{' 22 +1e*‘¢( ———)(F i)Y 5, —
or rog T2 or rog
—Bre (', +iT,)¥ ,,, + '¢(F —i,)Y,y, -
3 . . Br

- Bre' ([, —il,)¥ 4, ——
1.
(F?)aS +Fﬂa,u + M )\P—3/2 _Ee ¢( r

1, . i
Ee¢( r+——¢)(1“ —ilr,)¥Y_,, + 26"

+% re? (T, +iC)W ,, + % re (I, —iTl,

We will use the following substitution
of operators of energy, linear momentum along the
tal angular momentum)

— AlPgX%g LiPgXs Ji(M-3/2)¢ — AlPg%y AiPgXs i(m-1/2)¢
LP+3/2 =e e 3 € f+3/2(r)’ \P+1/2 =e e 3 € f+l/2(r)’

— AP4Xy AIP3X3 Ji(M1/2) ¢
Y, =e e % f ), Y,

e (I, +Ii0,)W 4, =0, ©)

———¢)(F i)W g +

(a + T a—¢)(rl —iC,)Y 5, +

Y_,, +Bre¥ (I, —il,)¥_,, =0. (10)

s (they correspond to diagonalization
axis X,, and the third projection of the to-

g%, (103X3 i(m+3/2)¢ (11)
=€ el f a2 (1),

where f_,(r),f.,,(r) stands for 16-component radial columns. After separating the variables
we get 4 linked equations (for convenience, we mark them by symbols S; =+3/2, £1/2)

S, =+3/2, (iP+M)f,,+a, .,

S, =-3/2, (iP+M)fy, —by.y 0 fy, =0,

r.f.,=0,

+ +1/2

(12)

S; = +1/2, (iP+M) f+1/2 - bm—3/2r— f+3/2 + a0, f—1/2 =0,
S; = -1/2, (iP+M) f-1/z - bm—1/2r— f+1/2 +a,q,0 f—3/2 =0,

where the special notations are used

1 d 1
a ,,=—(—+=(Mm-3)—-—=), b
2 !—Z(dl’+l’( 2) 2) +1/2

(——+ (m 1/2)——)

1
N
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_1.,d 1, 3 Br _1

= Ime -, b,

ﬁ(dr+r( +2) 2) m—3/2 xF
1 d m-1/2 Br 1 .

by 1o :ﬁ _a"'f_?); I, :ﬁ(rlilrz)v P=p;+pI,, P=P7;+ PsVa

G—+(m3ﬂ%—0

am+3/ 2

Let us detail the structure of 16-dimensional columns f, ,(r),f.,,(r). For this
we should take into account expressions for the projective operators:

1 . .
Pap=— (1— i7,7,) ®[e" +e** —i(e"* —e*)], Py, = (1+ i7,7,) ®[e" +e*? +i(e"* —e*")],
P, = {2(1 '7172)®(e33 +e44)+(1+|717/2)®[e11+e —i(e et? eZl)]}
Py, = {2(1+|7172)®(333 +e") +(1—iyy,) ®[e" +e** +i(e" —e*")]};

after performing the needed calculations we get

(1_i7172)( fl_ifz) (1+i7/17/2)( 1:1"'”:2)
foo= 1 i(l_i7/172)( fl_ifz) fo= 1 _i(1+i7/17/2)( f1"'if2)
432 = ¢ ) 312 = 7, )
4 0 4 0
0 0
. . . . (13)
(1+|717/2)(f1_|f2) (1_|7172)(f1+|f2)
f :l i(1+i7172)( fl_ifz) f — 1 _i(l_iyﬂ/z)( f1+if2)
Al 2@-ip)f, | Al 20+ing)fy |
2(1_i717/2) f4 2(1+i7/172) f4
where f,, f,, f,, f, designate 4-dimensional columns. Below we will apply the notations
Y| |function(t,z,¢)f,(r)
b 4 function(t, z, o) f, (r
|| (t.2.6)%,() ”

Ml L [function(t, z, ) ()|
¥ ,.| [function(t,z,¢)f,(r)

A is a bispinor index, and . is a vector index.

2. Equation related to S; =+3/2
Let us find the 4-component structure of the first equation in (12), related
to S, =+3/2. Starting with the identity

(iP+M)dD|,=(ip,I; +ip, [, +M)D|,=iPSs, @ +

ar P, \/—p W ol0n, @ =65, P, 1+ MS,

Ap p!

depending on the value of A we get

(iP+M)®|1=(ip+M)%(1_i7172)(f —if,), (IP+M)®|,=(ip+ M)~ (1 iy,y,)(f, —if,),
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i i . 1 . .
(iP+M)D ;= \E%puq)ﬂ \Epsyu H:_ﬁ p3(71+|72)z(1_|7172)(f1_Ifz):Ov

. i i i o1 . .
(iP+M)®|,= ﬁ?@pﬂq)y _ﬁ Py, @, = _ﬁ p4(7/1+|72)Z(1_|7172)(f1_|f2) =0.

Thus, we arrive at

(ip+ M)A =ip7,)(f, -1f,) / 4

1(ip+M)(L~iyyp,)(T, ~if;) 1 4
0 .
0

(iP+M)f, =

Let us find expression for I, f . Starting with
1 . 1 .
[Lo|,= E{(% +1y,)0, P, = \/— 7,;[ p P =8, P, + I(5A,pq)2 _5A,2(Dp)]}'
we obtain
o= \j—{(n +iy,) P, + J—[Vl -7,®@,+in®,)1}
whence it follows
1 . . .
r®|= ﬁ{(ﬁ —1)(r +iy,)(f,—if) = (A= iy7,) (s s + 7, T}
Similarly, we get
1—1+CI)|2 f{(71+|72)® +\F[7/2(D +|72 CD ]}_
Z\F{(\/g 1)(7/1 + '7/2)(f ifz) -(1- i7172)(73 f3 t 7, f4)};
F+\P |3: _{(71 + iyz)l(l_i%yz) f3 +
NA) 2
1 1 . ) 1 ) . _
+ﬁ[7/3 Z (1+ '7172)( fl - Ifz) —7s Z(l"' '7/17/2)( f1 - Ifz)]} = 0’
F+\P |4: i{(7/1 + iyz)l(l_ i7172) 1:4 +
NA) 2

+%[74%(1+i7172)(f1 ~if) -7, 3 (i) -]}
Thus, we arrive at the formula
(V3-1)(0, +18,)(f, —if,) - (1-10,0,)(@, f, + 0, T,)
r g = b NIWB-1)@, +i8,)(f,—if,) - (1-10,0,)(@,f, + 0, ,)]|

1
+ +12 2\% 0

0
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Therefore, the first 16-component equation in (12) gives two 4-component equations:
. 1 . .
(Ip+ M )Z(l_|7172)( 1:1 _Ifz) +
1 . . .
+mam—1/2[(\/§ =1)(r, +iy)(f =if,) = (L=iy,) (s fs +7, 1)1 = 0, (15)
L 1 . .
i(ip+ M)_(1_|7172)(f1 —if,) +

\/§ Dy + iy )(F,=1,) = A=y, ) (7 f +7,1,)1=0,

\F m 1/2[(

where the second equation coincides with the first. Equation (15) may be transformed to other
form. To this end, bearing in mind the identities

(r+iy) (=i =t =iy £, +iy, T+, 1,,
A-ipy,) it +y.8) =nf =iyt +iy, f,+7,1,,
we derive (y, +iy,)(f, —if,) = A—iy,,)(7. T, + 7, f,), whence it follows
(G +ir)(f =)+ (L-iry ) (st + 7, 1,) =
= A—iny)nf+ 7, 6+t + 1) = A=y, (7, 1) (16)

Thus, eq. (15) is presented as follows

(ip+ M)%(l_i%?/z)( f,—if,)+ %amllz[\/g(yl +iy,)(f, —if,) _(1_i7/172)(7,1 fﬂ)] =0. (17)

3. Additional constraint
As known, in absence of external fields, from the initial system follows the constraint
7, ¥, =0. Let us consider an analog of such a constraint in the presence of external fields.

