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Abstract—The aim of this paper is to describe all invariant affine connections on three-dimensional
homogeneous spaces with nonsolvable transformation group. We present complete local classifica-
tion of homogeneous spaces, it is equivalent to the description of effective pairs of Lie algebras. We
describe all invariant affine connections together with their curvature and torsion tensors, holonomy
algebras.
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1. INTRODUCTION

Classification of homogeneous spaces in low dimensions is a classical problem which goes back
to Sophus Lie, who provided local classification of homogeneous spaces in dimensions 1 and 2 and
some three-dimensional spaces. A large class of the homogeneous spaces is spaces with nonsolvable
transformation group. The preprint [1] gives the local classification of three-dimensional isotropically-
faithful homogeneous spaces.

Let (G, M) be a three-dimensional homogeneous space, and let the Lie group G be nonsolvable. We
fix an arbitrary point o € M and denote by G = G, the stationary subgroup of o. Since we are interested
only the local equivalence problem, we can assume without loss of generality that both G and G are
connected. Then we can correspond the pair (g, g) of Lie algebras to (G, M), where g is the Lie algebra
of G and g is the subalgebra of g corresponding to the subgroup G. This pair uniquely determines the
local structure of (G, M), that is two homogeneous spaces are locally isomorphic if and only if the
corresponding pairs of Lie algebras are equivalent. A pair (g, g) is effective if g contains no non-zero
ideals of g, a homogeneous space (G, M) is locally effective if and only if the corresponding pair of Lie
algebras is effective.

An isotropic g-module m is the g-module g/g such that z.(y + g) = [z, y] + g. The corresponding
representation A : g — gl(m) is called an isofropic representation of (g, g). The pair (g, g) is said to
be isotropy-faithful if its isotropic representation is injective. Invariant affine connections on (G, M)
are in one-to-one correspondence [2] with linear mappings A : g — gl(m) such that Al = Aand A is g-
invariant. We call this mappings (invariant) affine connections on the pair (g, g). Ii there exists at least
one invariant connection on (g, g) then this pair is isotropy-faithful [3, 4]. All of this pairs are described

in [1]. The curvature and torsion tensors of the invariant affine connection A are given by the following
formulas:

R:mAm— gl(m), (x1 +9) A (z2 +g) — [A(z1), Alz2)] — A([21, 22]);
T:mAm—m, (z1+9)A (22 +9) — A1) (22 + 9) — Ala2) (21 + 9) — [21, T2|m.
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INVARIANT AFFINE CONNECTIONS 219

To refer to the pair we use the notation d.n.m, where d is the dimension of the subalgebra, n is the
number of the subalgebra of gl(3, R), m is the number of (g, g) in[1]. We define (g, g) by the commutation
table of the Lie algebra g. Here by {eq,...,e,} we denote a basis of g (n = dimg). We assume that
the Lie algebra g is generated by eq,...,e,_3. Let {u; = e,—2,u2 = €,_1,u3 = €, } be a basis of m.
We describe affine connection by A(en—2), A(en—1), A(en), curvature tensor R by R(en—2,€n-1),
R(en—9,€ey), R(en—1,e,) and torsion tensor T' by T'(e,—2,€n—1), T'(en—2,€n), T(€n—1,€n).

2. PAIRS OF LIE ALGEBRAS DON'T HAVE AFFINE CONNECTIONS

Find isotropy-faithful pairs, such that the pair (g, g) don’t have invariant connections.

Theorem 1. If the pair (g,g) don’t have affine connections, g is semisimple then (g,g) is
equivalent to one of the pairs 3.19.2, 3.19.12, 3.21.2.

Proof. Let
P11 P12 P1,3 q1,1 41,2 41,3 1,1 1,2 T3
Alur) = D21 P22 P23 | A(ug) = G2,1 92,2 92,3 | Afus) = ro1 T2,2 T23
P31 D32 P33 431 43,2 433 r31 732 T33

for p; j, i j, ri; € R(4,5 =1,3). 11 (g, g) is the three-dimensional homogeneous space 3.19.2[1] then

000 010 001
Afer)=101 0], Ale2)=|o000]|, Ales)=]000
00 A 000 000

(Alg=X). A is _g-invariant = [A(e3),A(w)] = A([ez,w1]) = [A(e3),A(uw)] =0,

P3,1 P3,2 P3,3— P1,1

0 0 —po1 | =0 paa=ps2=p21=0 p3z=pr1- [Ale2), AMwr)] = A([e2, w]) =
0 .0 —P3,1
0 p22—p1,1—1 p23
[A(e2), A(ur)] = 0 | =0, we have poo=pi1+1,p3=0.
0
[Aler), A(ur)] = A(ler, u1]) = | A(uy)] = Othenpyo = 0.[A(e3), A(u2)] = 0,¢31 = @32 = q21 =
—P1,1 922 —q1,1 42,3 —P1,3
0, ¢33 = q1,1; if [A(e2), A(uz)] = A(u1) then 0 —pia—1 0 = 0 and the pair (g, g)
0 0 —p1,1
don’t have affine connections. In other cases are the same. O
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220 MOZHEY

