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A b strac t We study questions of existence and calculation of directional derivatives 
of value functions of nonlinear mathem atical program m ing problem s depending on 
parameters. To this end, we use the directional derivatives o f the multivalued mappings, 
defined by the constraints of the problem s; this approach was pioneered by Demyanov. 
We obtain sufficient conditions for existence and explicit formulas for calculating the 
directional derivatives of the first and second orders, under weaker hypotheses than 
those traditionally assumed.
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1 Introduction

It is generally recognized that value functions are among the m ost im portant func­
tions in variational analysis, constrained optim ization and their numerous applications. 
D irectional differentiability of value functions plays an im portant role in stability and 
sensitivity analysis of optim ization problem s with respect to the perturbation of their 
parameters, and it was studied in [1- 18]. Questions of existence and calculation of 
directional derivatives of value functions were investigated in numerous works, where
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key results were obtained by using a variety of different m ethods [1- 16]. Reviews of 
som e results can be found in [3,4 , 17, 18].

Though after the fundamental book [12] by Bonnans and Shapiro, the theory of 
directional differentiability of value functions in m athem atical program m ing seems 
to be alm ost com plete; in this paper we would like to dem onstrate that some known 
results can be extended.

One of the first studies of differential properties of value functions was carried out 
by Dem yanov [1]. His approach is focused on the study of directional derivatives of 
value functions on the basis of derivative-like constructions of multivalued m appings; 
that was probably one of the first attempts to introduce directional derivatives of 
m ultivalued m appings in multivalued analysis. Our paper is based on the D em yanov’s 
approach and utilizes a sim ilar technique.

It is worth mentioning that the differential properties of value functions are closely 
related to constraint qualifications, or regularity conditions, for optim ization problems. 
For instance, one of the most fruitful approaches to investigation of the directional 
differentiability o f value functions is based on the com bination of a directional ver­
sion (see [9, 10]) of the classical M angasarian-From ovitz regularity condition (later 
this version was nam ed directional Mangasarian-Fromovitz condition) along with 
sufficient conditions for the optim al solution to be Lipschitzian at the point under con­
sideration, which w ere introduced in [8, 9, 12]. Introduction of new w eak constraint 
qualifications [15, 19- 21] allows refining some results in this area.

In this paper, we will consider constraint qualification called relaxed Mangasarian-  
Fromovitz regularity condition (or RMFCQ) ,  which was introduced in the works 
[19- 21]. This condition is weaker than the M angasarian-From ovitz regularity con­
dition, and it is also weaker than the constant rank regularity condition [6], as well 
as several other regularity conditions [15,20,21]. We introduce a directional version 
of RMFCQ,  which we refer to as relaxed directional Mangasarian-Fromovitz condi­
tion (or, more precisely, relaxed directional Mangasarian-Fromovitz condition in the 
direction X , whenever we wish to explicitly specify the direction X e  R n). It is not a 
constraint qualification; however, it guarantees directional differentiability o f the m ul­
tivalued mapping defined by the constraints o f the m athem atical program m ing problem 
and it allows to obtain sufficient conditions for directional differentiability o f the value 
function. In particular, one can replace the directional M angasarian-From ovitz condi­
tion by the relaxed directional M angasarian-From ovitz condition and obtain results, 
under less restrictive hypotheses, similar to those of Shapiro [8] and Auslender and 
Com inetti [9] and some of the results of Bonnans and Shapiro [12].

We also introduce a relaxed directional second-order Mangasarian-Fromovitz con­
dition and use it to establish sufficient condition for the second-order differentiability 
o f m ultivalued mappings.

The plan of the paper is as follows. In Sect. 2 , we introduce additional notation used 
throughout the paper and formulate the relaxed directional M angasarian-From ovitz 
condition. Then, we study its relationship to the directional M angasarian-From ovitz 
condition, establish several auxiliary lemmas and prove Theorem  2.1, which provides 
sufficient conditions for the directional differentiability o f multivalued mappings. In 
Sect. 3, we introduce the relaxed directional second-order M angasarian-From ovitz 
condition and establish a sufficient condition (Theorem 3.1) for the second-order
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directional differentiability of multivalued mappings. In Sect. 4 , we provide sufficient 
conditions for the directional differentiability o f the value function and prove formulas 
for calculation of its first-order and second-order directional derivatives.

2 Relaxed Directional Mangasarian-Fromovitz Condition

We consider a m athem atical program m ing problem  P ( x ) depending on a parameter 
x  e  R n :

f  ( x , y)  ^  i n f
y

y  e  F ( x ) =  {y e  R m : hi ( x , y)  <  0 i e  I , hi ( x , y )  =  0 i e  I0},

where I  =  { 1 , . . . ,  s }, I0 =  {s +  1 , . . . ,  p } , and all functions f  ( x , y) ,  hi ( x , y ), i =  
1 p  are assumed to be tw ice continuously differentiable.

For the multivalued mapping F  defined above by the constraints o f P (x ), we use 
the notation

d o m F  := {x  e  R n : F ( x ) =  0 } , g r F  :=  {(x, y)  : y e  F ( x ), x  e  R n}.

Consider the value function

p ( x ) :=  inf {f  ( x , y)  : y  e  F ( x )},

and the solution set of the problem  P  ( x )

rn(x) := {y  e  F ( x ) : f  ( x , y )  =  y ( x )}, x  e  R n .

L et’s now fix points x 0 e  d o m F  and y 0 e  F ( x 0), for the rest o f the paper. In the 
sequel, for arbitrary chosen points x  e  d o m F ,  y  e  F ( x ), and directions ( x , y ) e 
R n x  R m, we denote the pairs ( x , y)  and ( x , y ) by symbols z and z, respectively. In 
particular, specializing x  and y  to points x 0 and y 0 fixed above, we denote ( x 0, y0) by 
z0. Throughout the paper, we assume that the set rn(x0+ t x ) is nonem pty and uniform ly 
bounded for all sufficiently small numbers t >  0, that is, there exist a num ber t0 >  0 
and a bounded set У0 с  R m such that rn(x0 +  t x ) с  Y0 for all t e  [0, t0]. Also, we 
will freely use the standard “little-o” and “big-O ” notations for vector functions into 
im age spaces R * , k  e  N; so, for example, o ( t ) will denote any such function satisfying 
o( t ) ^  0 as t ^ 0.

D enote the lower and upper Dini derivatives of the function ф at the point x 0 in the 
direction x by

D +(p(x0; x )  := lim jn f  t ~ l ((p(x0 +  t x ) -  y ( x 0)),

D +v ( x 0; x )  := lim sup  t - 1 (p (x 0 +  t x ) -  p ( x 0)),
110
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respectively, and denote the directional derivative of the function p  in the direction x  
at the point x 0 (when it exists) by

p ' ( x 0; x )  := lim  t ~ l [p (x0 +  tX) — p ( x °)].
110

Following Dem yanov [1], we consider also the lower and upper second-order deriv­
atives of the function p  at the point x 0 in the direction x :

D 2 p ( x 0; x )  := lim in f  2 [p(x0 +  t x ) — p ( x 0) — t p ' ( x 0; x)].
+ t |0  t 2

D +2p ( x 0; x )  := lim sup  2 [p(x0 +  t x ) — p ( x 0) — t p ' ( x 0; x)]. 
t |0  t

We refer to their com mon value, when it exists, as the second-order derivative o f  
the funct ion p  at x 0 in the direction x , and denote it by p  " (x 0; x ). In other words,

p " ( x 0; x )  := l im 2 t —2( p ( x 0 +  t x ) — p( x° )  — t p ' ( x 0; x )).
110

The goal of the present paper is to obtain sufficient conditions for existence of the 
derivatives p ' ( x 0; x )  and p " ( x 0; x )  under weaker requirem ents than those traditionally 
used, and to calculate them  if they exist; otherwise to find estimates on the lower and 
upper derivatives.

D enote I ( z )  := {i e  I  : hi (z) =  0} and consider the Lagrange function L(z .  X) =  
f  (z) +  (X, h(z)) ,  where X =  (X1. . . . .  Xp ), h =  ( h 1. . . . .  h p ) and the set o f Lagrange 
multipliers

p
A (z )  :={X e  R p : V y f  (z) +  ^ V y h i  (z) =  0,

i = 1
Xi >  0 i e  I (z ) .X i  =  0 i e  I \ I (z)}.