To this end, we turn to the equation (1) in tensor form

A 1 1 A
D‘I’V-F%}/V(D#\P#)—% D,(,¥,)+M¥, =0, D=yD,. (18)
First, we act on this equation by the operator D,, and perform the convolution
in the index v:
DD‘I’ +—DuD‘I’ —D*(y ¥ +M(D,Y 0. 19
Nl ( W)~ % (r,¥,)+M(D,Y,)= (19)
With the use of the identities
A A ie
D,D,-D,D, F[M, DD = D? 7 Fw](nn — ViV, D? = D,D,.
eg. (19) transforms to other form
1+«/_
\/_ D M}(D \II )_% D (7/# ﬂ) IeF‘uv]yv‘P 7 0 (20)
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Similarly, let us multiply eq. (18) by y, which after convolution in index v leads to

1+f (1+3)° _
N D+ M}(}/H‘Pﬂ)+—\/§ (D,¥,)=0. (21)
1443 4 : ;
Let us act by operator ( N D+ M) oneq. (21), this results in
1+\/_ 1+/3 4 (1+\/_) 1+/3 4
D+M][- D+M](y, ¥ D+M D¥,)=0 (22
\/— Il 7 17, Y,)+ 7 [- 7 Ib,Y,)= (22)
whence bearing in mind (20) we obtain
g )= e @

We note that in absence of the external field, relation (23) reduces to the well-known
constraint for the free particle, y, ¥, =0.

In what follows, we will take into account the presence of the uniform magnetic field,

Fiz = B, then expression (23) takes on the form
1+3)? B . 1+43
R BRSNS
Using the temporary notation
3M?
—(1++3)?B (i 25
9|v|4—(1 NG le (1+33)"B (i772)} (25)
we readily verify that the following identity holds
1+/3)> B .
R{1+%—2(Im)}:1.

Therefore, from (24) it follows the new expression for y ‘¥

J3(1++/3)’B

Vuy 9M4—(1+\F)4 2

{3M(iy,7,) - (1+3)* BY 1Y, + 7,¥,), (26)

whence bearing in mind the substitution for the wave function ¥, =€ ™*™% o (x,x,),
we obtain

J3(1++/3)’B

— A 2
5= oy M (i7272) — (1+3)* BH3, @, +7,®,). (27)
After multiplying the last relation by (1—-iy,7,) , we get

J3(1+3)°B
3M? —(1++/3)°B

A=y ), ®,) =~ (7, +i7,)( D, —iD,). (28)
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Allowing for the identity (y, +iy,)(®,—i®,) = (1-iyp,)(nP, +7,P,), from (28)
we arrive at the radial relation

1, . 1, . 1, .
(71+I72)Z(1+I7m)(®1—I<1>2)+73§(1—I7172)®3 +74§(1—Im2)<1>4 =
__\B+\3)’B
3M? —(1++/3)?B
Bearing in mind the substitution from (29), we derive
1)y, 1,) = -3+ V3B
VR 3M2 — (1+4/3)%B

Taking into account relation (30), from (17) we can eliminate the combination  , f
so we get

O +i72) 7 (77, )(@, ). (29)

(7, +iy,)(f, —if,). (30)

!

. 1 . . 3M? .
S;=+3/2, (ip+M )5(1—%72)( f,—if,)+a, 4, 3M2 —(1+\/§)ZB y.(f,=if,)=0, (31)
where y, :1/\/5(7/1 +iy,). We will consider the function (f, —if,) is the primary one
. 3M? +2(1++3)B . .
A (ARSI ANE 143 (1 +i7,)(f, —if,). (32)

T 3M2—(1++/3)°B

4. Equation related to S =-3/2
Let us consider the second equation in (12):

(iP+M)f,,—b,I f,,=0.
For the term
. . i
(iP+M)f,, =ipd, @, +£ P o[0n, @, —3,, @, ]+ Mo, @,
depending on the value of A we get:
. i . 1 . .
A=1, (ip+M)D, +%[71pﬂq)ﬂ - p17pq)p] = (ip+ M)Z(]-'Hylyz)( f, +if,);

. i . i . .
A=2, (ip+M)o, +ﬁ[72 po®, - szﬂCDﬂ] =(ip+M )(_Z)(l"' i7,7)(f, +if,);
. i I .1 . .
A=3, (Ip+ M)(DS +ﬁ[7/3 puq)u - psyuq)u] = _ﬁ p3(7/1 _|72)Z(1+|717/2)( f1 'Hfz) =0;
i

i i .1 . .
A=4, (ip+M)o,+ \ﬁ[ﬂpyq)y - p47ﬂ(Dﬂ] = _ﬁ p4(71_|72)Z(1+|7172)(f1+|f2) =0.

Thus, we find

(ip+M)(A+iyy,)(f, +if,)
—i(ip+M)(A+iyy,)(f +if,)
0 .
0

) 1
(iP+M)f,, = 2 (33)
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Now consider the term I"_f ,; starting with

1 . 1 .
F_(D|A:${(]/1—I}/2)5 @ +J—7p[5,p®1_5A,1q)p_|(5a,pq)

depending on the value of A we find:

A=1,

2
A=2,

%{(71 i7,)®, + f[yl 7,®, —i7®,]}=
f{(@ D, —i7,)(F +if,) = (L+i7,0,)(7s o + 7. T F;

T{(m i7,)®, + \F[n —iy,®, +iy, @ I} =

__F{(\/§ 1)(71 '72)(f +|f) (1+|7/172)(73f +74f )}

A=3,

ﬁ{(Vl

A=4,

i7,)®; + \/:[7/3 —iy,®@,]} = T{(J/l _iyz)a(l"' i7,7,) £,3=0;

ﬁ{(yl |7/2)CI) +\F[74 iy4(I)2]}:0_

Thus, we derive the formula

r ffllz = L

2\/6

Therefore, the radial

1

+%bm+”2{(%_l)(7 L= 17)(F+i6) = (A+i77,) (5 f5 + 7. 103 = 0

(V3 -1)(, —iy,)(f, +if,) — (L+ip0,) (s Fy + 7. F)

(B -1)0y = i7,)(f +if,) = (L i) fo + 7, 1)1

0
0

equations related to S, =-3/2 are

(iIO+M)%(“im/z)(fﬁifz)—

—mbmm{(ﬁ ~1)(, —i7,)(f, +if,) = U+ iy7,) (0 fy + 7, T3 =0,

Siip+ M)%(1+i7172)(f1+if2)+

the second equation coincides the first one. Bearing in mind the identities

(71
(o —iy)(f,

=iy, )(f,+if,) = Q+iyy, ) f+ 7, Ty,
+if,) + A+ iy,) (st + 7, 1,) = (1+i7172)(7,, f;,)a

we can present eq. (35) differently

2 5A,2(D p)]}’