Theorem 2. I} the pair (g,g) don’t have affine connections, g is not semisimple (or solv-
able), radical of g is commutative then (g,g) is equivalent to one and only one of the pairs

Pair Levi decomposition

4.10.3 |{{u1}, {e1, e2 + u1, ug, €3, e4 + auy, us}}

4.14.2 |{{u1}, {e1 + uq, €2, €3, —ey, uz, us}}

4.14.3 |{{u1},{e2 + aer + u1, —e1 + e, —ey + aes, —e3 — ey, us + aug, —us + aug}}
4.20.11{{{eq, —e3, —u1, —us}, {—e1 — e3, —ea, —uy — us}}

4.20.12({{—ug, —e3, —u1,e4},{—€1 — e3 — eqg + uy, —eg — €3, —uy + 2us — ug}}
3.19.11|{{u1, ug, —es}, {—ea, us — uy, €1 —es}}

3.19.15|{{u, e3, —ea}, {us — uy — 2e3, €3 — us, e1 — ea — uy }}

3.21.4 |{{u1, €2, —es}, {—usz — (1/2)eq,ugy — uy,e1 — ez — (1/2)uq }}

3.21.5 [{{u1, €2, —es}, {—(1/2)es — us,u; + ug, —e; —eg — (1/2)u; }}
3.25.31[{{e1, 2u1, ea}, {2e1 + deg + (2/3)uq, €2 + dug, ug + 4dus}}

3.26.2 [{{es, uz, u1}, {e1 +es,ea + es — uy, ug — 2uz + us}}

2.9.17 |{{u1, —us}, {2e2, —2us — 2us, e1 + u1 }}

2.13.9 {{ul, 62}, {261 + (2/3)U1, es + ug, 2uq + 2’LL3}}
Proof. 11 (g, g) is the three-dimensional homogeneous space 2.9.17 [1] then

10 0 001
Aler)=10 -2 0 |, Ale2)=1000]|:
00 —1 000

(Alg = A). Ais g-invariant = [A(e2),A(u1)] = A([e2,u1]) = [Ae2), A(u1)] = 0,p31 = p32 =p21 =0,

p33 =pi1. I [Aler), Alur)] = A(ler, w]) = [Aer), A(u1)] = A(ur) then p11 =pi1o=pi13=p22 =
31— 1 32 q33—q11

p2,3 = 0. [A(e2), A(u2)] = Aler) = 0 2 —qoq = 0 and the pair (g, g) don’t have affine

0 0 —g31+1
connections. In other cases are the same. O

Theorem 3. If the pair (g,g) don’t have affine connections, g is not semisimple (or solvable),
radical of g is noncommutative then (g,g) is equivalent to one and only one of the pairs

Pair Levi decomposition
5.10.3 |{{es5, ug, 1 + ea,u1, —e4q}, {€s, u1 —us, ea —es}}
4.6.2 < [{{ug — ez, e1,eq,ur}, {—e2 + (1/2)eg — ug, —2e3, ug — 2uz}}
4.12.2 {{61, us, €3, ul}, {63 — €2, —€4, U1 — UQ}}
4.21.8 |{{e4, —2e3 — 2uy, —2€1 + ug, u1 }, {—(4/3)es + des + (2/3)uq, e2 + uy — 4us, eq + 4dus }}
3.8.4 {{61, ui, U3}, {61 — 2e9 + (1/2)U1, —2e3, ug — 2U2}}
3.19.6 [{{u1 —e1,us,es}, {—e2, us, us}}
3.19.9 [{{es,u1 — ey, us}, {—e2, ug, us }}
3.19.10 {{U3, up — €y, 63}, {—62, u9, ul}}
3.23.7 {{—63, —2uq,uy — 261}, {—(1/2)U1 — U9, —2e9 — ez + (2/3)U1, —2U3}}
3.24.2 {{ul, ug, —62}, {—263, U] — 2ug + 2us, e1 — e + ul}}
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INVARIANT AFFINE CONNECTIONS 221

The proof just as above.

3. PAIRS OF LIE ALGEBRAS WITH ONLY TRIVIAL AFFINE CONNECTIONS

That means A(e,—2) = A(en—1) = A(en,) = 0. The torsion tensor is zero for all connections here, the
holonomy algebra is zero too. In this case semisimple transformation groups are not exist.

3.1. The Curvature Tensor is Zero

Theorem 4. Ii the pair (g, g) have only trivial affine connection, the curvature tensor is zero, g is
semisimple then (g, g) is equivalent to 8.1.1 (sl(3,R)), Levi decomposition {{—us, —ua, u1}, {2e3, €4,
—2e5 — 2ug, —eg, —€7 — U3, €8, €1 + UL, €1 + €2 + Uy }}.