We will also need the set

p
A 0 (z) := {X e  R p : ^  X{Vyhi  (z) =  0.Xi  > 0 i e  I ( z ) .  Xi =  0 i e  I \ I (z)} 

i=1

of singular Lagrange multipliers.
Our sufficient conditions for existence of directional derivatives p ' ( x 0; x )  and 

p " ( x 0; x )  will be form ulated in terms of requirem ents sim ilar to constraint qual­
ifications (regularity conditions) on the functions hi ( x . y). Recall that constraint 
qualifications at the point y 0 serve to ensure the validity of the K arush-K uhn- 
Tucker conditions, that is, to guarantee that A ( x 0. y0) =  0  if  y 0 is a local 
solution of the problem  P (x0). For example, the well-known Mangasarian-Fromovitz  
constraint qualification (MFCQ)  [22] requires the linear independence of vectors 
V yhi ( x0. y 0) i e  I0 and the existence of a vector y 0 such that
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(Vyhi ( x0. y 0). y0) =  0 . i e  I 0 . (Vyhi ( x0. y 0). y 0) < 0. i e  I ( x 0. y 0).

It is known that M FC Q  at the point y0 e  F  (x0) is equivalent to the requirem ent 
Л 0 (z0) =  {0}.

To form ulate another constraint qualification, introduce the linearized tangent cone 
to the set F ( x 0) at the point y 0 e  F ( x 0):

^ f x 0 ) ( y 0) := {y  e  R m : (Vy h t ( z° ). y) < 0 i e  I ( z 0). (Vyh i ( z0). y) =  0 i e  I 0} 

and denote

I a (z0) := {i e  I ( z 0) : {Vyhi (z0). y ) = 0  Vy e  ^ (x0)(.y° )}.

I  —(z°) := I ( z 0) \ I a (z0).

Then, following M inchenko and Stakhovski [19] and Kruger et al. [21], we say 
that the relaxed Mangasarian-Fromovitz  constraint qualification (RMFCQ)  holds at 
the point y 0 e  F ( x 0) iff r a n k { V yhi ( x0. y 0). i e  I0 U I a (x0. y 0)} =  const  in some 
neighbourhood of the point y0.

It is known [19] that R MFC Q  is a constraint qualification and it implies MFCQ.  
Som e other regularity conditions and their com parison can be found in [23,24].

L em m a 2.1 The fol lowing statements hold:

(1) there exists a vector y 0 such that

(Vyhi (z0). y 0) =  0 i e  I0 U I a (z0). (Vyhi  (z0). y 0) <  0 i e  I —(z0);

(2) an index i e  I  (z0) belongs to the set I a (z0) i f f  there exists a vector X e  Л 0(z0) 
such that Xi > 0.

Proo f  The first assertion has been proved in [21], the validity of the second assertion 
follows im m ediately from  Theorem  17.7 of G orokhovik [25]. □

Following Luderer et al. [14], introduce the lower and upper Dini derivatives of the 
m ultivalued mapping F  at the point z 0 in the direction x :

D F (z ° ;  x )  := {y  e  R m : y 0 +  t y  +  o ( t ) e  F ( x 0 +  t x ). Vt > 0}.

D F (z ° ;  x )  := {y  e  R m : 3tk ^ 0 a n d  i f 1 ^  y  such that  

y0 +  tkyli e  F ( x 0 +  tkx ) f o r  al l  k  =  1. 2 . . . .} .

and the set

r ( z 0;xc) : = { y  e  R m : (Vhi (z0). z) < 0 i e  I ( z 0).

(Vhi  (z0). z) =  0 i e  I 0 . z  =  ( x . y )}.

1 2 n
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Remark 2.1 It is not difficult to check (see, e.g., [14]) that D F ( z 0; x )  с  D F ( z ° ; x )  с  
r ( z 0; x).

It is known that the condition D F (z ° ;  x )  =  r ( z ° ;  x )  =  0  plays an im portant role 
in studying directional differentiability o f the value function. This condition is valid 
if  MFC Q  holds at the point y 0 e  F ( x 0). A  weaker requirem ent which still ensures 
D F (z ° ;  x )  =  r ( z ° ;  x )  =  0 ,  called Mangasarian-Fromovitz condition in the direc­
tion x  (or, simply, directional Mangasarian-Fromovitz condition), was introduced in 
[9, 10].

D efinition 2.1 The Mangasarian-Fromovitz condition in the direction x  (briefly 
M F x) holds at the point z0 iff the family [Vyhi (z°).  i e  I0} is linearly indepen­
dent and there exists a vector y 0 such that (Vhi  (z0). ( x . y 0)) =  0

i e  I0 . (Vhi  (z0). ( x . y 0)) < 0 i e  I  (z0).

It is known [9] that the following assertions are equivalent:

(1) M F x holds at the point z0;
(2) X  Xt (Vxhi (z0). x ) < 0 for all X e  Л 0 ^ 0)\{0}.

i e I0UI (z0)

It is not difficult to see that M FCQ  implies MFx for all directions. However, the 
following exam ple shows that MFx  may not hold, even in very sim ple optimization 
problem s.

Example 2.1 Let F ( x ) =  {y  e  R 2 : —y2 +  y 2 — x  < 0. — y2 +  x  < 0}, x e 
R . x 0 =  0. y0 =  (0. 0 )T. Here, the point z0 =  (x0. y 0) satisfies neither MFCQ  
nor M F x for any direction. Indeed, for h i(z )  =  —y2 +  y2 — x  and h 2(z) =  —y 2 +  x , 
there does not exist a vector y  e  R m such that (Vhi (z0). ( x . y )  < 0 for i =  1. 2, 
because these inequalities reduce to y 2 < x  and y 2 > x  , which cannot be fulfilled. 
This means that MFx  does not hold at z 0 for any direction and hence, by the above 
remark, MFCQ  does not hold either.

Let r ( z ° ;  x )  =  0  and denote

I a (z0. x ) : = { i  e I ( z 0) : (Vhi  (z0) . ( x . y))  =  0. Vy e  r ( z ° ; x ) } :

I — (z0. x ) := I ( z 0) \ I a (z0. x ).

The proof of next lem m a follows from  Kruger et al. [21] along the same lines as 
that o f the first part of Lem m a 2 .1 .

L em m a 2.2 Let  r ( z ° ;  x )  =  0 .  Then, there exists a vector y 0 such that

( V h i ( z 0). ( x . y 0)) =  0. i e  I 0 U I a (z0. x ). (Vhi  (z0). ( x . y 0)) < 0. i e  I —(z°. x ).

The validity of next lem m a follows from the theory of linear inequalities (see, for 
example, [25]).

1 2 n
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L em m a 2.3 r ( z ° ;  x )  =  0  iff  X  Xi (Vxhi (z°).  x)  < 0 f o r  all X e  Л 0(z0).

Inequalities (Vhi  (z0). ( x . y )) < 0 with indices i e  I a (z0. x ) are called essentially 
active for the set r ( z ° ;  x).

Next lem m a follows from the results about essentially active linear inequalities 
(Theorem  17.7 and Corollary 17.3 of G orokhovik [25]).

L em m a 2.4 Let  r ( z 0; x )  =  0  . Then,

(1) the system (Vhi  (z°).  z) =  0 i e  I0. (Vhi  (z0). z) < 0 i e  I  (z0). has no solutions 
i ff  I a (z0. x ) =  0 ;

(2) an inequality with index i e  I  (z0) is essentially active iff  there exists a vector 
X e  Л 0(z0) such that

(3) i f  I a (z0. x )  =  0 ,  then there exists X e  Л 0^ ° ) ,  X  Xi (Vxhi (z0). x)  =  0,

such that i e  I a (z0. x ) iff  Xi > 0.

