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Abstract

We examine a generalize Dirac equation for spin 1/2 particle with anomalous magnetic
moment in presence of the external uniform magnetic field. After separation of the variables,
the problem is reduced to a 4-order ordinary differential equation, which is solved exactly
with the use of the factorization method. A generalized formula for Landau energy levels is
found. Solutions are expressed in terms of confluent hypergeometric functions.

1  Ordinary Dirac equation in cylindrical coordinates, separa-
tion of the variables

We use the known representation for the uniform magnetic field: A = % cB xr, B=(0,0,B).
After translating to cylindrical coordinates we get

Ay=0, A, =0, A,=0, A,=-Br*/2. (1)

a non-vanishing component of the electromagnetic tensor is Fy,. = Br. We consider the Dirac
equation in the magnetic field (1), using the tetrad formalism [1] for cylindrical coordinates
a® = (t,1,9,2):

1 00 0

2 32 32 92 52 2 B,y 1010 0
dS* = dt* — dr* —r* d¢* — dz* €(a) (z) = 00 1/r 0 (2)

000 1

Generally covariant tetrad Dirac equation [1] is
1

(i (efy 0+ 50" e ) — SAc] = mefw =0, (3)
where 745 are the Ricci rotation symbols rotation: Ypae = —Vape = —€(b)Bia e?a)e?c), A, = e(ﬁa)Aﬁ

is the tetrad components of the 4-vector Ag; 0% = 1/4(y*y® — P42) are generators for bispinor
representation of the Lorentz group.
We will use the shortening notation: e/ch = e, mc¢/h = M. The Dirac equation takes
the form (let ¥ = ¢/+/r):
i0p eDr

.00 ., 0 .30
Z"yoaﬁ‘l"}/l%ﬁ"}g <T+2)+Z’}/382—M:|g0:0 (4)
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We search solutions in the form

fi(r) ) fi
_ —iet jim¢ ikz fg(T) : f2 _
@ = e ideimPeik B | ey’ vl o =9 ) = kv = M =0
fa(r) Ja

where p(r) = m/r — eBr/2; further we will use the shortening notation eB = B. When
choosing Dirac matrices in the spinor basis, we find equations for the four functions fu(t, z):

(di?“ + M)f4 + 1k fg + i(efg — Mfl) =0, (% — ,U,)fg —ikfy + i(€f4 — Mfz) = 0,
(b o ik fy = iefy ~ MJs) =0, (o — p)fy — ikfo — il - Mf) =0, 0 ()

The equations are consistent with the linear constraint f3 = Afy, fa = Afa, if the following
condition is imposed

M €+ Ve — M?
€ 1 e+ M — 1,2 i (6)

As a result, the problem is reduced to the system of two equations
d , d ,
(dr+u) fot+ilk—e+ MA)f =0, <dr_'u> fiti(—k—e+ MA)fo =0. (7)

In accordance with (6), we have two types of states:

AM =e+Ve2 — M? (Ve —M?=p)

(i+ u) f2+¢(k+p)f1:o,($—u) fr—i(k—p) fo=0; (8)
AM =€ — Ve — M2, (Ve —M2=p)
(CZﬂr M) f2+i(k—p)f1=0,($—u> fi—i(k+p) f2=0. (9)

For definiteness, we follow the variant (8).

2  Solving equations for r-variable

From (8) we obtain the second order equation for R;

2 B B 2
dR1+lm+—(m—T) +)\21R1:0. (10)

dr? r2 2 r 2
where \2 = €2 — m?2 — k2. Parameter A2 describes the contribution of the electron transversal

motion to the total energy, this part of the energy is quantized. Note that we diagonalize the
operator

.0
_1(97%)\1/ =mV, (11)
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which represents the third projection of the total angular momentum of the Dirac particle in

cylindrical tetrad basis:
~ 0

J3\I/Ca7"t = (_2% + 23) \I/Cart =m¥=m \IIC'art (12)

therefore for m are permitted only half-integer values m = £1/2, £3/2, ....