Proof. 1f (g, g) is the three-dimensional homogeneous space 8.1.1 1], A|g = A then A is g-invariant
= [A(e1), Au1)] = A([er, u1]) = [Aler), Alur)] = A(ur) and p1.4 = pro = p2,1 = P22 = P23 = P31 =
p33 = 0. If [A(e2), A(u1)] = A([e2, u1]) = [A(e2), A(u1)] =0 then pi3=p32=0. [Ales), A(u1)] =
A(les, u1]), o [A(es), A( D] =Au2), a1 =q2=q3=q1=02=¢3=7¢p1=q2=q3=0.
If [A( ) ( )] A( 3) then M1=mTr12="T13=721=1722=7"23=731=7"32=733= 0. We have
A(ug) = A(ug) = A(ug) = 0.In other cases g is not semisimple. O

Theorem 5. If the pair (g, g) have only trivial affine connection, the curvature tensor is zero, g
is not semisimple, commutant of the radical of g is noncommutative then (g,g) is equivalent to
one of the pairs

Pair Levi decomposition g
7.2.1 {{us, ug,u1,2e4 +e5,e3,e2,e1}, {(1/2)es — €5, —e3 + 2¢¢,2e7}}
6.2.1 {{us, e, (BA —8)eq, (—8\ + 8)eq, (4N — d)uy, (4N — d)us},
{32e3, —32¢5 + (8 — 8\ )ug, 16e2 + (4X — 4)uy }}
6.3.1 {{us, ug, u1, eq,e5,e4}, {—4e1 + 2e5, —4dey + 2e4, —4es}}
6.4.1, A # 1/2 | {{us, ua,u1,eq,e5,e1},{—4ea + (2 — 2\)es, —4des + (2 — 2)\)eg, —4eq }}
Pair Levi decomposition g
7.2.1 {{e2, —e3,e1,2e4 + e5},{(1/2)es — e5,—e3 + 2eg,2e7}}
6.2.1 {{er, (=X +1)eq, (2A — 2)es }, {—4ea + (2X — 2)eq, —4e3, —4es + (2A — 2)es }}
6.3.1 {{2e5,2¢eq,e4},{—4e1 + 2e5, —des + 2e6, —4es}}
6.41,X#1/2 | {{es,e6,€1}, {—4e2 + (2 — 2\)es, —4e3 + (2 — 2N\)eg, —4ea}}

The proof just as above.

Theorem 6. /f the pair (g, g) have only trivial affine connection, the curvature tensor is zero, g
is not semisimple, commutant of the radical of g is commutative then (g,g) is equivalent to one
of the pairs
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Pair Levi decomposition g
9.1.1 {{eg, —usz, —2ug, —2uy },{—4e1 — 8uy, —2ey, 2eg, —4es, 2e, —e1 — €3 — 2uy,
2e7 + 4us, —4es — 8ua}}
7.1.1 {{—8e7,us, es, e1,dus, 4uq, 8es}, {32e4 + 16eg, —32¢5, 16e5 — 8e7}}
5.1.1 {{uy,es,e1 + €2, —ug, —uy },{4eyq, —4des + ug,4e1 — deg — ug }}
421, N #1/2 {{us, e1,8 \uy, —8Aus}, {32e5 + 16A\uy, —32ey4, 1665 — 8Aus}}
4.3.1 {{—u1,us,us,e1},{—e2 +u1,—es, —eq + us }}
4.5.1 {{u1,us, —ug,e1},{ea —u1,e3,eq —us}}
Pair Levi decomposition g
9.1.1 {{us}, {—4e1, —2ey, 2eg, —4es, 2e, —e1 — €2, 2e7, —4des}}
7.1.1 {{e1,e3, —eg,2e7},{—4es + 2e6, —4ey, —4des + 2e7}}
5.1.1 {{es,e1 + ea},{—e1 + ea, —2e4, —2¢5}}
421, X #1/2 | {{e1},{—4es, —4des, —4dey}}
4.3.1 {{e1},{—e2,—e3,—e4}}
4.5.1 {{e1},{e2,e3,€4}}

The proof just as above.

3.2. The Curvature Tensor is Not Zero

Theorem 7. If the pair (g,g) have only trivial affine connection, the curvature tensor is not
zero and the radical of g is commutative then(g,g) is equivalent to 2.9.12 (Levi decomposition
{{u1, —ea},{—2uq2, 2uy + 2us, —e1 — e2}}). Then curvature tensor

00 -1 000 1 00
00 0 |, 000]|, 0—-20]{,
00 O 000 0 0 2
p2. 0 p;
holonomy algebra 0 —2p2 O
0 0 2ps