Our goal is to find a condition which imposes weaker restrictions than M F x but 
guarantees that D F (z° ;  x )  =  r ( z ° ; x )  =  0 .  N ote that a natural idea of requiring lin­
ear independence of the vectors {V yhi (z0) i e  I0 U I a (z0)} is not acceptable because, 
by virtue of Lem m a 2.4, these vectors are always linearly dependent if  I a (z0. x ) =  0 .

D efinition 2.2 We say that the relaxed Mangasarian-Fromovitz condition in the direc­
tion x  (briefly R M F x ) holds at the point z0 iff r ( z ° ; x )  =  0 ,  and the system of 
(m +  1)-vectors

has constant rank near z0.

N ote that, in general, R M F x (just as M F x ) is not a constraint qualification since it 
does not guarantee the validity of the K arush-K uhn-Tucker condition. It is not difficult 
to see that M F x implies R M F x . Indeed, from the condition M F x at the point z0 it 
follows that X  Xt (Vx hi (z° ). x ) < 0 for all X e  Л 0(z0)\{0}. A t the same time,

if  I a (z0. x ) =  0  then, due to Lem m a 2.4, there exists a nonzero vector X e  Л 0(z 0) 
such that

i eI0U I (z0)

' У  X j  (Vxh j  ( z° ). x ) =  0 and Xi > 0;
j  6 I0UI (z0)

i eI0 UIa (z0.x)

i eI0 UI (z0)

£  X, (Vx h t (z0). x)  =  0.
ieI0UI(z0)
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This means that M F x can hold at the point z0 only if  I a (z0, x ) =  0 .  However, 
I a (z0, X) =  0  implies that the rank of ( 1) is constant near z0, that is R M F x holds at
z0.

Next examples dem onstrate that the converse is not true and, in general, RMF X does 
not imply M F x .

Example 2.2 Let F ( x ) =  {y  e  R 2 : y2 — x  <  0, - y 2 +  x  <  0}, x e  R,

It is not difficult to check that MF x does not hold at z0 =  ( x0, y0) in any direction. 
However, r ( z ° ; x )  =  {y  e  R 2 : y2 =  x} and both constraints h 1( x , y)  =  y2 —x  and 
h 2( x , y)  =  —y2 +  x  are essentially active, and the rank of [Vyh 1( x , y) ,  V yh 2( x , y)} 
is constant near z0. This means R M F x holds at z0 in any direction x .

Example 2.3 Let

F ( x ) =  j y  e  R 3 : yj2 — y3 +  x  <  0, — y2 +  y3 — x  < 0, y 1 — y3 =  ^  , x  e  R

and x 0 =  0, y 0 =  (0, 0, 0)T and x  =  1. Then,

r ( z 0; x )  =  j y  e  R 3 : y3 >  x , y3 < x , y 1 — y 3 =  ^  =  j y  e  R 3 : y3 =  y 1 =  x j

and, therefore, I a (z0, x ) =  {1, 2}. Then, for the functions h 1(z) =  y2 — y3 +  x , 
h 2 (z) =  - y f  +  y3 — x , h 3 (z) =  y 1 — y3 one has

Thus, RMFx  holds at z 0 in the direction x . A t the same tim e it is easy to verify that 
M F x does not hold at the point z0.

Example 2.4 Let F ( x ) =  {y  e  R 3 : y 1 +  y2 — x <  0, — y 1 +  \ f b  y2 +  x  < 0, 
—y 1 — л/3 y2 +  x <  0, y2 +  y |  — y3 <  0} and x 0 =  0, y0 =  (0, 0, 0 )T, x  =  1.

3
Since X =  (2, 1, 1, 0 )T e  Л 0(z0) and X  ^Sxhi (z0), x ) =  0, and there is no vector

X e  Л 0^ ° )  with positive X4, we obtain I a (z°, x ) =  {1, 2, 3} due to Lem m a 2 .4 . It 
is easy to check that R M F x holds at z0. A t the same tim e the classical M angasarian- 
From ovitz constraint qualification does not hold at the point z0 since Л 0(z0) =  {0}. 
M oreover, MFx  does not hold too.

L em m a 2.5 I a (z0, x ) С I a (z0).

x 0 =  0, y0 =  (0, 0 )T .

Vyhi  (z) 

{Vxhi (z), x )

1  Springer
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Proof  The inclusion is valid if  I a (z0. x ) =  0 .  Let I a (z0. x ) =  0  and choose any 
i e  I a (z0. x ). Then, due to Lem m a 2.4, there is a vector X e  Л 0(z0) such that Xi > 0, 
Xj =  0 for all j  e  I \ I a (z0. x )  and X  Xt (Vxhi (z°).  x)  =  0.

ieI0UI(z0) i
On the other hand, according to Lem m a 2.1 it follows from the inequality Xi > 0 

with i e  I a (z0. x ) that the constraint w ith the index i e  I a (z0. x ) is essentially active 
for the set r F(x0)(y 0). Thus i e  I a (z0). □

Example 2.5 Under the hypotheses o f Exam ple 2.3, I a (z0. x ) =  {1}. I a (z0) =  {1. 2}, 
that is, I a (z0. x ) с  I a (z0).

T heo rem  2.1 Let R M F x hold at the point  z0. Then,

D F (z ° ;  x )  =  r ( z ° ;  x )  =  0 .

Proof  We have r ( z ° ;  x )  =  0  by the very definition of R M F x and, as m entioned in 
Rem ark 2.1, D F (z ° ;  x )  с  r ( z ° ;  x ). Therefore, we only need to prove r ( z ° ;  x )  с  
D F (z ° ;  x) .  D ue to the definition of I a (z0; x )  and Lem m a 2.3, we have

a f f r ( z 0; x )  =  {y e  R m : (Vyhi (z0). y) +  (Vxhi (z0). x)  =  0 

i e  I0 U I a (z0. x)}.

Consider the convex function

f m a x _  [ (Vyhi (z0). y) +  (Vxhi (z0). x)].  y  e  a f f r ( z 0; x)
g (y )  =  j ie I —(z0’x) _  0 _

[ + to .  y e  a f f r ( z ;  x ).

Then, r ( z ° ;  x )  =  {y e  R m : g(y )  < 0} and there is apo in t y°  such that g ( y ° ) <  0. 
It follows from Corollary 7.6.1 of Rockafellar [26] that

r i r ( z ° ; x) = ri{y  : g(y) < 0} =  {y : g(y) < 0}

=  {y : (Vhi (z0). z) = 0 i e I0 U I a (z0. x).  (Vyhl (z0). z) < 0 i e  I  —(z0. x)} .

Let y  e  r i r ( z 0; x )  and let J  =  I a (z0; x )  U I0. Then, for any m -vector function 
r ( t ) such that r ( t ) / t  ^  0 as t I  0, there exists a num ber t0 >  0 such that hi ( x0 +  
t x . y 0 +  t y  +  r ( t )) < 0 for all i e  I \  J  and all t e  (0; t0). Indeed, if  i e  I \ I ( z ° ) ,  
then hi (x°.  y° )  < 0 and hi (x°.  y0 +  t y  +  r ( t)) < 0 for all sufficiently small t > 0. If 
i e  I ( z 0) but i e  I a (z°. x )  (i.e., i e  I —(z°. x)) ,  then hi (x +  t x ° . y0 +  t y  +  r ( t )) =  
t (Vhi  (z0). z) +  o ( t ) and, therefore, hi ( x0 +  tx .  y0 +  t y  +  r ( t )) < 0 for all sufficiently 
small positive t since (Vhi  ( x0. y 0). z) < 0.

Let N  denote the num ber of elements o f the set J . Since

dhi ( x0 +  tx .  y0 +  t y  +  r ) 
dt

=  {Vxhi ( x0 +  t x . y0 +  t y  +  r ). x)  +  (Vyhi ( x 0 +  t x . y0 +  t y  +  r ). y ).