We turn to eq. (10) and introduce variable & = Br?/2, equation becomes'

d’R dR 1— 2)\2
dp——L 42 1+<m( m)—x+1+2m+B>R1:0. (13)

dx? dx x

We seek solutions in the form Ry (z) = z4e~C*R(z). If A, C are chosen according A = m/2, (1—
m)/2, C = £1/2, the equation for R reads

d’R 1 dR m A2

which is the confluent hypergeometric equation

A2 1
Vi — )Y —aY = —A- A —92A 4.
T + (y — ) « 0, « ). € v —1—2

To obtain solutions that vanish at the origin » — 0 and infinity » — co, we must take positive
values for A and C:
m=+1/2,43/2,..., A=m/2,
C=+1/2, A=
m=-1/2,-3/2,..., A=(1-m)/2.

To obtain polynomials, we impose the know restriction a = —n, n =0, 1,2, ... This leads to
the following rule for quantization of the parameter A\%:

)\2
A %—i—n.

g = A
Depending on the sign of the quantum number m we get two formulas for A2 = €2 — M? — k%
m>0, A =2eBn, n=0,1,2,...;

m<0, A\ =2eB <n—m+;>, n=0,1,2,.. (14)

3 Accounting of the anomalous magnetic moment

The Dirac equation for a particle with spin 1/2 with anomalous magnetic moment in the Rie-
mannian space-time (using the tetrad formalism) can be represented in the form [2, 3]

Lile? s+ Loty ) — CAL ] — iN-2C goB _MC}_
{’y [z(e(c)(?g + 50" Vabe ) hCAC ] z)\Mcza (x)Fop(x) - U=0. (15)
Dimensions of the parameters in the equation are
Mc e e el
=0 [ZA=UY [SF =0 =)=
[ h ] I [hc ] J [hc ] Y [MCQ:I I

"Without loss of generality, we assume that the parameter B positive.

252



free parameter A\ is dimensionless. Consider this equation in the uniform magnetic field. In view
of
0P (2)Fop(2) = 20°"Fy, = in*y'B = iBY;3

instead of (4) we get a more general equation

0 1 0 i0y  eBr 3 0 Mc B
[ny at—H’ya + 42 ( + 5 >+’ya +/\ Eg—h}ap—(). (16)
Substitution for the wave function is the same as above
1(r)
40 fa(r)
0 1 2 3 2
—_—— —k I'Ys — M = 1
{67 iy = p(r) —ky® +T%3 } () 0, (17)
(r)
where we use the notation
m  eBr 2eB Me €
_——_— A—s r i M —= . 1
r 2 = (), ]\402:> ’ h — M hc:>€ (18)

Further we get four radial equations
—i (;{,"’U) fat(e+E)f3+ (L —M)f =0,
—i (5= u) fa+ (= Bfi - T+ 20 20,
4 (54 ) ot (= AA DN S =0,

4 (5= ) fi+ (AR =0+ A0 f =0,

Let us try to impose a linear constraint (see the case of ordinary Dirac particle): f3 =
Afi1, fa = Afa, equations take the form
[ d r- M
—i <+u> fot [e—I—k—i—()} fi=0,
dr A

Y (LN I PR G L)) R
o e o
+i i+u fot+le—k+(T—MAfL=0,
(dr )
dr

In the system (19) equations 1 and 3, as well as equations 2 and 4 are the same, only if the
ratio

—H’(d— >f1+[6+k—(F+M)A]f2=0. (19)

e—i—k:—f—(FA]w):—[e—k—k(F—M)A],
e—k:—(rtljw):—[e—kk—(F—FM)A];
they can be rewritten as:
6JF(F_AM):_e_(r—M)A = 26:(M—F)(A+%)7
E—MAMZ—E—F(F—G—M)A == QEZ(M—FF)(A—F%). (20)

Obviously, this system is not consistent. Thus, we are to examine the system of four equation
in a different way.
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4 Solving the radial equations

We turn again to the system of four equations. They can be represented in the form of two

linear systems

(F—M)f1+(6+k)f3=i<jr+ﬂ> fa=1Dyfa,

He=Bfi+ (=00 fs = =i (54 4) fo = ~iDsfo

T

—(C+M)fa+(e—k)fs=1i (Ci —M> f3=1iD_f3,
et k) fo— (T 4+ M) fs = —i (; _ u) fi=—iD_fi .