(34)

(35)

(36)

00+ M) 4 (772 ) (1)~ 3057 418) (L), 1,0} =0. @)
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We are to eliminate the combination y, f . To this end, let us turn to eq. (27), acting
on it by the matrix (1+iy,y,), so we get

J3(1++/3)?B

3M? +(1++/3)’B

A+iny)(r,@,) = (7, =i7,)( D, +iD,). (38)

The last equation can be presented differently
o1 . 1, . 1, .
(1 =172) 5 A=) (@1 +1P,) + 75 0 (L1710 )@g 7, 5 (L1710, ) (@) =

J3(1++/3)?B

3M2+(1++/3)°B

(1 =i72) 5 (A= 77)(®, +i00,) (39)

Whence, bearing in mind the substitution for the wave function, we derive the radial
relation

B . : : _ \B@+\3)yB . .
(" '72)(f1+'f2)+73(1+'7172)f3+74(1+'7172)f4—3M2+(1+\/§)ZB(71 iy7,)(f, +if,).

Further, allowing for the identity
(=) (f 1) + (L +ipy,)) (s B + 7, 1,) = A+ iy,)(r, 1)

we get

J3(1++/3)’B

3M? +(1++/3)?B

(1+i7/172)(7y fy) = (r, =iy )(f, +if,). (40)

With the help of the last relation, we can eliminate from (37) the combination y, f
so we obtain

!

3M?
3M2+(1++/3)’B

: 1 : : .
Sa =-3/2, (|p+ M)E(l"' '7172)( f1 +|f2)_ bm+11277(f1 'Hfz) =0, (41)

where y_ = %(y1 —iy,). The function (y,f,+y,f,) will be considered as the secondary one;
from (40) it follows
. _-3M2+2(1+3)B, . .
A+iyy)(rafa+7.5,) = M7+ (L1 J3)B (7, =iy, ) (f,+if,). (42)

5. Equation related to S =+1/2
Let us turn to the third equation in (12):

S=+1/2, (IP+M)f , —by ol _fop+a,,5,00 fyy =0. (43)

From relation

) . i
(iP+M)®|,=(ip+M)s, @, +% P.Yo[0n, @, — 3,5, P, ],
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depending on the value A we get:

A=1, (ip+M)D,+—=yp,P

i
\/_ u /t_ﬁ Py, P, =
:(ip+M)£(1+i7172)(f —if,)+ \/—(71 i7,)(Ps 3+ P, f,).

A=2, (ip+M)d, +

\Fyzpﬂq)u \-szyﬂ u=
=i(ip+M)1(1+iy1;/2)(f —if,) - \F(yl i7,)(Psfy+ P, fy).

\F ﬁpsyy u

. 1 . .
= ('p"'M)E(l_Wl?/z) f3+2\_ﬁ73(1_|7172)(p3f3 + p4f4)—

A=3, (ip+M)®,+—=7,p,@,

i . . .
_m PL(ry +iy,)(f, —if,) + (X=iyy,) (s fs + 7, 1)}

i
A=4, (ip+M)o, +J§74p“q)” ﬁp“?/"@”:

=(ip+M)= (1 i7.7,) 4 +2J—73(1 1727,)(Ps f5 + P, f,) -

_m p4{(71 + i72)(f1 _ifz) +(1_i7172)(73 f3 +74 f4)}-

Thus, we obtain

(ip+M)§(1+w2)(f if,) + \F(n i7,)(py s+ Py f,)

i(ip + M)%(uim)(fl—ifz)—%m —i9,)(ps Fy + . f.)

(P+M)f,, = (ip+M)- (1 i7,7,) fs +2\/§73(1 i7.7,)(Ps f3 + P, f)) - (44)

_m P{(yy +iy)(f —if,)) + L=y ) (s fs + 7, T0)}

) 1 . i .
(ip+ M)E(]-"?/l?/z) f, +m74(1_|7172)(p3f3 +p,f)-

[ : : :
_m p4{(71 + '7/2)( f1 - Ifz) + (1_ '7172)(73 fs +74 f4)}
(four matrix rows are divided by lines). Now consider expression for I"_f,,:

1 : 1 :
he- E{(% - '72)5A,pq)9 + ﬁyp [‘SA,p(Dl - 5A,1q)p - I(é‘A,PCDZ - 5A'ZCDP)]}'
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Depending on the value A we find:

A=1, %{(71 i7,)®, + I[n <Dp—iy1<1>2]}:%(@1)(%4%)@—”2):

A=2, %{(71 i7,)D, + fm ~iy,®, +iy,® ]} =

(\/§+1)(71 iy,)(f,—if,);

1 .
T E Z\F)(yl Ij/z)(f —if )}_ \F

A=3, ﬁ{(?ﬁ —iy,)®, +%[73(D1 —iy,®,1}=

=%73%(1_W2)(f if,) = %ys(l i7,7,)(F, —iE,);

A=4, \/—{(71 i7,)®, +\/—[74 i74CD2]}=%74(14%72)(1‘1—”2)-

Therefore, we obtain the following relation

(\/g‘*‘l)(?/l —iy,)(f, —if,)

1 [i(W3+1)(y, —i f, —if
_bmfs/zrf f+3/2 = _bmfs/z T I(\/_+ )(.7/1 WZ)( l ! 2) : (45)
26 7s(L=lyy,)(f, —if,)

7o (L=iyyy,)(f, —if,)

Now consider the term I", f ,,, from
r.ol,= f{(mwz)@\ D, + }yp[ca Oy =5, D, +i(5,,®, =5, @)}
depending on the value A we get:
A=1 ﬁ(m%)@ g, ypcbp+iy1<b2]}=—%(1+m)(y3fg+m>;
A=2, f{(y1+ly2)® +\F[7/2CI) iy, @, —iy @ 1} =
zf(72+'71)(f L Fify) - f(71 i7,)(f,+if,) -
—%(H VAAVARIANE _F(H i772) (s s+ 7,1,

A=3, \/_{(7/1+|7/2)CD +«/_[7/3CD iy, D, 1} =
=7{2\/_(71+l72)f +75(L=iy ) (F +if)}
A=4,

\/—{(71“72)‘1’ +J—[74® RUAN S

ZJ—{Z\/_(nHyz)f + 7, (L=iyp,)(f, +if,)}.
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Thus, we find the identity

—(+iyy,) st + 7. £,
1 —i(A+iyy,) (7t +7.1,)

A F+f— =enan T . . . . 46
el e = Bne g B0 By, +i,) fy + (i) 1) (40
2\/§(71+i72)f4+74(1_i7172)(f1+if2)
Therefore, we have four equations:
. 1 .
S; =+1/2, (Ip+M)Z(1+I71yz)(f —if,) + J—(71 i7,)(Psfy+ Py fy) -
1+\/_ 1 .
2\/— by _a, (7 —1y,)(F, —if,) - 2x/gamu/z(l"''7/17/2)(7/3f3"'7/41:4)=0’ (47)

(ip+ M) (L+in) —ifz)—%m )Pty + Pt -

P R L A G AR SR AR RSN ELICD
(eq. (48) coincides with (47)),

. 1 ) i .
('p+M)E(1_|7172) f3+%7/3(1—|7/17/2)(p3 fy+p,f,)—

i . . . 1 . .
_m ps[(71 + '72)( fl - Ifz) + (1_|7172)(73 f3 +7, f4)]_ mbm—SIZyS(l_lylyz)( f1 _Ifz) +
1 : - N1
+ﬁam+1/2[2\/§(71 +iy,) f; +y(L=iyy,)(f, +if,)] =0, (49)

('p+M) (1 '7172)f +2\E74(1 '717/2)(p3f +p4f)—

_Zi_«/g P LG +i,)(F, —if,) + (A=) (s s + 7. £)1-

1 . : 1 . . .
_mbm—s/zﬂ(l_ i7,7,)(f,—if,) +mam+1/2[2\/§(71 +iy,) T, + v, (L=iyy,)(f, +if,)] = 0. (50)

So we have only 3 different equations.