1  n
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(Vhi (z°),  (x, y))  =  °  i e  I0 U I °(z°, x),

the rank of the Jacobi matrix

J  (r, t ) =

d h1 (x 0+tx ,y°+ty+r) 
dr1

dh2 (x0 +tx,y°+ty+r ) 
dr1

dh1(x°+tx,y°+ty+r) dh1(x°+tx,y°+ty+r) 
d r m dt

dh2 (x°+tx, y°+ty+r) dh2 (x°+tx, y°+ty+r)
d r m dt

dhN (x °+tx ,y°+ty+r) 
3r1

dhN (x°+tx,y°+ty+r) dhN (x°+tx,y°+ty+r) 
drm dt

for the functions hi  (x° +  tx ,  y° +  t y  +  r ), i e  J , coincides with the rank of the system
( 1). M oreover, the last column of the matrix J(r,  t ) is null at the point (r, t ) =  (°, °). 
Hence, at the point (r, t ) =  (°, °)  its rank coincides with the rank o f the Jacobi matrix

A(r, t)  =

d h1(x °+tx,y°+ty+r) 
3f1

dh2 (x ° +tx,y°+ty+f ) 
dr1

dh1 (x °+tx ,y°+ty+r)
d r m

-tx,y
d r m

dh2 (x ° +tx,y°+ty+r )

d hN (x °+tx,y°+ty+r) 
. dr1

dhN (x +tx,y +ty+r)
drm.

for hi ( x ° +  tx ,  y° +  t y  +  r ), i e  J , regarded as functions of the variable r .
Let the rank of A(r,  t ) at the point (r, t ) =  (°, °)  be equal to l. Then, from the 

condition R M F x  it follows that

ran k  J(r,  t ) =  r a n k  J ( ° ,  ° )  =  r a n k A ( ° ,  ° )  =  const  =  l

for all (r, t ) near (°, °) . Consequently, r a n k A ( r ,  t ) =  l . This means the system 
hi ( x° + t x ,  y ° + t y + r ), i e  J, keeps th e ra n k l with respect to r in some neighbourhood 
of the point (°, ° ) . Then, (see p. 5°5 of Zorich [27]) in this neighbourhood l functions 
of the system (let them  be h 1, . . . ,  h i ) are independent and others depend on them, 
that is, h l+1 =  ^ 1 ( h1, . . .  h l) , . . . ,  h l+q =  y q ( h1, . . .  h l), where q =  N  -  l and 
<p1, . . . , ( p q are tw ice continuously differentiable functions in some neighbourhood of 
(h 1 ( y  ° ) , . . . ,  hl  (y ° )).

In the neighbourhood of the point (°, ° )  consider the systems of equations

h 1 ( x ° +  t x ,  y° +  t y  +  r ) =  °, 

h l (x° +  tx ,  y° +  t y  +  r ) =  °,

hl+q (x° +  t x , y ° +  t y  +  r ) =  ° , (2)
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with l +  q  being equal to N , according to the notation introduced above. In some 
neighbourhood of the point (0. 0), this system is equivalent to the system

h 1 ( x0 +  t x .  y 0 +  t y  +  r ) =  0.

hl ( x0 +  t x . y0 +  t y  +  r ) =  0. (3)

with the additional condition

hl+ 1 (x0 +  t x . y 0 +  t y  +  r )

=  Ф1 Ф 1 ( x 0 +  t x .  y0 +  t y  +  r ) . . . . .  hl  ( x0 +  t x .  y 0 +  t y  +  r )) =  0. 

hl+q(x0 +  t x .  y 0 +  t y  +  r )

=  Фq ( h 1 (x0 +  t x .  y 0 +  t y  +  r ) . . . . .  hl ( x 0 +  tx .  y 0 +  t y  +  r )) =  0.

N ote that

Ф1 ( h 1 ( z ° ) . . . . .  hl  (z0)) =  0 . . . . .  Фq (h 1 (z0) . . . . .  hl (z0)) =  0 

and, consequently,

Ф 1 ( 0 . . . . . 0 )  =  0 . . . . ^ q  ( 0 . . . . . 0 )  =  0.

If  l =  m,  then, due to the im plicit function theorem  (see p. 488 of Zorich [27]), 
in som e neighbourhood of (0,  0 ) the system (3) defines a continuously differentiable 
function r =  r ( t) such that r (0) =  0 and dr (0) =  lim t^ 0 ^  =  0.

Let l < m . W ithout any loss o f generality, we can assume that the rank of the 
Jacobian of the system (2) is equal to l with respect to the first l coordinates o f the 
vector r . D enote r := (r. r)  , where r =  (r1. . . . .  ri), r =  (ri+1. . . . .  rm). Due to 
the im plicit function theorem, the system (3) defines a continuously differentiable 
function r =  r ( t . r)  near the point (0. 0) such that r (0. 0) =  0, dr (0. 0) =  0. Let 

r =  0. D enote r := r ( t) =  r ( t . 0). Then, the function r =  r ( t ) =  ( r ( t ). 0) satisfies 
the system (3) and the additional condition to (3). Therefore, this function satisfies (2 ). 
M oreover r ( t) / 1 ^  0 as t I  0. Thus, for any y  e  r i r ( z ° .  x )  there exists a function 
r ( t ) such that

hi ( x0 +  t x . y0 +  t y  +  r ( t )) =  0 i e  J. 

hi ( x0 +  tx.  y 0 +  t y  +  r ( t )) < 0 i e  I \  J.

for all t e  [0. t0] where t0 is a sufficiently small positive number. In addition, 
r ( t ) t—1 ^  0 as t ^ 0. This means that y0 +  t y  +  r ( t) e  F ( x 0 +  tx )  for all t e  [0. t0] 
and, consequently, y  e  D F (z ° ;  x ). Thus, r i r ( z 0; x )  с  D F ( z ° ; x) .  This means that 
r ( z ° ;  x )  =  D F (z ° ;  x ). □
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3 Second-Order Derivatives of Multivalued Mapping F

Consider a vector y  e  Г  (z°; x )  and introduce, following [14], the lower and upper 
second-order Dini derivatives of the m ultivalued mapping F  at the point z° along the 
vector z =  ( x , y)  in the direction x :

D 2F (z° , z ; x )  := {v e  R m : 3 tk ^ °  such that  

y° +  tky +  tkv  +  o(tk) e  F ( x ° +  tkx ) k  =  1, 2 , . . . } ,

D 2F  (z° , z ; x ^  := jv  e  R m : y° +  t y  +  12v +  o ( t 2^ e  F  { x ° +  t ^  Vt >  ° j  . 

Denote

Г 2(z°, z; x )  := {v e  R m : (Vyht  (z°),  Vj +  1  (z, V 2hi (z°)z} < °  i e  12(z°, z), 

{Vyhi  (z°^  , v  j +  2  ^z, V 2hi (z ° )  z |  =  °  i e  I° },

where 12 (z°, z ) :=  {i e  I  (z°) : (Vhi  (z°) ,  z) =  °}.
Denote also

I a (z°, z) := {i e  12(z° , z) : (Vyhi  ( z°), v) +  2  (z, V 2hi (z°)z) =  °

Vv e  Г 2(z° , z;Jc)},

I - (z°, z) := 12(z°, z) \  I a (z°, z).

D efinition 3.1 Let y  e  r ( z ° ; x) .  We say that the relaxed second-order Mangasarian-  
Fromovitz condition at the point  z° along the vector z  =  ( x , y)  in the direction 
x  (briefly , R M F 2- (z)) holds iff Г 2(z°, z ; x )  =  0  and the system

/  Vyhi  (z) \  °
I y ) i  e  I° U I a (z°, z)
\ ( V x h t (z), x ) )

has constant rank for all z  in some neighbourhood of the point z0.

L em m a 3.1 I a ( z° , z)  С I a ( z° ).

The proof is similar to the proof of Lem m a 2 .5 .
By em ploying the sets Г 2 (z°, z; x)  and D 2F ( z ° , z; x ) ,  we can now derive the 

following additional conclusion from the assumptions used in Theorem  2 .1 .

L em m a 3.2 Let  R M F x hold at z°. Then, Г 2(z°, z; x )  =  D 2F(z° ,  z; x )  =  0  f o r  any 
y  e  Г ^ ° ;  x).
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Proof  Let y e  r ( z ° ;  x )  . Then, due to Theorem  2.1, y  e  D F (z° ;  x).
Set C := { ( t . y)  e  R  x  R m : y  e  F ( x 0 +  t x ). t > 0}. That is,

C =  {(t . y ) e  R  x  R m : t > 0. hi ( x 0 +  t x . y)  < 0 i e  I . 

hi ( x 0 +  t x . y)  =  0 i e  I0}

and, therefore, the linearized cone Г с  (0. y0) to the set C at the point (0. y 0) is given 
by

Г с (0. y 0) =  {(t. y ) e  R  x  R m : t >  0.