Proof. Let (g,g) is the three-dimensional homogeneous space 2.9.12 [1], A is g-invariant =
[A(ea) A(u)] = A[e2, u1]) = [A(e2), A(u1)] =0, we have p31 =p32=p21 =p31=0,p33=pi1.
[Aler), A(ur)] = A([er, u1]) = [Aler), A(ur)] = A(wa), p11 = p12=p13=p22 = p23 = 0. If [A(ea),
A(ug)] = A([e2, u]) then [A(e2),A(u2)] =0, ¢31=g32=¢21=0, g33=q11. If [Ale1), A(uz)] =
M (u2) then gip =qi12 =q1,3 = @22 = 2,3 = 0. [A(e1), A(ug)] = pA(ug), 11,1 =112 =713 =721 =
7’272 = 7“273 = 7“371 = 7’372 = 7’373 =0. [A(eg),A(u;J,)] = A(ul), A(ul) = A(u2) = A(ZL3) =0. V = {[ (a:),
Ay)] — A([x, y])|z,y € g} is the holonomy algebra b*: A(g) = A(g) and [A(g), V] =[A(g),V] =V,
A(g) is equal to V. In this case ag = A(g) and h* = ag. In other cases g is solvable.

a

Theorem 8. /f the pair (g, g) have only trivial affine connection, the curvature tensor is not zero
and the radical of g is not commutative then (g, g) is equivalent to one and only one of the pairs
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Pair Levi decomposition
4.11.2 {{—e4,e1,e3,u1},{—ey — €4, —us,u; —ug}}
4.13.2 {{e1, —ea,e3,ur},{es — ea,uz, ug + us}}
4.13.3 {{e1,e2,—e3,ur},{—es — €4, —ug,u; —us}}
3.8.8 {{—e3,—ui,e1},{e1 —2ea+ (1/2)e3, —2ug, —u1 — 2usz}}
2.1.2 {{us,e2},{u1, —ug,e1}}
2.3.2 {{us,ea}, {—u2,u1,e1}}
2.3.3 {{us,ea}, {—u2,u1, —e1}}
Pair Curvature tensor
00 —1 0-10 0 0 0
4.11.2 00 01,10 0 0],]0 =10
00 O 0 0 O 0 0 1
0-10 00 —1 00 O
4.13.2 00 0,/]00 O 1],]100 -1
0 00 00 O 01-0
010 001 0 00
4.13.3 000],1000(,]0 0 1
000 000 0-10
00 —1 000 1 0 0
3.8.8 00 0 1],1000/(,]10 =20
00 O 000 0 0 2
-100 000 000
2.1.2 0 10f,4J000],{000
0 00 00O 000
0" F10 (0 00\ (000
2.3.2
+1 0 0 000,000
2.3.3
000 000
Pair Holonomy algebra Pair Holonomy algebra
0 0
4.11.2 0 —p; po] 4152 0 % —p]fg
4.13.3
0 0 ps 0 ps O
p2 0 —p; pr 0 0
3.8.8 0 —2ps, O 2.1.2 0 —p; O
0 0 2py 0O 0 O
0 —p; O 0 —p; O
2.3.2 p; 0 0 233 pr 0 0
0O 0 0 0O 0 O

4. PAIRS OF LIE ALGEBRAS ALLOWS NONTRIVIAL AFFINE CONNECTIONS
4.1. The Curvature and Torsion Tensors are Zero for All Connections
In this case semisimple transformation groups are not exist.

Theorem 9. If the pair (g,9) allows nontrivial affine connections, the curvature and torsion
tensors are zero for all connections and g is nonsolvable then (g,g) is equivalent to 6.3.2 (Levi
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decomposition g {{u},{—4e1,2es, —2ug, —4es, 2e5, —2ugz, —4des, —e1 — 3eq4 — uq }}, Levi decompo-
sition g {{ey,2es5,2e6}, {—4e1 + 2e5, —4es + 2eg, —4es}}), the connection

-2 0 0 0 00 0 00
0 -2 0], -200], 0 00
0 0 -2 0 00 200

Proof. 1t (g,g) is 6.3.2 [1] then [A(e2),A(u1)] = A([e2, u1]) = [A(e2),A(u1)] =0, p31 =p32 =
p12=0, p33=p22. [Ale1),A(u1)] = A([er,u1]) = p13 =p2,1 =p23=0. [A(es), A(u1)] = A([es,
u1]) = p22 = p11- 1T[A(e2), A(uz)] = O0thengz1 = g32 = q12 = 0,q33 = q2,2. [A(er), A(uz)} = A(uz),
1,1 =q22=¢q23=0.[A(e3), Alug)] = A(ug), ri1 =ri3=ro1 =roo=ro3=r32=r33=0131=
2,1, "1,2 = —q1,3. If [A(e4),A(u2)] = A(ZLQ) then 2= 0. [A(65),A(UQ)] = A(Ul) + A(el) =i 3A(64),
P11 =131 =—2. O

In this case if g is nonsolvable then the radical of g is commutative.