6. Equation related to S =-1/2
Let us consider the fourth equation in (12):

(iP+M)fy, —by .l f+a,.,00, fag, =0.
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For the term (iP+M)®|,, depending on the value A we get:
A=1, (ip+M)d, +J—[71 @, -py,@,1=
. 1 . . i .
:('p+M)Z(l_lylyz)(fl+If2)+ﬁ7/1_(1+|7/17/2)(p3f3+ p4f4);
A=2, (ip+M)od, +J—[72py®y pz?ﬁ,q)y]:
_l(lp"'M) (1 '7/17/2)(f +|f)+ \F(71+I7/2)(p3f +p4f)
A=3, (ip+M)o, +\/_[7/3py®y p37//_1®/_1]:
=(ip+M)= (1+I7172)f +2ﬁ73(1+17172)(psf +p,f)-
i ) . )
NG Pa[(ry —i7)(fL +i0f,) + (L+iy ) (75 By + 77, T)1;
A:4’ (Ip+M)q) +\F[7/4p‘uq)‘u p47//1®/1]:
=(ip+M)= (1+|7172)f +2\/§7/4(1+|7/17/2)(p3f +p4f)—

i . ; .
_m p4[(71 _|7/2)( fl + Ifz) + (1+ '7172)(73 f3 +7, f4)]-

So we arrive at the formula

(ip+M)~ (l iyy,)(f,+if,) + \/_(}/l+|y2)(p3f+p4f)

PV CRLOF (1+W2)f+2 \/—7’3(1+|7172)(p3f+p4f)
12 ~

_m po{(y, =iy, ) (f, +if,) + (L+iy7,) (s s + 7, £4)}

(ip+M)= (1+|7/17/2)f +2ﬁ74(1+171y2)(p3f A AN

—m PA(r, =17, )(F +if) + (L+iy,7,) (7 T + 7, 1)}

(51)
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Consider the term
1 .
L fy,= f{(% '72)5A P, +—= \F Vo [5A oD 5A1(D I(5A,p(D2 _5A,2(Dp)]};
depending on the value A we obtain:

1 . 1 . 1 .
=1, T{(% _|72)(D1 +ﬁ[7/lq)l_7/pq)p _Iqu)z]}: _F(l_lyﬁ/z)(?/s fs +7, f4);

A= \/—{(71 i7,)®, +J—[72 —iy,®, +iy, @ I}= \/—(1 YO VAR AW

=3, ﬁ{(]/l—iyz)q)3+f[}/3 —ly,®,]}= \F{Z\/_(Vl iy,) f3 +ys(L+iyp,)(f, —if,)}
=4, %{(71 i7,)®, + J—[74 i74®2]}=m{2«/§(71—i72)f4+74(1+i717z)(f1—ifz)}-

Thus, we have the formula

—(-ipy,) (st +7,1,)

r,fl,zzi I(}—Imz)(nfsfnh) N
26|23 (7 —i7,) fy + 7 (L g, )(F, i)

23y, —ir) £, + 7, (L+iny,)(f, i)

Consider theterm I', f ,,:
_ 1 . 1 .
o= ﬁ{(% + |72)5A,yq)y + ﬁ?@ [5A,yq)1 - 5A,1(D_o + '(5A,yq)2 _5A,2(D_,, i3
Depending on the value A we get:

A= f{(m%)dﬂ f[n ~7,®, +iy,®,1}= \F(\/§+1)(71+'7/z)(f+lf)
A= \/—{(71+I72)<1> +\/—[72<D iy, D, —iy @ 1} = - \I/g(\/g+1)(71+i72)(f1+if2);
_a 1 : 1 : _ 1 : .

A=3, ﬁ{(71+|72)®3+ﬁ[73q)1+|73q)2]} 2%73(1'“7172)(1:1"'”2)’

1 . 1 . 1 . .
A=4, E{(n +iy,)D, + ﬁ[n@l +iy,®@,1} = PN 7 (L+iyy, )(f +if,).

Thus, we obtain the formula

('\E+l)(7l+i72)( f, +if,)
r f - i _i(\ﬁ"‘l)(?/l"'i?/z)( f1+if2) .

2% 73(1+i7172)(f1+if2)
7 (L+iyy,)(f, +if,)
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Therefore, we get 4 equations:
S;=-1/2, (ip+M)— (1 y,7,)(fy +if) + f(7l+lyz)(psf s+ P, f)+

NEE)

1 ) ]
+2% _1/2(1 '7172)(73f +1,f)+—— 2% m+3/2(71+|72)(f1+|f2):0; (52)

—i(ip+M)~ (1 1y,7,)(f, +if;) + [(71+|72)(p3f s+ P, f,)—

.J§+1

i . : i
_mbm—lm A-iny ) (st +7,£,) i mams/z (7 +ip,)(f +if,) =0 (53)
(they differ only in the multiplier i),

(ip+M)= (1+I7172)f +2J§73(1+I7172)(p3f AN

_2%/5 Pl = 17)(Fy +if,) + (L+i77,) (s Fs + 7, )1 -

1 . . . 1 . .
_mbmllz[zﬁ(%_'?/z) f3+7/3(1+I7/17/2)(f1—If4)]+%am+3,273(1+ly17/2)(f1+If2):O; (54)
(|p+M) (1+|7/17/2)f +2\E7/4(1+I7/17/2)(p3f +p4f )_

_Zi_«/§ PuL0n = 17)(F +i6,) + (L i70,) (s By + 7, F )] -

1 . . . 1 . .
_mbm—lIZ[Z\/g(yl —iy,) fo+y, (+iyy,)(f, - |f4)]+mam+3/274 (L+ip7,)(f,+if,) = 0. (55)

So, we have only 3 different equations.