(’Vyhi (z0). y )  +  t {Vxhi (z0). x )  < 0. i e  I  (z0).

(’Vyhi (z0). y )  +  t {Vxhi (z0). x )  =  0. i e  I0}.

By using the notation cone S  for the cone spanned by a set S, we obtain from this 
expression that

Г с (0. y 0) =  ((0 . y)  : y  e  r F {x0)(y 0)} U cone  j (1. y)  : y  e  r ( z ° ;  x )J  .

L et’s check the validity o f the condition R M F C  Q for the set C at the point (0. y 0) e 
C . The R M F C Q at this point means (see [19] and Definitions 6 and 6  o f K ruger et 
al. [21]) that

К Vyhi  ( x0 +  t x . y )  \  n
y \  i e  I- U ja m  л’0)

Vxhi  ( x 0 +  t x . y) .  x j

r a n k \ \  0 I i e  I0 U IC (0. y 0) f  =  const

for all (t ,  y)  near (0,  y 0), where

IC(0. y 0) =  {i e  I ( z 0) : ('Vyht ( z° ). y )  + 1 ^ h t ( z 0). x )  =  0 V(t.  y)  e  Г а (0. y 0)}.

Let k  e  IC (0. y 0), that is, (V yh k (z0). y ) + 1 {Vxh k (z0). x ) =  0 for all

(t. y)  e  |( 0 .  y)  : y  e  ГF{x0)(y 0)} U cone  |( 1 .  y)  : y  e Г ( z 0; x )J  .

For t =  1 (and for all t > 0 ) the condition above is valid iff k  e  I a (z0. x ), and 
for t =  0 it is valid iff k  e  I a (z0). Since I a (z0. x ) с  I a (z0) due to Lem m a 2.5, we 
obtain IC (0. y 0) =  I a (z0. x ). Thus, the R M F X at z0 implies the R M F C Q for the set 
C at the point (0. y0) e  C . Then, due to Kruger et al. [21], the local error bound 
property holds for the set C at (0. y 0) e  C . This means there exist a number a  > 0 
and neighbourhoods V (0) and V ( y 0) such that the Euclidean distance from ( t . y )  to 
C can be estim ated as

d ( ( t . y) .  C ) < a  max{0. —t . hi ( x0 +  t x . y ) i e  I ( z ° ). | hi ( x0 +  t x . y)  | i e  I0}
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for all t e  V (°), y  e  V (y°). It follows from the last inequality that

d ( ( t , y° +  ty ) ,  C ) < a  max{°, - t , hi ( x° +  t x , y° +  ty )  i e  I (z° ),

I hi ( x ° +  t x , y° +  t y ) | i e  I ° } < M t 2,

for all sufficiently small positive t , where M  =  const  > ° . This means that for any 
sequence tk i  °  there exist bounded sequences {ak}, {p k} such that y° +  tky  +  t f  p k e
F ( x ° +  tkx  +  akt 2 x ) for all k  =  1, 2 , ___

Denoting Sk := tk +  aktj2 and assuming without any loss of generality that ak =  ° 
for all k  =  1, 2 , . . . ,  we obtain

— 1 +  V 1 +  4ak Sk 2
tk =  —  X  k k =  Sk +  O (S2),

2ak

and, consequently,

y° +  Sky +  s k p k +  O (Sk)y  +  o(Sk) e  F ( x ° +  Skx).

This means that there exists a bounded sequence {vk} such that y° +  Sky  +  S^vk e 
F ( x ° +  Skx ) for all k  =  1, 2 , . . .  and without any loss of generality one can suppose 
that vk ^  v and y° +  Sky  +  S^v +  o(Sj2) e  F ( x ° +  Skx ). Then, from the equalities 
and inequalities below

hi ( x ° +  Skx, y° +  Sky +  S2v +  o(S2)) < °  i e  12(z°, z ), 

h i ( x ° +  Skx, y° +  Sky +  S2v +  o(Sk)) =  °  i e  I°,

it follows that

jVyhi  (z°),  v) +  2  (z, V 2hi (z°rz) < °  i e  12(z°, z), 

(Vyhi  (z°),  v)  +  1  (iz, V 2hi (z°)~z) =  °  i e  I°,w .  I 21- ■("° )

that is v e  Г 2(z°, z; x )  and Г 2(z°, z; x )  =  0 .
Take an arbitrary vector v e  Г 2(z°, z; x ) . Then, for all sufficiently small t > °  we 

have

d ( ( t , y° +  t y  +  12v), C ) < a  max{°, —t , hi ( x° +  t x , y° +  t y  +  12v) i e  I (z°) ,

I hi ( x ° +  t x , y° +  t y  + 12v) I i e  I°} =  o( t2)

and, therefore,

y° +  t y  +  1 2v +  ov (t2) e  F ( x ° +  tx  +  o ( t2)x ).

1 2 n
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Set т =  t +  o ( t2) and obtain y 0 +  тy  +  т2v +  ov(t 2) e  F ( x 0 +  тx ). The function 
т =  T( t ) =  t +  o ( t2) may not be m onotone, but it follows from the last inclusion 
that there exists a sequence Sk I  0 and a convergent sequence vk ^  v such that
y 0 +  y  +  &kvk e  F ( x 0 +  8kx ) for all k  =  1. 2 . ___Thus, v e  D 2F (z0. z; x )  and

Г 2(z0. v; x )  с  D 2F ( z 0. z; x )  and, therefore, Г 2(z0. z; v )  =  D 2F(z°.  z; v) .  □

C oro lla ry  3.1 If, in addition to the conditions o f  Lemma  3.2, the multivalued mapping 
F  satisfies the Aubin property [28,29] at the point  z 0, then Г ^ ° ; x )  =  DF (z° ;  x)  
and Г 2(z0. z; x )  =  D 2F(z°.  z; x )  =  0  f o r  any y  e  Г ^ ° ;  xc).

C oro lla ry  3.2 Let y  e  Г ( z 0; x).  Then, under conditions o f  Lemma  3.2, f o r  any v e 
Г 2 (z0. z; x )  there exist an m-vector function ov (t2) and a function o ( t2) such that

y0 +  t y  + 12 V + ov( t2) e  F ( x 0 +  (t +  o ( t2) )x )

f o r  all sufficiently small positive t.

The relaxed second-order M angasarian-From ovitz condition at the point z0 along 
the vector z =  ( x . y ) in the direction x implies that the multivalued mapping F  has 
second-order directional derivative. Specifically, the following theorem holds.

T heorem  3.1 Let  y  e  Г ^ ° ;  x).  I f  the condition RM F2- (z) holds at the point  z0 along 
the vector z =  ( x . y ), then D 2F(z° .  z; x )  =  Г 2(z0. z; x )  =  0 .

Proof  The proof of Theorem 3.1 follows the scheme which was accepted in the proof 
of Theorem 2.1. Namely, we can show that under the assumptions of Theorem 3.1,

ri  Г 2(z0. z ; x )  =  {  : {Vyhi  (z0). D) +  1  (z. V 2hi (z0)z} =  0 i e  I 0 U I a (z0. z). 

(Vyhi  &0) . у ^  +  2  ( ẑ. V 2hi (z0)zj  < 0 i e  I —(z0. z)}.

Moreover, the implicit function theorem along with the argument similar to the one 
used in the proof of Theorem 2.1 yields that the inclusion v e  ri  Г 2(z0. z; xc) implies 
v e  D 2F ( z 0. z; x) .  □

D efinition 3.2 We say that the uniform relaxed Mangasarian-Fromovitz condition 
(URM Fx ) holds at the point  z0 in the direction x  iff Г ( z 0; x )  =  0  and any system

(  . i e  I0 U K ,
\ { V x h i  (z). x ) ) '  0

where K  с  I a (z0), has constant rank near the point z0.