Theorem 10. /] the pair (g,g) allows nontrivial affine connections, the curvature and torsion
tensors are zero for all connections and g is solvable then (g, g) is equivalent to one and only one
of the following pairs:

Pair Levi decomposition g
5.9.2 {{2u1, €5, —2e2 + ug, e3, €1}, {—4eq,u1 + 4us, e5 + dus }}
4.19.2 {{2e1 + ug, e, —uy,eq}, {—(1/2)u; — ug,2e3 + ey, 2us}}
421.11, 0 #0,1,1/2 {{—pBes, —2u’es — 2uuy, uq, (21/p)er + us},
{—4ples, pres + ptur + 4pPus, —pdes + 4pPug}}
3.6.2 {{uz, —es + u1, 2}, {er, ur, ust}
3.12.2 {{—u1, —es, —2¢e; + ua}, {—(1/2)u; — ug, —2e3 — e3, —2us}}
3.13.6, 0 # 0,1 {{—-21/wer +uz, (1 — p)pur, —pes},
{( =2/ (2(=1 + p))ur — pPug, —2pey — pes, —2puz)}}
3.28.2 {{ug, —es, —u1}, {—2e; — ua, —2e2, —2us}}
287, A0#0 Huz, —(1/N)ez +ur}, {3e1, \2uy, A3ug}}
Pair Connection
5.9.2 0-10 0 00 0 00
3.12.2 0 00],]0-101],]0 0 O
3.13.6, 1 £ 0,1, -1,1/2 000/ \oo 1/ \o-10
010 00 O 000
4.19.2. 000f,]J01 0 [,]0O00O0
000 00 -1 010
000 00 O 000
42101, 4 #0,1,1/2 000/,lo1 0 |,[o0o0
000 00 -1 010
-1/20 0 000 0 00
3.6.2
287,A#0,1,-1,1/2 00 0 {000 0 00
0 01/2) \ooo/ \-1/200
0-10 0 -2 0 0 0 0
3.28.2 0 00,{]0-1 01},]0 0 O
0 00 0 0 -1 0-10
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In this case if g is solvable then the radical of g is noncommutative and commutant of the radical of g
is commutative.

4.2 The Curvature Tensor is Zero for All Connections, Torsion Tensor is Not Zero for Some
Connections

In this case the transformation group is not semisimple.

Theorem 11. [f the pair (g,9) allows nontrivial affine connections, the curvature tensor
is zero for all connections, torsion tensor is not zero for some connections, g iS nonsolv-
able, the radical of g is noncommutative, commutant of the radical of g is noncommuta-
tive too then (g,g) is equivalent to one of the [ollowing pairs: 6.4.1 (X=1/2, radical g
{us,ug,uy, e, es5,€1}, Levi decomposition g {{(1/2)es, eg, e1}, {—4es + e5, —des + e, —4des}}), 4.2.2
(Levi decomposition g {{e1,u2, —(1/2)u1, (1/4)us}, {—4es + u1, —4es + ug + (1/8)us, —4es}}, g —
{{er}, {—4e2, —4e3, —des}}).

Pair Connection
000 00 —T1,2 0 1,2 0
6.4.1,A=1/2 000f,]00 O 10 0 0
000 00 O 0 0 O
0 00 0 00 000
4.2.2 0 0 0]}, 0 00f,]000O0
0 ps2 0 —p32 0 0 000
Pair Torsion tensor
6.4.1,\=1/2 (0,0,0),(0,0,0), (—2r12,0,0)
4.2.2 (0,0,2p32 —1),(0,0,0),(0,0,0)

Theorem 12. [[ the pair (g,9) allows nontrivial affine connections, the curvature ten-
sor is zero for all connections, torsion tensor is not zero for some connections, g is non-
solvable, radical of g is.noncommutative, commutant of the radical of g is commutative
then (g,g) is equivalent to one of the [ollowing pairs: 5.3.1 (radical g {us,u2,u1,es,e1},
Levi decomposition g {{ei,ea},{—(1/2)e1 + e5,e2 — 2e3,2e4}}), 4.2.1 (A=1/2, Levi decom-
position g {{us,e1,4uy, —4us}, {32e3 + 8uy, —32e4,16e5 — dus}}, Levi decomposition g {{e1},
{—462, —463, —464}}).

Pair Connection
000 00 —7rp2 0720
5.3.1 000],]/]00 O {0 0 O
000 00 O 0 0 O
0 0 O 0 00 000
421, =1/2 0 0 0], 0 00f,]000O0
0 D3,2 0 —P3,2 00 000
Pair Torsion tensor
5.3.1 (0,0,0),(0,0,0), (—2r12,0,0)
421, =1/2 (0,0,2p32),(0,0,0),(0,0,0)

LOBACHEVSKII JOURNAL OF MATHEMATICS Vol.35 No.3 2014



226

MOZHEY

Theorem 13. If (g, g) allows nontrivial affine connections, the curvature tensor is zero for all
connections, torsion tensor is not zero for some connections, g is solvable then (g, g) is equivalent

to one of the pairs:

Pair Levi decomposition
42111, =1 {{—e4,2e1 + ug,uy, —2ey — 2u1 },{—4es, ea + uy + 4dus, —eq + 4dus}}
3.136,u=1 {{—u1,—2e1 + ug, —e3}, {—(1/2)u; — ug, —2e3 — €3, —2uz}}
287, 2=1 {{ug, —es +u1},{e1,u1,us}}
Pair Connection
000 00 q13 0 —q13 0
42111, p=1 000,101 O |s10 O O
000 00 —1 0O 1 0
0-10\ [0 0 g3\ [0 —qs0
3.13.6,u=1 00 O0f,{0-1 0 1],{0 0 O
0 00 0 0 1 0 -1 0
-1/2 0 0 00O 0 00
287, =1 0 0pes|-[000],]|—paz 00
0 01/2 000 -1/200
Pair Torsion tensor
42111, p=1 (0,0,0),(0,0,0),(2¢1,3,0,0)
3.136,u=1 (0,0,0),(0,0,0),(2¢1,3,0,0)
287, =1 (0,0,0), (0, 2p2.3,0) , (0,0,0)

[f g is solvable then the radical of g is noncommutative, commutant of the radical of g is commutative.

4.3. The Curvature Tensor is Not Zero for Some Connections, Torsion Tensor is Zero for All

Connections

In this case g is not semisimple and g is solvable.

Theorem 14. [ the pair (g,8) allows nontrivial affine connections, the curvature tensor is not
zero for some connections, torsion tensor is zero for all connections then (g,g) is equivalent to
one and only one of the following pairs:

Pair Levi decomposition g
42111, p=1/2 {{(=1/2)e2, (—=1/2)uq, (—1/8)ey,de1 + uz,u1 },
{(=1/2)es, (1/16)eg + (1/16)usr + (1/2)us, (—1/8)eq + uz}}
3.13.6, p=1/2 {—4261 + uQ,ul,eg}, {u1 + 2u9, 2e9 + 63,U3}}
287,\#0 {{uz, (=1/N)ea + ur }, {\3e1, \2uy, N3uz}}
Pair Connection
000 00 O 00 s
42111, p=1/2 000,101 0 |,{00 O
000 00 -1 01 0
0-10 0 00 0 0 73
3.13.6,u=1/2 00 0)J,{0-10)],{0 0 O
0 00 0 01 0-1 0
-1/20 0 000 0 0 0
287, A =1/2 0 0 01,1000/, 0 0 ro3
0 01/2 000 -1/20 0
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Pair Curvature tensor
000 000 00 33
42111, p=1/2 000)],/{000],{00 O
000 000 00 O
000 000 00 —3ri3
3.13.6,u=1/2 000),{000]),100 O
000 000 00 O
000 00 0 000
287, A=1/2 000|,{00 —3r23/2],1000
000 00 0 000
Pair Holonomy algebra g
0 pr pe
4?;.211?;.1617; _ 11//22 ns 70 |
’ 00 0
r3 =0 is equal to zero
0 00
2.8.7, A= 1/2 2.3 ?é 0 D1 0 D2
000
ro3 =0 is equal to zero

In this case if the radical of g is not commutative then commutant of the radical of g is commutative.

4.4. The Curvature and Torsion Tensors are Not Zero for Some Connections

Theorem 15. /] (g, g) allows nontrivial affine connections, the curvature and torsion tensors are
not zero for some connections, g is semisimple and g is semisimple too then (g, g) is equivalent to

one of the pairs:

Pair Connection
549 0pr2 O —p12 0 0 0 0 0
34.3 0 0 pi2], 0 0 O s —pi2 0 O
0 0 0 0 0 p12 0 —pi2 0
359 0 O 0 0 0 —pa2s 0 p23 0
35.3 0 0 pas]s 0 0 O s —p23 0 O
0 —p23 O p23 0 0 0 0 0
Pair Curvature tensor
0 p1,22 -1 0 —p1,2 +10 0 0
3.4.2 0 0 p1,22 — 1) 0 0 ) -1, 2 +1 0 0
0 0 0 0 0p12 -1 —p12®>+1 0
0 pro®+1 0 —p12>—10 0 0
3.4.3 0 0 p1,22 + 1) 0 0 ) -1, 2 -1 0 0
0 0 0 0 0p12 +1 —p12>—10
0 —p23?—10 0 0 —p2s?—1 0 0 0
3.5.2 p2s?+1 0 0 0 0 0 |0 0 —p2s®—1
0 0 0 p2s®+10 0 0 pas®+1 0
0  —pas®4+10 0 0 —pas®+1 0 0 0
3.5.3 p2732 -1 0 0 0 0 0 10 0 —p2,32 +1
0 0 0 p2,32 —-10 0 0 p2,32 -1 0
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Pair Torsion tensor
3.4.2,3.4.3 (2p1.2,0,0), (0,2p1.2,0) , (0,0, 2p; o)
3.56.2,3.5.3 (0,0,—2pa3), (0,2p2.3,0) , (—2p2.3,0,0)
Pair Holonomy algebra Pair Holonomy algebra
p2 p1 O p2 p1 O
3.4.2 p1722 75 1 ps 0  pyg 3.4.3 ps 0  pyg
0 p3 —p2 0 ps —p2
p1,22 =1 is equal to zero
0 —p1 —p2 0 —p; —po
3.5.3 pas® # 1 p; 0 —p3 3.5.2 ;0 —pg
p2 ps 0 p2. pg 0
]92,32 =1 is equal to zero