,
Their solutions are as follows:

(e+k)Dyfo+ (I —M)Dy fy (T =M)Dgfo+ (e=k)Dyfs

flz—l-Z (F—M)2—(62—k;2) ) f3: (F—M)Q—(éz—k:Z) )
fo gD AT HMD f3 (T M)Dfi+(e+k)D_f3
2 (I‘ _|_M)2 _ (62 _ kz) ) 4 (F—i— M)2 — (62 — /62) .
We note two identities
d d d2 / 2
D+D7—(5+M)(5* )—ﬁ*ﬁéfﬂv
d d d2 . )
D—D+—<$—M)(d—r‘+ﬂ)—ﬁ+u — .

Substituting expression (23) into equation (22), we get

I'-M)D_D e—k)D_D
ST Mt (e~ WIS B e T
(+BD_Difs  (0-M)D D.f

+He+k)fo— (T +M)fs=

TP = (@) T-MP—(@—F)

By combining equations (26), we obtain

1 d?
— FQ_M2_k2 2 el I 2
f2 2F(e+k:)< teEt ot et 1

and then we derive the 4-th order equation for the function fy4

d*f4 B? , 2 2 42, 2 m(m+1)| d*fa
_dr4+l27" —B@2m—1) = 2(I" = M" k" + &) +2— 3 a2
1)7d
+[Bzr_4m<mg+> dfa
r dr

B* , B 2 2 12 2\),2
+[—16r +I(B(2m—1)+2(F - M* -k —|—6))r—

2

(21)

(22)

(23)

(24)

(25)

(27)

B
“B(2m = 1) ([® = M? = k> 4 &) = (I° + M 1 = &) +4T°M° - = (6m?—2m —1)+
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mm+1)(B2m—1)+2(T*-M?2-k*+¢€*) m(m—2)(m+3)(m+1)
r2 - r4 f4 =0
(28)
Similarly, we can find the expression for fy
f4:¥ r2— —k? 4 € +d—2+u’—u2 f (29)
T (e — k) dr? 2
and then derive the 4-th order equation for the function fo:
d' f B* , 2 2 12, 2 m(m+41)| dfp
d7“4+ — 5T +B(2m—1)4+2(I*—-M*—k*+¢*)—2 3 dr2+
7 d
+ [—B%+4W} @2,
r dr
+ B4r4—B2(B(Qm—1)+2(F2—M2—k2+62)>r2+
16 4
e?B?
+B@2m—1) T2 - M2 — k2 + &) + (02 + M2 + k% — %)? — AT2M2 + (6m? —2m—1) -
mm+1)(B2m—1)+2(T% - M2 -k*+¢€)) m(m—2)(m+3)(m+1)
- 2 + o fa=0.

(30)

We note that the equation for fo and fy are the same. Therefore it is sufficient to consider
one of them. To study the arising equations (28) and (30) we will use the factorization method:

Fu(r) f(r) = fo(r)ga(r) f(r) =0,

\ d? P . d?
fo(r) = a2 + P()T’ + P —|— gg(?“) o2 + Q()T’ + Q1+ @ (31)

Calculating the operator Fy and comparing with (30), we find two sets of numerical coefficients:

1
1) PO:—EB2, Py=-—m(m+1),

1
P =B (m—)+F2—M2—k2+62+2f‘\/62—k2,

2
Lo
QOZ—ZB, Q2 =-m(m+1),
1
leB(m—2>+F2—M2—k‘2—i—62—2f\/62—k:2;
and 1
2) PO:—EBQ, Py=—m(m+1),



1
P,=B (m—2)—|—F2—M2—k2+62—2f‘\/62—k2,

1
QO:—ZBQ, Q2=-m(m+1),

1
Q=B <m2>+F2M2k2+52+2F\/52k2.

Thus, we are to solve two equations (they differ only in the sign of I")