Obviously URMFx is implied by M F x . On the other hand, URMFx implies RMFx .

C o ro lla ry  3.3 Let URMFx hold at z 0. Then, D F ( z ° ; x )  =  Г ^ ° ; х )  =  0  and 
D 2 F  (z0. z ; x )  =  Г 2(z0. z ; x )  f o r  any z =  ( x . y)  such that y  e  Г ^ ° ; х )  and 
Г 2(z0. z; x )  =  0 .
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Proof  By virtue of Lem m a 2.4, RMF x follows from  URMFx , therefore all require­
ments of Theorem  2.1 are fulfilled. Taking into account Lem m a 2.5 and Г 2(z° , z; x )  =
0 ,  it follows from  URMFx that RMF? (z) is valid at z°. Thus, all requirem ents 
o f Theorem  3.1 are satisfied and, therefore, D F ( z ° ; x )  =  Г ^ ° ; х )  =  0  and 
D 2F(z° ,  z ; x )  =  Г 2(z°, z ; x ) .  □

4 Directional Derivatives of the Value Function

Introduce the cone of critical directions at the point z ° :

D (z ° ) :=  [y  e  Г (z°; ° )  : ( V y f  (z°),  y) <  °}  .

The following lem m a is a slight modification of som e results o f Shapiro [8].

L em m a 4.1 Let  x k ^  x °, y k e  rn(xk ) and y k ^  y° e  rn(x°), y ( x k ) — p ( x °) < 
M  \xk — x ° | , k =  1, 2 , . . . ,  where M  =  cons t  > ° . I f  lim  |xk — x °| 1 |yk — y ° | =

<x, then all limit points  o f  the sequence { |yk — y ° | (yk — y°)} belong to D(z°) .

D enote Ф ^ ° ,  z , v ) := ( V y f  (z°),  v) +  2 (z, V 2 f  (z°)z),  where z  =  ( x , y ). 
Introduce the sets

Г *(z; x )  :=

and

y* e  Г ( z ; x ) : (V f  ( z ) , ( x , y*)) =  min (V f  ( z ) , ( x , y ))

A 2( z ; x ) :=  {Л e  A (z )  : ( V x L ( z , X ) , x ) =  m ax ( V x L ( z , X ) , x )} 

at a point z =  ( x , y)  e  grF .

L em m a 4.2 ( [9]) Let  z =  ( x , y)  e  gr F .  The fol lowing assertions are valid.

1. I f  at least one o f  the sets A (z )  or Г (z; x ) is non-empty, then

in f (V f  (z), z) =  sup ( V x L ( z , k ) , x ). 
ye Г (z;x) leA(z)

In addition, i f  both sets are non-empty, then the extrema on both sides o f  this 
equality are attained.

2. I f  Г 2 (z, z; x ) =  0  f o r  some y  e  Г *(z; x ), then

inf 2 Ф (z, z , v )  =  sup (z, V 2L(z° , X)z ) .
veг2 (z,z;x ) xeA2 (z,x)

In addition, i f  D F (z ;  x ) =  Г (z; x ) =  0  and  D 2F(z ,  z; x ) =  Г 2 (z, z - x ) =  0  
f o r  all y  e  Г  (z; x ), then the extrema on both sides o f  the equality are attained.
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N ote that it follows from Lem m a 4.2 that both sets Г *(z; x )  and A 2(z; x )  are non­
em pty if Г ( z; x )  =  0  and A (z )  =  0 .

Following Shapiro [8] we say that the strong second-order sufficient condition in 
the direction x  ( S S O S C x) holds at the point z0 if ^ ( z 0) =  0  and

sup {y. V f yL ( z 0. X)y) > 0 for all nonzero vectors y  e  D ( z 0).
XeA2 (z0;x)

L em m a 4.3 Let  the conditions RM Fx and S S O S C x hold at the point  z0 =  ( x0. y0)
such that  y 0 e  rn(x0). Let  also y  e  Г  *(z°; x ) and  l im in f  t —2( p ( x 0 +  t x ) — p ( x 0) —

110
t {V f  (z0). z)) be attained on the sequence t k I  0. y k e  rn(x0 +  tkx ) and y k ^  y0 e 
rn(x0). Then,

1. lim  sup t— 1 \yk — y0 1 <  ж  and all limit points  y0 o f  the sequence
k^(X>

, to Г *('70; V )\ t k 1(yk — y 0)} belong to Г *(z0 ; x );

2. there exists derivative p ' ( x 0; x )  =  {V f  (z°). z );
3. the fol lowing equality

D \ p ( x 0; x )  =  inf inf 2 0 ( z ° .  z . у )
У&Г*(z0;x) VeГ2(z0.z;x)

=  inf sup {(x. y°) .  V 2zL ( z ° . x ) ( x . y ))
у&Г *(z°;x ")xeA2 (z0.x)

is valid.

Proof  N ote first o f all, that due to Theorem  2.1 and Lem m a 4 .2 , it follows from the 
hypotheses that D F ( z 0; V) =  Г ^ ° ;  V) =  0  and both sets A 2(z° . x ) and Г *(z°; x ) 
are non-empty. L et’s prove the first assertion o f the lemma. Suppose to the contrary that 
l im s u p t—  \yk — y 0 | =  ж .  D enote x k := x 0 +  tkx . Since Г ^ ° ;  x ) =  D F ( z 0; V).

k^(X>
for у  e  Г *(z°; x ) there exists a function o ( t ) such that t —1o ( t ) ^  0 as t I  0 and 
y 0 +  ty  +  o ( t ) e  F ( x 0 +  t x ) for sufficiently small t > 0. Hence,

<p(x0 +  t x ) — <p(x0)

<  f  ( x0 +  t x . y 0 +  t y  +  o ( t )) — f  ( x0. y 0) < M t .  M  =  co n s t . (4)

and, consequently, p ( x k ) — p ( x 0) <  M  \xk — x 0 \ for k  =  1. 2 . . . .  Then, due to 
Lem m a 4.1, one can assume without any loss o f generality that

(y k — у 0) y k — у 0 ^  у e  D ( z v).—1 -  0л

Take a vector X e  A 2(z° . x ) such that (y. V f yL ( x 0. у 0. X)- ) >  0.
-  2

Since Г 2(z0. z; x ) =  D  F ( z 0. z; x ) =  0  due to Lem m a 3.2, we can take a vector 
v e  Г  2(z°. z; x ). Then, by virtue of Corollary 3.2, there exist functions o( t ) and o v (t) 
such that t —1o ( t ) ^  0, and t —1ov (t ) ^  0 as t ^ 0, and y 0 +  t y  +  t 2 v +  ov (t2)
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e  F ( x ° +  (t +  o ( t2) ) x ) for all sufficiently small t > °.  Thus, we can assume that 
y° +  tky  +  tk2v +  ov (t2) e  F ( x k +  o(tk2)x) for all k  =  1, 2 , . . .  D enote y k := 
y° +  tky +  t p  +  ov (tk2) and consider the equality

lim in f  t 2( p ( x ° +  t x ) — p ( x °) — t (V f  ( z°), z))  
t i °

=  lim  t—2(cp(x° +  t kx) — (p(x°) — t k (V f  ( z°), z))

. p ( x ° +  (tk +  o ( t2) ) x ) — p ( x ° ) — (tk +  o ( t2) ) (V  f  ( z°), z)
< lim  i n f ----------------------- k------------------------2---------- ---------------------

k^ ™  (tk +  o ( t2 ))2

f  ( x ° +  (tk +  o ( t2) )x , У
< lim

f  ( x ° +  (tk +  o ( t2) ) x , y k ) — f  ( x°, y°) — (tk +  o ( t2) ) (V  f  (z°),  z)

^  (tk +  o ( t2))2
t 2

=  lim  k
k- “  (tk +  o ( t2))2

f  ( x° +  (tk +  o ( t2) ) x , y k ) — f  ( x°, y°) — (tk +  o ( t2) ) (V  f  (z°),  z) 
x  lim  ------------------------k--------------------- 2---------------------------------------------

k^<x, t2

< Ф ^ ° , z , v ) .  (5)

It follows from the inequality (5) that, for any X e  A 2(z°, x ), one has

L ( x k , y k , X) — L ( x °, y°, X) — tk (V f  (z°),  ( x , y))

< f  ( xk , y k ) — f  ( x °, y ° ) — tk (V f  ( z° ), ( x , y))

< p ( x k ) — p ( x °) — tk (V f  (z°), ( x , y))  < M ° t 2 , (6)

where M ° =  cons t  > °.
Taking into account Lem m a 4 .2 , we obtain from (6) for X =  X

L ( x k , y k , X) — L( x ° ,  y ° , X) — tk (VxL  (x°, y°,  X), x ) M° t2

| y k — y ° | | y k — y°  |

which yields, after passing to the lim it, that

( y , V ^ y L ( x °, y°, X)y)  < °.