7. The system of equations in the variable r
Let us collect together equations (31), (41), (47)-(50), (52)—(55). We divide 8
equations into two groups. The first group is as follows:

: 1, . : 3M? oy
('p+M)§(1_|7172)(f1_|f2)+am—1/2 3|\/| —(l \/—) B7/+( 1 Ifz)_ov

. 1 . . 3M? .
(|p+M)§(1+|;/17/2)(f1+|f2)—3M2+(1+J§)28bm+uzy_(f1+|f2):0,
or shortly

: 3M?
ip+M)F + a F, =0, 56
(ip R 3M2—(1+x/§)28 m-v27+ 2 (56)
. 3M?
(ip+M)F, - by.127-F; = 0; (57)

2+ (1++/3)°B
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the third equation
. 1 . .
(|p+M)Z(1+|7172)(f —if )+ \F(Vl |7/2)(p3f3+p4f4)—

1+\/_

1 .
Zx/_ By, a0 (1 —17,)(F, —if,) - 2%6m+ﬂ2(1+lyl]/2)(]/3f3+}/4f4):0

is transformed to other form (with the use of the above constraint)

3M?-2B 2BM 2Ba, .,

- Fi= =——F,=0; (58
3M2—(1++/3)’B 3M2 —(1++/3)? B m-3/27 -1 3 (58)

ip+
{p+M) 3M?%+(1++/3)?B
the fourth equation

(|p+M) (1+|7/17/2)f +2\/§7/4(1+|7172)(p3f +p4f )_

i . . .
_m PL(r =iy )(fL +if,) + (L+iy ) (s fs + 7, T)] =

1 . . . 1 . ]
_mbm—llz[z\/g(% —iy,) f,+r,(L+iyp,)(f _|f4)]+mam+3/274 (A+iyp,)(f, +if,) =0

is transformed to the form (again with the use of the known constraint)

3|v|2+25 2BM iy Fom 2Bb_ 7.
2+ (1++3)°B BYE +(1++/3)? B MR 3M %~ (1+4/3)2B

In equations in egs.(56)—(59) we use the notations

{(ip+M ) F,=0. (59)

= %(1— iy, (f,—if,), F,= %(1+ iy,7,)(f, —if,), 0
F, = %(1—iyly2)(fl+if2), F, = %(1+iy172)(f1+if2),
Below we write down the remaining 4 equations:
0+ M) 5 (i) T+ L iz )(psf - pef) -
—% Psl(ry +i7,) (£, —if,) + (A=iy07,) (s F + 7, F)1 -
e )i ¢
+%am+1,2[2«/§(71 +iy,) T3+ 75 (1=iy,)(f, +if,)] = 0, (61)
(ip+M)= (1 i7.7:) £+ 2x/—n(l i717)(P; f3+p, 1) -

_m p4[(71 + i72)( f1 _ifz) + (1_i7172)(73 f3 +74 f4)]_
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1 ) ]
_% bm—3/27/4 (1- '7172)( f1 - 'fz) +
1 ] ) )
+7 812 [2B( +i7,) iy + 7. A=y, (F, +if,)] = 0; (62)

(ip+M)— (1 7,7,)(Fy +if,) + \j—(71+'72)(p3f+lo4f)+

\/§+1

1 . . .
+Fbm—1/2(1_|7/17/2)(73 f3 TV, f4)+mam+3/z(71 ‘H7/2)( fl 'Hfz) =0, (63)
(ip+M)= (1+I7172)f +2J§y3(1+l7172)(p3f AN

i . . .
_m ps[(71 _|72)( fl + |f2) + (1+ |7/172)(7/3 1:3 +7, f4)]_

—%bm_mtzﬁ(n—imf3+y3(1+iyly2)(f1—if4)]+

1 . .
+mam+3/273(1+|7172)( fl'Hfz) =0. (64)

Let us act on eq. (56) by the matrix (M —ip), this gives

F=__ 1 M M_ip)F (65)
1 p2+M23M2—(1+x/§)B m-1/2 Vi

Taking into account this expression for F , we transform eg. (58) to the form

: 6M°h. . 2Ba_,.,7
ip+M)[3M? - 2B+ 1 n-senie]_ oMY 22/ __F =0, (66

1
3M? - (1++/3)B
Similarly, from eq. (57) it follows

1 3M?

F, = b M —i F. 67
4 p2+M23M2+(1+J§)ZB vz ( p)y_F, (67)

so from eq. (59) we derive
2Bb,, 17,

1 . )
M2+a+v§f5{0p+M)BM veBt 3M?2—(1++/3)°B

Thus, we have the system of two linked equations (66), (68) for the variables F,, F;.

Let us apply the exclusion method. To this end, we act on eq. (68) by the operator a,.,,,7 ,
which results in

6M am+3/2bm+1/2
p?+M?

]+ 2BM}F, -

F,=0. (68)

—{( ip+M)[(3M* +2|3)+6+L|;2(am+1/2 vz — B)]+2BM }x

2B 4B
x M2+ 1+ %)2 B AV F— 3MZ— (l—l—«/g)B 80200 125 = 0. (69)
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Equation (69), with the use of (66), is transformed to the 4-order equation for F,:

] 6M?
{(-ip+M)[(EM 2+ 2B) +m(am+1/2bm71/2 —B)]+2BM}x

6M?
x{(ip+M)[(3M ? _ZB)"‘ 7 M (am+]JZ a2 + B)]—2BM}F, 8(8) a2 a,F, =0, (70)

we have taken into account the identity b, .8, 1, —&,.1,0, 1, = B.
Similarly, let us act on eq. (66) by the operator b, .., , this gives

2
D+ M)I(EM* ~2B) -2 (0,18, + B~ 2BM
+
2B 8(B)?
% - a,.,,F =0.
3M2—(1+\/§)ZB m-127+ 2 3M2+(1+\/§)?‘B m-1/2%m+1/273

Using eq. (66), we can eliminate the variable F,:

{(Cip+M)[(3M? - 2B)+ %(bm_maMﬁB)]—ZBM}x

. 6M?
X{(lp+M)[(3M2+ZB)+m(bm y28n.a2 — B)]+2BM}F, —8(B)°b, 1,8,.,1,F; = 0. (71)

Thus, we have two 4-order differential equations, (70) and (71), for functions F,
and F;; after regrouping the terms they take on the form:

2am+1,2b 3m?

{(=ip+M)[3BM2(L+ ) + 2B(1- vy 2 )]+2BM}x

x{(ip+M)[3|v|2(1+M)—2B(1—ﬂ)]—25|v|}5=8BZa b B (72)
p?+M? p?+M? e

{(~ip+M)[3BM2(L1+ M) 2B(1-ﬂ)] 2BM }x
p?+M p*+M

2
{(ip+ M)EM2 (L4 PPy o My oy =88% 8 R (73)
p +M? p +M

From equations (72) and (73), we derive
{9M* 8% +12BM°ip 8 — 4B?(p? + M?) S +12B*p*M2}F, =0, (74)
{9M* 12 —12eBM°ipA —4B?(p* + M?)A+12B>p°’M?}F, = 0, (75)
where the notations B and A are used:

p=p*+M*+2a_..b .., A=p*+M*+2b .a ... (76)
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Below we need the explicit form of the matrices

00 0 —i 0 0 0 -1 0 0 —i 0 0010
oo - o 0010 o0 O0i 0001
"Tloi o ol lo 10 o |i 0 0 o Lt oo o
i 0 0 O -1 00 0 0 -i 0 0 0100
-1 0 0 O 0000 1 000
. 01 0 01(1+iyy)=0 10 01(1_iw):o 000
Y210 0 -1 02 Y220 0 0 02 Y220 0 1 0
0 0 0 1 0001 0000

0 0 p, +ip, 0

ip = 0 0 0 —p3+ip4.
—p,+ip, 0 0 0
0 p, +ip, 0 0

Bearing in mind these expressions, we find the explicit structure of F, and F;:

0 0 fl’l + ifz,l 1)
—if X 0 0
O 22 = 02 ) FS(r) = f -f = .
13 T3 (P
f1,4 - if2,4 Xa 0 0

F,(r) = he 77

Correspondingly, egs. (75) reduce to two linked equations

{9M*2? —4B?(p* +M?)A+12B%p’M *}p, —12BM*(+ p, +ip,) 29, =0,

78
{9M*A? —4B*(p* + M?) 1 +12B*p°M *}p, —12BM *(—p, +ip,) A¢, = 0. (78)

Let us multiply the first equation in (78) by (—p, +ip,), then we get

{9M* A2 —4B?*(p® + M?) 1 +12B* p*M 2} (—p, +ip,) ¢, +12BM*p®A¢, =0,
whence it follows

1 .
1(03 = _W{QM 42,2 —4Bz(p2 +M 2)2 +1282 pzM 2}(— p; + |p4)¢1. (79)

Acting on the second equation in (78) by operator 4, we get
{OM* 2% —4B%(p? + M?) A +12B2 p*M 2}A¢, —12BM 3 (—p, +ip,) A%¢, = 0.

Further, bearing in mind (79), we obtain the 4-order equation for function ¢, :

{OM*? 2 -72M*B*(p* +M?*)2° +16B*(p® + M*)* 1> +360M °B*p*1* —

—96B*p*M?(p* +M?)1+144B*(p?)*’M*}p, = 0.
The 4-order operator is factorized in the product of two commuting multipliers
{OM“ 2% +[-4B?(p* + M?) —12M*\[-B? p’ ]A +12B? p’M *}x
{OM“ 4% +[-4B?(p? + M?) +12M3\[-B?p? |4 +12B? p’M*}¢, = 0. (80)
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We should find solutions of both 2-order equations

{OM“ 22 +[-4B?(p® + M2) —12M*/-B? p? ]A +12B*p>M 2}¢, =0, (81)
{OM*2? +[-4B? (p* + M?) +12M*-B2p? 14 +12B? p’M 2}¢, = 0. (82)

Similarly we can derive equations for the variable ¢,. To this end, let us multiply
the second equation in (78) by (—p, —ip,), this gives

. .
AP = oBM s'pz‘{glvl ‘A7 —4B*(p® +M?)A+12B*p°M “}(p, +ip,) ;.

This expression for A¢, should be taken into account in (78), in this way we arrive
at 4-order equation for the variable ¢, , which also is factorized as follows

{OM*2? +[-4B>(p® + M?) —12M*\[-Bp 11 +12B% p°M *}x

{OM“ A% +[-4B?(p? + M?) +12M>\[-B?p? |4 +12B? p’M 3¢, = 0. (83)
There exist two equations for ¢, :

{OM“ 2% +[-4B2(p? + M?) —12M*\|-B? p? 14 +12B? p’M *}¢, = 0, (84)

{OM*2? +[-4B? (p? + M?) +12M*\[-B?p? 11 +12B% p’M *}¢p, = 0. (85)

Let us derive the 2-order differential equations for the variables ¢, and ¢,.
To this end, first consider equation (see (81)), presented in the form

{OM*22 —4B?(p* + M?) 3¢, ={12M*\[-B?p? 1 ~12B’ p’M 3¢,
and take it into account in the first equation in (78):
{9M*2? —4B?(p® + M?) A +12B% p*M *}p, —12BM*(+p, +ip,) A, =0,
in this way we obtain
M\J-B?p*p,~B(p, +ip,)p} = 0. (86)
Now let us turn to eq. (84), presented in the form
{OM*2% —4B?(p? + M?) A}, ={12M*/-B?p? 1 —12B?p*’M *}¢, , (87)
and take it into account in the second equation in (78):
{9M“ A2 —4B?(p? + M?) 1 +12B? p’M *}p, —12BM *(—p, +ip,) A, = O,
SO we obtain
A=B(=p,+ip,)p,+-B*P*0}=0. (88)

Let us joint equations (86) and (88) into one system:

ﬂv{‘\}_Bz p2¢1 - B( p3 + ip4)¢3} = 01 /1{_8(_ p3 + ip4)(01 + V_BZ p2§03} =0. (89)
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We may conclude that both functions ¢, and ¢, satisfy one and the same structure
Ap, =0, A@,=0, AF =0. (90)

The same is valid for function F,. Indeed, let us turn to eq. (82) for function ¢,
presented in the form

[OM* 2% —4B?(p? + M?) Alp, = —12M°\/-B? p* A, —12B p’Mg;;
taking into account this equality, from eq. (78) we derive
A[V_BZ p2¢)1+ B(p3+ip4)¢3] =0. (91)
Similarly, using eq. (85) in the form
[OM 22 —4B2(p* + M?)]p, = —12M>/-B? p* g, ~12B p’M g,
we derive from eq. (78) the following result
MB(=p, +ip,)p, +-B* ] = 0. (92)

Considering egs. (91) and (92) as a system, we conclude that functions ¢, ¢;, F
satisfy one of the same equation A¢, =0, Ap,=0, F, =0.

8. Solutions for functions F, —{¢,, ¢,}
Let us study equation AF, =0. Explicitly, it reads

2 2
414 M2 pmo1/2)- By - (p?+ M2E, = 0. (93)
dr® rdr r 2

. B ... :
In the variable x=| B, |r?, where B, = £y ; this equation reads

2 2 2 2
{Xd_2+i_[(m+1/2) B, (2m—1)+§+ p°+M
dx= dx 4x 4|8, | 4 4|B,|

1}F, =0. (94)

We search solutions in the form F,(x) = x% “g,(x); for function g,(x) we get
the equation
2 2
o ear1i-2c0 L tpar - M2 e ggy -
dx dx x 4

2 2
RAC+C-—2_(m_1)+ P M
4|8, | 4|8, |

139, =0.

Fixing parameters as follows A=m+1/2|/2,C =1/2, we get

d? d m+1/2| 1 B 21 M2
[Q%——O P 139, =0, (95
0

X—+(m+1/2|+1—x)—— 2m—-1)+
{dx2 ( | )dx 2 2 4|BO|( ) 4|B, |

which is the confluent hypergeometric equation with parameters

a=|m+1/2|+1— B, (2m-1)+ :
2 2 4|B,| 4B, |

y =|m+1/2]|+1,
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The quantization rule is & =—n, which leads to
& —pl-M?=4|B,|n+2|B, |(|m+1/2|+1)-B,(2m-1); (96)

this spectrum corresponds to the functions {@,, p,}—F;.

9. Equations for F,—{y,, x.}
Let us consider eq. (74):

{9M* 8% +12BM%ip 8 —4B?(p? +M?) S +12B2p M 2}F, = 0. (97)
From (97) it follows the system of two linked equations

{9M* % —4B?(p* + M ?) B+12B*p*M?*}y, +12BM *(—p, +ip,) Br, =0, (98)

12BM®(p, +ip,) Br, +{OM* g7 —4B*(p* + M ?) B +12B*p*M?*}y, =0. (99)

From eq. (98) we can express Sy, :

-1
12BM®p?
With this in mind, from eq. (99) we derive
{(OM*)? B* —T2M*B?(p* + M?) 5° +16B*(p* + M ?)* % +
+360M °B?p? 32 —96B* p°M ?(p® + M ?) £ +144B*(p*)*M*}y, = 0.