2 2,.2
(CZ&_B; B <m_;>+FQ—M2—k2+e2+2FM—m(WrZQ+1)> f o,

(32)
d?> B’ 1 1
L 21 4B <m—> LT oMoyl arye o mmEDY oy
dr? 4 2 5>
(33)
Consider the first equation (32). We turn it to the variable = Br?/2:
d2f 1 df
¥ dz? + 2 du
r ATVE —k2+(2m—-1)B+2(I2-M?2—k*+¢2) 1mim+1)
+ =5+ -7 f=0
4 4B 4 x
We will build solutions in the form:
f=ax%"F,
?F /1 dF 1
—= +(=42a+2bx) — v — -
xdz2+<2+ a+ x) d:v+[< 4>x+
2Bb(4a+1)4+4TVe2 —k2+ (2m—1)B+2(T? — M? — k% + €2)
+ +
4B
1 (2a+m)(2a—m—1)} Foo.
4 x
If a, b are chosen as
m 1 m 1
“=Ty gt 2 (34)
the equation is simplified
i (3+2-2)
T d? 2 THTT) U
B(4a+1)—4r\/e2—k2—(2m—1)B—2(r2—M2—k2+62)F70
4B -
and it is the equation for a confluent hypergeometric function with parameters:
B(da+1)—4TVe —k2—(2m—1)eB —2(T? — M? — k? + € 1
o= (da+1) ¢ (TZB e ( +6),’y:2+2a. (35)
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To get solutions that meet the bound states, we should use the positive value of the parameter
a and the negative values of the parameter b (for definiteness assume that B > 0):

1
a=-"" (m<0); a=24->0 (m=>0). (36)
2 2 2
Conditions of terminating the hypergeometric series to polynomials & = —n (introduce the

notation €2 — k? = \):

B(4a+1) —4TVA—(2m—1)B-2(I% - M?) -2\ _

1B -n (37)
gives quantization rule for the energy values:
m  M? -T2 VO NP
“t3 2T e """ B Tap
we obtain
1
(VA+D? =N, N=M*+2B(a+5 - T +n) = A=(/N-I)’>0. (38)
From (38) we find the formula for the allowed values of A
1 m ?
62—k2:<\/M2+2B(a+2—~2—+n)—I‘) : (39)
Depending on the sign of m, we obtain two formulas:
m 1 2
m<0, a=-7, 62—k2:<\/M2+QB(2—m+n)—F> ; (40)
m 1 9 9 2
m>0, a=92 4+, k= (\/M2+2B(1+n)-T) . (41)
2 2
This, we have two possibilities for quantization
I, A\=(/N-=T1)2, II, X=(/N+T). (42)

that is the particle with anomalous magnetic moment has two series of energy levels, formally
differing in sign of the parameter I'.

5 ~Further analysis of solutions

Let us consider the function f(r) as the primary. Obtained above ratios allow us to calculate
other three functions. We start from the explicit form of the function fs, the solution of equation
(32):

fo = 2% ""2F(a,, ) , (43)
where the parameters are given by

1 m M>-T2 TVXA A
a=a+ - — — - —

2 2 2B B - T3t (44)
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The function f; can be found according to the following relationship:

2 _ 2

fa= 2T (e — dr? 2 2 ~ 1’

from where after translating to the variable x we find

Ja

e 1ld 15
T2 T 2qr T 2B 5B 5 1 i (45)

2B d? 1d A M? -T2 m 1 m(m+1) 1x f
20 (e — k) ’

Given the identities

A M2-T2 m
—p tg - g=nta+t

9B T T 2B
the above relation can be written as

2B 2 14 1 TVX mm+1) 1

4

fa dz 4 B 4

Depending on the values of the parameter m, we have two different cases:

1
A) m<O, a= —%, fo= x*m/Qe’x/QF(—n, —-m + 3 x),

B +1+M2—1“2 INVORD Y o !
a=mTy 2B B 2B v T TMmToe

2B < 2 1d m 1 TVX m(m+1) x)
f2,

Ja

"\ 2 "2 T B T & 1

ﬁ_\/M2+2B(%—m+n)—r; (47)

1
B) m > O) a = % -+ 5, f2 = x(m+1)/2671/2F(_n7m+ 27 :1:)7
MP-T? TVA A

5B B a2 v YTmEg

2B ( 2 14 m+1 1 TV m(m+1) m>f
o 7. N - - 2,
4

T o Tt T 1B 1z

VA=/M2+2B(1+n)-T. (48)

Using the relations (47) and (48) we find the explicit expression for the function f;:
for the variant A,

fo= \/X x—m/Ze—x/ZF( 1 \/X

p— —n,—m+§,x):—€_kf2(:c), (49)

A 3 A
m>0, fi= VA M2 2P om 4+ 2 x) = — VA folz). (50)
e—k 2 e—k
Changing in these formulas the parameter I' on —I', we obtain the relations describing the
second series of states. It is not difficult to calculate the explicit form of the other two functions

f1, f3; corresponding calculated are made, we will not detail on this.
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