The last inequality contradicts the definition of X. Thus, the sequence {t—l (yk — y°)} is 
bounded, and without any loss of generality one can assume that t—l (yk — y°) ^  y° 
and, hence, y k =  y ° +  tky°  +  o(tk ). Furthermore,

hi ( xk , y k ) — hi (x°, y°)  < ° , i e  I ( z ° ) , h i ( x k , y k ) — hi (x°,  y°)  =  ° , i e  I°,
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and, therefore, after passing to the limit,

{Vhi (z0) . ( x . y ° ) ) < 0 .  i e  I ( z ° ) .  {Vhi (z0) . ( x . y°))  =  0. i e  I0 .

Thus, y 0 e  T (z 0; x ). M oreover, by virtue of Theorem  2.1, for any у  e  Г ^ ° ; x ) there 
exists a function o(t)  such that

f  ( x0 +  t k x . y k ) — f  ( x0. y 0) =  p ( x 0 +  tkx ) — p ( x 0)

<  f  ( x0 +  t k x . y 0 +  tky +  o(tk)) — f  ( x0. у 0).

and, therefore, {V f  (z0). ( x . у 0)) < {V f  (z0). ( x . у )). that is, y 0 e  Г  * (z0; x ). 
Now le t’s prove the second assertion of the lemma. From  the inequalities (5) and 

(6), it im m ediately follows that

lim in f t ~ 2( p ( x 0 +  t x ) — p ( x 0) — t {V  f  (z°).  z)) =  а  = ж

and

sup {(x. y0). V \ ZL ( z 0. x ) ( x . у 0) ) < 2 а  < inf 2 Ф ^ .  z .V) .  (7)
XeЛ2(z0,X) vs-T2 (z0,z;x ')

Let the lim it

D + p ( x 0; x ) =  lim in f  s —1( p (x 0 +  s x ) — p ( x 0))
s^0

be attained on a sequence sk I  0. Then,

а  < lim in f  s—2( p ( x 0 +  sk x ) — p ( x 0) — s k { V f  (z°).  z)).
k ^ o o

Therefore, for any e > 0 there exists a positive integer num ber k0 =  k0(e) such that 

а  — e < s—2(cp(x0 +  skx ) — p ( x 0) — sk{V f  (z0). z)) 

and, consequently,

sk (a — e) <  s—1(p (x 0 +  skx) — p ( x 0) — sk {V f  (z0). z))  

for all k  > k 0. Then, 

D + p ( x 0; x ) — { V f  (z0). z) > 0.

that is, D+ p(x°;  V) > {V f  (z0). z).  On the other hand, it follows from (4 ) that 
D + p ( x 0; x ) <  {V f  (z°).  z).  This means that p ' (x0; xc) =  {V f  (z0). z).
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Finally, le t’s prove the third assertion of the lemma. D ue to the second assertion, 

'+ 9we have 2a  =  d 2 p ( x °; x ) in (7). Then, it follows from  (7 ) that

inf sup ( ( x , y° ), V^zL (z° , X )(x , y))  < D+ p ( x ° ; x )
y e r  *(z° ;x ') XeA2 (z°,x)

< in f inf 2Ф (z0, z , v ) .
yer*(z°;x) v e r 2(z°,z;x)

Taking into consideration Lem m a 4 .2 , we obtain from the last inequality that 

D \ p ( x °; x ) =  inf in f 2 Ф ^ ° , z , v )
y e r *(z°;x) v e r 2(z°,z;x)

=  inf sup ( ( x , y 0), V \ ZL ( z ° , X ) ( x , y)).
y e r *(z°;x ) XeA2(z°,x)

Denote rn(x , x ) := y° e  rn(x°) : p ' ( x °; x ) =  min min (V f  (z°),  z)
y°ern(x0) yer(z°;x)

T heo rem  4.1 Let  RM Fx and S S O S C x hold at all points  z° =  ( x °, y°), where y° e 
oi(x0). Then,

1. the funct ion p  is differentiable at the point  x 0 in the direction x  and

p ( x °; x ) =  min min (V f  (z°),  z)
y°em(x°) yer(z°;x)

=  min m ax (Vx L ( z° , X ) , x ); (8)
y°em(x°) XeA(z0)

2. the fol lowing formula is valid

D \ p ( x 0; x ) =  in f inf inf 2 Ф ^ ° ,  z , v )
y°ern(x°,x) yer*(z°;x) v e r 2(z°,z;x)

=  in f inf sup ((z), V 2zL (z° ,X) (z)) .  (9)
y°ern(x0,x) yer *(z°;x ) XeA2(z°,x)

Proo f  (1) Let y° e  rn(x°). By virtue of Theorem  2.1,
r ( z ° ;  x ) =  D F (z° ;  x ) =  0 .  Then, for any vector y  e  r ( z ° ;  x ) there exists a 

function o ( t ) such that o ( t ) / t  ^  0 as t ^ 0, and y° +  t y  +  o ( t ) e  F ( x 0 +  t x ) for all 
t > 0. Therefore,

p ( x 0 +  t x ) — p ( x °) <  f  (x0 +  t x , y° +  t y  +  o ( t )) — f  (x°, y°)

and we obtain

^ < ( V f  ( z ), z)D + p ( x °; x ) =  lim  sup t 1 p ( x 0 +  t x ) — p ( x  °)
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for all z =  ( x . y )  such that у  e  Г ^ ° ;  x ). It follows from this inequality that

D + p ( x 0; x ) < inf inf {V f  (z0). z).  (10)
y0em(x0) у € Г ^ 0;x)

Under the hypotheses of the theorem, Г  *(z0; x ) =  0 .  Let у  e  Г  *(z0; x ) and consider 
the sequence tk I  0 such that

lim  t—2(cp(x0 +  t kx ) — p ( x 0) — tk{V f  (z0). z)) 

lim in f t —2(p (x 0 +  tx ) — p ( x 0) — t { V  f  (z°).  z)).

Denote x k := x 0 +  tkx , y k e  oj(xk ). k  =  1. 2 . . . .  W ithout any loss o f generality one 
can suppose that the sequence {y k } is convergent. Then, y k ^  y 0 e  F ( x 0) due to the 
closedness of the graph of the m ultivalued mapping F.

Since p ( x k ) < p ( x 0) +  tk D + p ( x 0; x ) +  o(tk ). the passage to the lim it in the 
equality f  ( xk . y k ) =  p ( x k ) gives f  ( x 0. y 0) =  lim s u p p ( x k ) < p ( x 0) , and,therefore,

k^<x>
y 0 e  rn(x°).

Thus all requirem ents o f Lem m a 4.3 are satisfied, so due to this lem m a we have 

D + p ( x ° ; x )  =  { V f  (z0). z)) > in f in f {V f  (z°).  z).  (11)
y0em(x0) ysГ(z0;x)

Com paring the estimates ( 10) and ( 11), we obtain that there exists a finite directional 
derivative

p ' ( x 0; x ) =  min min {V f  (z°).  z).
y0em(x0) yeГ(z0;x)

Application of Lem m a 4.2 now yields (8).
(2) From  the hypotheses and the first assertion it follows that Г *(z0; x ) =  0  

~  2
and Г 2(z0. z; x ) =  D  F (z0. z; x ) =  0  for all y0 e  rn(x0). Moreover, rn(x0. x ) =  
0  for any у  e  Г *(z0; x ). Take arbitrary y 0 e  rn(x0. x ). у  e  Г *(z0; x ) and v e 
Г 2(z0. z; x ). Then, there exists a sequence sk I  0 such that

y k =  y0 +  sky +  sk V +  o v (sk ) e  F  (x0 +  skx ). k  =  1. 2 . . . .