P {9M*p* —4B*(p* +M?) 5 +12B° p*M*}(p; +ip,) 2. (100)

The fourth order operator is factorized in the product of two commuting multipliers

{OM* 8% +[-4B? (p* + M?) +12M?/-B? p*] 8 +12B? p*M *}x

{OM B +[-4B?(p* + M?) —12M°\[-B? p? 18 +12B? p’M*}, =0, (101)

we should find solutions of both equations
{OM* B2 +[-4B%(p* + M?) —12M*\[-B?p? 13 +12B*p*M 2}z, = 0, (102)
{OM“ B2 +[-4B?(p* + M?) +12M*\[-B?p? ] +12B*p*M 3, =O. (103)

Let us derive similar equations for function y,. To this end, we should start with eq. (99)
written in the form

By = OM 4B (0 < MO)F 2B MY Bt iRz (104

" 12BM°p?
Taking into account (104), from eq. (98) we derive
{OM*)? g =72M*B? (p* + M?) B° +16B* (p* + M?)* B% +
+360M °B?p? 8% —96B* p’M ?(p? + M?) 8 +144B*(p?)* M *}4, = 0.
The fourth order operator is factorized into the product of two commuting multipliers
{OM* B2 +[-4B?(p* + M?) +12M*[-B? p? ] 8 +12B% p’M *}
{OM* B2 +[-4B?(p? + M?) —12M*\[-B? p? 13 +12B? p’M 3, = 0. (105)
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We should find solutions of both equations

{OM* B +[-4B*(p* + M?)—12M>/-B*p’18+12B*p’M°} 1, =0, (106)
{OM* B2 +[-4B?(p* + M?) +12M°/-B?p*13+12B2p’M *}y, = 0. (107)

By analogy with previous section, we can prove that the functions y,, x,, F, obey one

and the same equation
Pr.=0, pr,=0, pF,=0. (108)

10. Solutions for functions F, —{x,, 7.}
Let us consider eq. (108)

{j— 1d M2 g1 E L)~ (F + MR, =0, (109)
r rdr r

In the variable x =| B, |r?, it reads

2
e TGN EL O
We search solutions in the form F,(x) = x“¢ ®g,(x), where Azlm_—21/2|,
C =1/2, further we get
2 2
b tmov2l st (DB anag B 0
which is the confluent hypergeometric equation with parameters
yom-1/2|+1, =" 21/2| > 4|B§ |(2m+1)+p;|+B':"|2.
The quantization rule o =—n leads to
£2—p?—M2=4|B,|n+2|B,(|m—1/2|+1)—B,(2m+1); (112)

this spectrum corresponds to the functions {r,, y,}—F,.

11. Equations for concomitant components F, and F,
Let us consider eq. (67):

o 1 3M?2
4 p2+M23M2+(1+\/§)ZB
Acting on it by operator (M —ip)a,,.,y, , we obtain

b2 (M —ip)y F,.

6M 2
3M 2 +(1++/3)?B
6M > 3M?

= E _(n? 2y1_ - _ 2 2
_3M2+(1+\/§)ZB{2[/1 (p*+M?)]-B}F, 3M2+(1+\/§)ZB[(p +M?)+2B]F,

(M —ip)a,q,7.F, = [0y 12851, = BIF; =
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where AF;, =0 is taken into account. Consequently, we get equation for the variable F,
in the form
_ 3M%+(1++3)%B
T 3M?[(p? +M?)+2B]

(M —ip)a, 5,7, Fi (113)

With the use of (113), equation (57) is transformed to the following form
{(p*+M?*)+2B+2b ,,,2,.5,}F, =0;
or explicitly

d> 1d (m+3/2)7? Br,, 2 2
— 4= — 2 =% LB(M-3/2)—(—)*—(p*+M?)}F, =0;
{drz e 2 ( ) (2) (p )IF,

in the variable x =| B, | r?, it reads

2 2
{Xd_2+i_[(m+3/2) By
dx® dx 4x 4|B, |

p2+M2
4|8, |

(2m-3)+ 2 + 13F, =0. (114)

. . 3/2
Let us search solutions in the form F,(x) = x%¢ *f,(x), where A:M,

C =1/2; for the variable g, we find an equation of the confluent hypergeometric type

{xj—;+(|m+3/2|+1—x)%—[|m+23/2|+%—4|8§0 (@n-3+ p;rB':’r]}gA =0 (115)
with parameters
7/:|m+3/2|+l,a:|m+:/2|+%—4|8§0|(2m—3)+ p;rB':"lz.
The quantization rule is & =—n gives
g2—pi—M?=4|B,|n+2|B,|(m+3/2|+1)—B,(2m—3); (116)

this spectrum corresponds to the function F,.
Let us find equation for the variable F;:

1 3M?2 .
p’+M?3M2—(1++/3)’B

m%lJZ(M - Ip)}/JrFZ

1
Acting on this by operator (M —ip)b,, 5,7, we obtain

(M _ip)bm73/277|:1 =
_ 6M* . _ 6M* [a
3M2—(1++/3)?B P22 3M2—(1+4/3)°B

m+1]2bm—1/2 + B] I:2 =

3M?
3M?%—(1++/3)°B

_ 6M 2
3M?—(1++/3)’B

{%[ﬁ—(p2+M2)]+B}F2 - [(p? +M?)—2B]F,,
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where eq. AF, =0 is taken into account. Thus, we have the expression for the variable F,:

_ 3M’—(1+3)’B
2 3M?[(p*+M?)-2B]

(M —ip)b, 5.7 F. (117)

With this in mind, from eq. (56) we obtain the equation

{2a, .0, o, + P> +M?2—2B}F =0. (118)
Explicitly, it reads
d? 1 d (m- 3/ 2)*

{_

+B(m+3/2)— ( )—(p +M?)}F, =0. (119)
dr? rdr

In the variable x =| B, |r?, we have

d m-3/2 B 21 M?
o O (=82 B o g X, P EME
dx®  dx 4x 4|8, | 4 4|8, |

1}F =0.

i . -3/2
Its solutions are searching in the form F(x) = x“e ®g,(x), where A:M,

c=1/2:

2
{x%+(|m—3/2|+1— ); m=3r2f 1 6,
X

2

(m+3)+p

2 24|B| 4|B|]}l ’

which is an equation of the confluent hypergeometric type with the parameters

2 2
y=Im-3/2]+1,« =Im- 3/2| B, (2m+3)+p M-
2 2 4|B| 4|B, |
The quantization rule is & =—n leads to
g —pi—M?=4|B,|n+2|B,|(|m-3/2|+1)—B,(2m+3); (120)

this spectrum corresponds to the variable F,.

12. Conclusion
Thus, we have found 4 possible energy spectra for the spin 3/2 particle in external
uniform magnetic field (assume that B, > 0)

F. gz_pg_Mz=2|30{2n+1+|m—g|—(m+g)}:
K, gZ_p:f—l\/lZ:280{2n+1+|m+§|—(m—§)}?

2 2 (121)
F,, gz_psz_Mz:250{2n+1+|m—%|—(m+%)}:

F, & —-p?-M?=2B{2n+1+| m+%|—(m—%)}.