Hence,

p ( x 0 +  s k x ) — p ( x 0) — skp ' ( x0; x )

<  f  ( x0 +  sk x . y k ) — f  ( x0. y 0) — sk{V f  (z0). z))

< sk{V f  (z0). z) +  s ^ ( z ° .  z. V) +  o( s2).
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Therefore,

D+ p ( x °; x ) < lim  in f 2s—2( p ( x 0 +  skx ) — p ( x °) — skp ' ( x °; x )) < 2Ф (z0, z, v)

for all y° e  rn(x0, x ), y  e  Г *(z°; x ) and v e  r 2( z° , z; x ). Thus,

D \ p ( x 0; x ) < in f inf inf 2 Ф ^ ° ,  z , v ) .  (12)
y°em(x°,x) yer*(z°;x) v e r 2(z°,z;x)

On the other hand, due to the third assertion of Lem m a 4.3

D \ p ( x 0; x ) =  in f in f 2 Ф ^ ° ,  z , v )
yer*(z°;x) v e r 2(z°,z;x)

=  in f sup ( ( x , y°) ,  V^zL(z° ,  X ) ( x , y )),
y e r *(z°;x ) XeA2(z°,x)

where y° e  rn(x0, x ). Therefore,

D \ p ( x 0; x ) > in f in f in f 2 Ф ^ ° ,  z , v ) .
y°em(x°,x) yer*(z°;x) v e r 2(z°,z;x)

From  the last inequality, Lem m a 4.2 and ( 12), the validity of (9) follows. □

T heo rem  4.2 Let  conditions URMFx and S S O S C x hold at all points  z° =  ( x°, y°) 
such that  y° e  rn(x °). Then, the value funct ion p  has directional derivatives p ' (x°;  x ) 
and p " ( x 0; x ) at the point  x 0 in the direction x  and

p ' ( x °; x ) =  min min (V f  (z°),  z) 
y°em(x°) yer(z°;x)

=  min m ax (Vx L ( z° , X ) , x ), (13)
y°ern(x°) XeA(z0)

p ' ( x °; x ) =  in f in f inf 2 Ф ^ ° ,  z , v )
y°ern(x°,x) yer*(z°;x) v e r 2(z°,z;x)

=  in f in f sup (z, V 2L(z° ,  X)z).  (14)
y°ew(x0,x) yer *(z°;x) XeA2(z°,x)

Proof  The equality (13) is valid due to Theorem  4 .1 . Moreover, from  the hypothe­
ses o f the theorem, it follows that Г *(z°; x ) =  0  for all y° e  rn(x°). Furtherm ore, 
D 2F (z°, z; x ) =  Г 2(z°, z; x ) =  0  for any y  e  Г *(z°; x ) by virtue of Theorem 
3.1. Take arbitrary y° e  rn(x°, x ), y  e  Г * ( z ° ; x ) and v e  Г 2(z°, z; x ). Since 
Г 2(z°, z; x ) =  D 2F(z°,  z; x ), the inclusion y° +  t y  +  12v +  o( t 2) e  F ( x 0 +  t x ) is 
valid for all t > °  and, hence,

p ( x 0 +  t x ) — p ( x  °)

<  f  ( x0 +  t x , y° +  t y  +  12v +  o( t2)) — f  ( x0, y ° )

=  t ( V  f  (z°),  z) + 1 2Ф ^ ° , z, v) +  o( t2).
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Taking into consideration that y0 e  rn(x0. x ) and у e  Г *(z ; x ). for the derivative 
D +2p ( x 0; x ) =  lim sup  4 [p (x0 +  t x ) — p ( x 0) — t p ' ( x 0; x )] one can obtain the

t|0
following upper estimate: D +2p ( x 0; x ) < 2 Ф ^ ° .  z. v). Then,

D +2p ( x 0; x ) < inf inf inf
y0ew(x0.x) у&Г*(z0;x) veГ2(z0,z;x) 

0

2 Ф ^ ° . z. v). (15)

Com bining (15) and the estim ate for D+ p ( x 0; x ) from Theorem  4 .1 , we obtain

p  "(x  0; x ) = inf inf inf 2 Ф ^ 0. z. v)
y0sю(x0,X) у&Г*(z0;x) )

By applying Lem m a 4.2 now, we obtain ( 13). □

Example 4.1 Let F ( x ) =  { y  e  R 2 : y 1 +  y2 — x <  0. — y 1 — y2 +  x <  0. — y 1 < 
0. — y2 <  0}. f  (у) =  y2 +  У2 .x e  R . x 0 =  2. y 0 =  (1. 1)r . Thus, functions 
hi i e  I  =  [1. 2. 3. 4}. are given by h 1 ( x . у ) =  y 1 +  y 2 — x . h 2 ( x . у)  =  — у 1 — 
y2 +  x . h 3( x . y)  =  —y 1. h 4( x . y)  =  —y2. and it is not difficult to check that neither 
M F C Q  nor M F x hold at the point z0. On the other hand, for any x  e  R n . we have
Г ^  ; x ) =  [y e  R 2 : y 1 +  y2 < x . y 1 +  y2 > x }. 10(z0; x ) =  [1. 2}. Furtherm ore, 
R M F x at the point z0 in the direction x  holds because

ra n k [ V yhi ( x0. y0). i =  1. 2} =  rank

1

— x  j

— 1 

x

=  co n s t .

The condition S S O S C x is equivalent to 2(y2 +  y |)  >  0 for all nonzero vectors у 
and, therefore, holds. Thus, due to Theorem  4 .1 , there exists the derivative p ' ( x 0; x ). 
L e t’s calculate it for the direction x  =  1 using Theorem  4 .1 . It is easy to see that 
rn(x) =  [(2 —1 x . 2 —1 x ) T }. hence, p ' ( x 0; x ) =  m in[2 (y1 +  y2) |y 1 +  y2 =  1} =  2. 
The requirem ents of Theorem  4.2 are also satisfied in this example. So the second 
order derivative p " ( x 0; x ) exists. L e t’s calculate p " ( x 0; x ). Obviously, Г *(z0; x ) =  
Г (z°; x ). It is easy to obtain that Г 2(z°. z; x ) =  [v |V1 +  v2 =  0}. Then, due to ( 14) 
we have

p " ( x 0; x ) =  min min [2(V1 +  V2 ) +  2(yj2 +  y |) )
У&Г*(z0;x) vsГ2(z0.z;x)

=  min 2( у2 +  y |)  =  1.
уёГ *(z0;x)

5 Conclusions

In the present paper, problem s of param etric nonlinear program m ing have been stud­
ied. A  new relaxed Mangasarian-Fromovitz condition in the direction (RMFx) 
has been introduced. This condition is a weaker requirem ent than the well-known
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Mangasarian-Fromovitz  condition in the direction (MFx ). It has also been proven that, 
ju st like M F x , the new condition ensures directional differentiability o f the multivalued 
mapping F  defined by the set of feasible points o f the m athem atical program m ing prob­
lem, and it permits to calculate derivatives of the m ultivalued m apping. This allowed us 
to establish sufficient conditions for directional differentiability o f the value functions 
of nonlinear m athem atical problem s under weaker requirem ents than those used tradi­
tionally (see [8, 9, 12]) as well as to obtain explicit formulas for calculating directional 
derivatives of the value functions.

Furtherm ore, a new relaxed second-order Mangasarian-Fromovitz condition 
(RMF? (z)) has been introduced, which allows to calculate second-order directional 
derivatives of the multivalued mapping F , establish new sufficient conditions for 
second-order differentiability o f the value functions and obtain formulas for calculat­
ing the second directional derivatives.

The obtained results generalize the known results [8, 9, 12] on directional differentia­
bility o f value functions and stability analysis in problem s of nonlinear programming.
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