It may be proved that equations from the second group (61)—(64) lead to the one same
energy spectra.



DI3IKA 55

REFERENCES

1. Dirac, P. A. M. Relativistic wave equations / P. A. M. Dirac // Proceedings
of the Royal Society of London. Series A: Mathematical and Physical Sciences. — 1936. —
Vol. 155, Ne 886. — P. 447-459. — doi.org/10.1098/rspa.1936.0111

2. Fierz, M. Uber die relativistische theorie KraftefreierTeilchen mit beliebigem Spin /
M. Fierz // Helvetica Physica Acta. — 1939. — Vol. 12. — P. 3-37.

3. Pauli, W. Uber relativistische Feldleichungen von Teilchen mit beliebigem Spin
im elektromagnetishen Feld / W. Pauli // Helvetica Physica Acta. — 1939. — Vol. 12. — P. 297-300.

4. Rarita, W. On a theory of particles with half-integral spin / W. Rarita, J. S. Schwin-
ger // Physical Review. — 1941. — Vol. 60, nr 1. — P. 61-64. — doi.org/10.1103/physrev.60.61

5. Gelfand, 1. M. General relativistically invariant equations and infinite-dimensional
representations of the Lorentz group / I. M. Gelfand, A. M. Yaglom // Journal of Experi-
mental and Theoretical Physics. — 1948. — Vol. 18, nr 8. — P. 703733 (in Russian).

6. Fedorov, F. I. Generalized relativistic wave equations / F. |. Fedorov // Proceedings
of the Academy of Sciences of the USSR. — 1952. — Vol. 82, nr 1. — P. 37-40 (in Russian).

7. Feinberg, V. Ya. On the theory of interaction of particles with higher spins with
electromagnetic and meson fields / V. Ya. Feinberg // Proceedings of the Lebedev Physics In-
stitute of the Academy of Sciences of the USSR. — 1955. — Vol. 6. — P. 269-332 (in Russian).

8. Bogush, A. A. Equation for a 3/2 particle with anomalous magnetic moment /
A. A. Bogush, V. V. Kisel // Russian Physics Journal. — 1984. — Vol. 1. — P. 23-27 (in Russian).

9. Pletyukhov, V. A. To the theory of particles of spin 3/2 / V. A. Pletyukhov,
V. |. Strazhev // Russian Physics Journal. — 1985. — Vol. 28, nr 1. — P. 91-95 (in Russian).

10. Pletyukhov, V. A. On the relationship between various formulations of particle
theory with spin 3/2 / V. A. Pletyukhov, V. | . Strazhev // Proceedings of the Academy of Sci-
ences of the BSSR. Physics and Mathematics Series. — 1985. — Vol. 5. — P. 90-95 (in Russian).

11. Red’kov, V. M. Particle fields in the Riemann space and the Lorents group /
V. M. Red’kov. — Minsk : Belaruskaya navuka, 2009. — 486 p. (in Russian).

12. Pletyukhov, V. A. Relativistic wave equations and internal degrees of freedom /
V. A. Pletyukhov, V. M. Red’kov, V. I. Strazhev. — Minsk : Belaruskaya navuka, 2015. — 328 p.
(in Russian).

13. Elementary particles with internal structure in external fields / V. V. Kisel [et al.] /
I. General theory, 1. Physical Problems. — New York : Nova Science Publishers Inc., 2018. — 404 p.

CIIICOK MCITOJIb30BAHHOM JIUTEPATYPBI

1. Dirac, P. A. M. Relativistic wave equations / P. A. M. Dirac // Proceedings of the
Royal Society of London. Series A: Mathematical and Physical Sciences. — 1936. — Vol. 155,
No 886. — P. 447-459. — doi.org/10.1098/rspa.1936.0111

2. Fierz, M. Uber die relativistische theorie KraftefreierTeilchen mit beliebigem Spin /
M. Fierz // Helvetica Physica Acta. — 1939. — Vol. 12. — P. 3-37.

3. Pauli, W. Uber relativistische Feldleichungen von Teilchen mit beliebigem Spin
im elektromagnetishen Feld / W. Pauli // Helvetica Physica Acta. — 1939. — Vol. 12. — P. 297-300.

4. Rarita, W. On a theory of particles with half-integral spin / W. Rarita, J. S. Schwin-
ger // Physical Review. — 1941. — Vol. 60, nr 1. — P. 61-64. — doi.org/10.1103/physrev.60.61

5. l'enmpdpang, . M. OGmiue pensiTUBUCTCKUE WHBApUAHTHBIC YPAaBHEHUSI U OECKOHEY-
HOMepHbIe npencTasiaeHus rpynnsl Jlopenma / U. M. I'ensdann, A. M. Araom // KITD. —
1948. - T. 18, Brim. 8. — C. 703-733.

6. ®enopos, @. U. O600mIEeHHBIE PENSATUBUCTCKHAE BOITHOBBIE ypaBHeHUs / @. 1. De-
nopos // Joxn. Axan. Hayk CCCP. —1952. —T. 82, Ne 1. — C. 37-40.



56 Becnix Bpacykaza ynieepcimama. Cepwvisi 4. @Dizika. Mamomamuika M 212023

7. @aitnOepr, B. f. K Teopun B3auMOAeHCTBUS YaCTUIL] C BHICIIMMH CIIMHAMM C 3JIEK-
TPOMAarHUTHBIMU U ME30HHBIMU ToJIsiMu / B. . @aitu6epr // Tp. DU AH CCCP. — 1955. —
T. 6. —C. 269-332.

8. borymi, A. A. YpaBHeHUe I YaCTHIIBI CO CITMHOM 3/2, o0iaaromnield aHoOMaJlbHBIM
MarHUTHBIM MOMeHTOM / A. A. borym, B. B. Kucens // 13B. By30B. ®usuka. — 1984. — No 1. —
C. 23-27.

9. IlnetroxoB, B. A. K teopun wactun co cnurom 3/2 / B. A. Ilnettoxos, B. U. Crpa-
eB // U3B. By30B. ®usuka. — 1985. — No 1. — C. 91-95.

10. [TnetroxoB, B. A. O B3auUMOCBSI3M MEXIY pa3IUUHBIMU (POPMYIUPOBKAMHU TEOPHH
yacTull co cnimHoM 3/2 / B. A. Ilnertoxos, B. U. Ctpaxes // Bec. Akan. naByk BCCP. Cep.
¢i3.-mar. HaBykK. — 1985. — Ne 5. — C. 90-95.

11. PenpkoB, B. M. Ilons yacTuil B puMaHOBOM MpoCTpaHCTBe U rpynna Jlopenma /
B. M. PenbkoB. — Munck : benapyc. naByka, 2009. — 486 c.

12. IInetroxoB, B. A. PensruBuctckrie BOJHOBBIE YPaBHEHHs] U BHYTPEHHUE CTEIICHH
cBobosel / B. A. Ilnerioxos, B. M. Penpkos, B. U. CtpaxeB. — Munck : benapyc. HaByka,
2015.-328 c.

13. Elementary particles with internal structure in external fields / V. V. Kisel [et al.] /
I. General theory, 1I. Physical Problems. — New York : Nova Science Publishers Inc., 2018. — 404 p.

Pykanic nacmyniy y padaxywiro 18.10.2023