Theorem 16. If (g, g) allows nontrivial affine connections, the curvature and torsion tensors are

not zero for some connections, g is semisimple and g is not semisimple then (g, g) is

equivalent to

2 0 0
5.3.2 (Levi decomposition {{e1,ea}, {—(1/2)e1 + e5,e2 — 2e3,2e4}}), the connection [0 —1 0 |,
0 0 -1
00 —rip 07,20 00 —6r1o 0 6ri2 0
20 0 ,10 0 0], the curvature tensor 00 0 1o 0o o],
00 O 2 0 0 00 0 0 0 O
—47’172 0 0
0 2rs 0 |, the torsion tensor (0,0,0),(0,0,0),(—2r12,0,0), if r12 # 0 then holonomy
0 0 27"1,2

algebra s((3,R) else is equal to zero.

Theorem 17. If the pair (g, g) allows nontrivial affine connections, the curvature and torsion
tensors are not zero for some connections, g is not semisimple (or solvable), g is semisimple and
the radical of g is noncommutative (in this case commutant of the radical of g is commutative)
then (g,9) is equivalent to one and only one of the following pairs:

Pair Levi decomposition
3.3.2 {{us, —ug,u1},{2e2 + 2u; + us, —2ez,e1 — uz}}
3.3.3 {{—QZLQ, —2u1,U3}, {—461 + QZLQ, —462 — 2u1, —463}}
Pair Connection

0 0 pis 0 0 0 r1 0 0
3.3.2

0 0 0 ) 0 0 P13 | > 0 11 0
3.3.3

0 p3s2 O —p32 0 0 0 0 733
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Pair Curvature tensor
—P1,3P3,2 — T1,1 0 0 0 0 P1,373,3 — T1,1P1,3
3.3.2 0 —P1,3P32 —T1,1 0 ;10 0 0
0 0 2p1,3p3,2 — 13,3 0 p3ari1—733p32 0
0 0 0
0 0 p1,37r3,3 — 71,1013
—p3,2r1,1 +73,3p3,2 0 0
—P1,3P3,2 0 0 0 0 P1,373,3 — T1,1P1,3 — P1,3
3.3.3 0 —D1.3P3.2 0 o 0 0 :
0 0 2p1,3p3,2 0 p3a2m1,1 —73,3P3,2 — P32 0
0 0 0
0 0 p1,37r3,3—7T1,1P1,3 — P13
—p32711 +733P32+ P32 0 0
Pair Torsion tensor
3.3.2 | (0,0,2p32—1),(p1,3—71,1,0,0),(0,p1,3 —71,1,0)
3.3.3 1 (0,0,2p32), (P13 =711 —1,0,0),(0,p13—711—1,0)

Pair

Holonomy algebra

3.3.2 P13 7 0,p32 # 0,733 # =211 1

P13 7 0,p32 # 0,733 = =211

p1,3=0,p32 # 0,733 #r11,71,1 # 0

p1,3=0,p32 # 0,733 #r11,71,1 =0

P13 7 0,p32= 0,733 #7r1,1,71,1 # 0

P13 7# 0,p32 =711 =0,733 # 71,1

P13 =p32=0,r33 #r1,1,71,1 #0

P13 =p32=0,733 #1113 =0

P1,3p32 = 0,733 =711,71,1 # 0

else
asin 3.3.2, but

3.3.3

gl(3,R)

s((3,R)

Ps 0 0

0 Ps 0

P1 P2 T33P3/T11
0 0 O

0 0 O

p1 P2 Ps

ps 0 D1

0 ps D2

0 0 r33ps/ri
00 p;

00 p2

00 ps

pr O 0

0 D1 0

0 0 r33ps/ri
00 O

00 O

00 p;

pr 0 0

0 Pi1 0

0 0 ps

is equal to zero

trh* =0
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Theorem 18. [ the pair (g,g) allows nontrivial affine connections, the curvature and torsion
tensors are not zero for some connections, g is not semisimple (or solvable), g is semisimple and
the radical of g is commutative then (g, g) is equivalent to one of the following pairs:

Pair Levi decomposition
3.3.1 {{—2ug2, —2u1,us}, {—4e1 + 2uq, —4des — 2uy, —4es}}
3.4.1 {{UQ,—U3,U1},{62,—63 — U2, €1 +U1}}
3.5.1 {{—1@,211,—’113},{63,—62+UQ,€1 —U3}}
Pair Connection
0 O P13 0 0 0 71,1 0 0
3.3.1 0 0 0 s 0 0 pi3|> 0 rm1 O
0 ps2 O —p32 0 0 0 0 733
0 pip O -p12 0 O 0 0 0
3.4.1 0 0 piaf> 0 0 0 |s|-pi2 O O
0 0 0 0 0 pipo 0 -p12 0
0 0 0 0 0 —p23 0 p23 O
3.5.1 0 0 p23]-] 0 0 O | —p2s 0 0
0 —P2.3 0 D23 0 0 0 0 0
Pair Curvature tensor
—P1,3P3,2 0 0 0 0 P1,373,3 — T1,1P1,3
3.3.1 0 —P1,3P3,2 0 10 0 0 ,
0 0 2p1,3p3,2 0 p32r1,1 —13,3D3,2 0
0 0 0
0 0 p1,37r3,3 = 71,1P1,3
—p3,271,1 +73,3p3,2 0 0
0 [71722 0 —p1,22 0 0 0 0 0
341 0 0 p1722 ) 0 0 0 ) —p1722 0 0
0 0 0 0 0 p1722 0 —p1,22 0
0 —p2732 0 0 0 —p2732 0 0 0
3.5.1 paz2 0 0|, 0 0o o [.]0 0 —pus?
0 0 O p2,32 O O O p2,32 O
Pair Torsion tensor
3.3.1 (0,0,2p32), (p1,3 —71,1,0,0),(0,p1,3 — 71,1,0)
3.4.1 (2p1,2,0,0),(0,2p1,2,0),(0,0,2p; 2)
3.5.1 (0,0, —2p23),(0,2p23,0), (—2p2,3,0,0)
Pair Holonomy algebra
p2 p1 O
3.4.1 pr2 #0 ps 0 p;
0 ps —pe
p12=0 is equal to zero
0 —p1 —pe
3.5.1 P23 7é 0 D1 0 —p3
pe ps 0
p23 =0 is equal to zero
3.3.1 asin 3.3.2, buttrh* =0
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Theorem 19. I the pair (g,g) allows nontrivial affine connections, the curvature and torsion
tensors are not zero for some connections, g is not semisimple (or solvable), g is not semisimple
or solvable then (g, g) is equivalent to one and only one of the following pairs:

Pair Levi decomposition g
6.1.1 {{—2u1, —2e5,us, eq, —2e¢, —2us }, {—4e1 + 2e¢, —4es — 2e5, —4des}}
6.1.2 {{e4, —2ug2, —2eq, —2u1, —2es5, us }, {—4e1 + 2eg, —4es — 2e5, —4ez}}
6.1.3 {{—2ug, —2uy, —2eg, —2e5, us, e4},{ —4e1 + 2eq, —4deg — 2e5, ~4es}t}
5.2.1 {{—2e5, —2u1,us, —2us, —2e4 }, {—4e; + 2e5, —4des — 2ey, —4des}}
522 {{—2e4, —2uy,u3, —2us, —2e5}, {—4ey + 2e5 — deg — 2e4, —4deg}}
5.2.3 {{us, —2ug, —2uy, —2e5, —2e4 }, {—4e; + 2e5, —4des — 2ey, —4des}}
4.1.1 {{—u1,2us,us, e}, {—4es + 2uy, —deg, —4des + 2ug}}
Pair Levi decomposition g
6.1.1 {{—2ep, —2e5,e4}, {—4e1 + 2e5, —4ea — 2e5,—4e3}}
6.1.2 {{—2e5, €4, —2¢e5}, {—4e1 + 2e5, —4e9 —2e5, —4e3}}
6.1.3 {{—2e¢, —2e5,e4}, {—4e1 + 2e6, —4es — 2e5, —4e3}}
5.2.1 {{—e5,e4},{2e2,—2e3 — 2e5,€1 +e4}}
5.2.2 {{—e5,e4},{2e2, —2e3 — 2e5,1 +e4}}
5.2.3 {{—e5,e4},{2e2,—2e3 —2e5,€1 + e4}}
4.1.1 {{e1}, {—4uy, —4ug, dus}}
Pair Connection
6.1.1 00 pi3 00 O ri,r 0 0
6.1.2 00 0 [-[oops|:| 0o r1 0
6.1.3 00 0 00 0 0 0 ra+pis
00 g23 00 O ri,0 0 0
5.2.1 00 0 [,]00¢qa|>] 0 71 0
00 O 00 O 0 0 71+go3
00 g23 00 O ri,0 0 0
5.2.2 00 0 |5100 g3 | O ria 0
00 O 00 O 0 0 rmi1+gs3+1
00 g23 00 O ri,0 0 0
5.2.3 00 0 |+]00ggs]|:| 0 r 0
00 0 00 0 0 0 ri1+qgos+A
00ps) (00 0 ri1 00
4.1.1 00 0 |-[00pis|>] O m1 O
00 O 00 O 0 0 733
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Pair Curvature tensor
000 00 p13> 00 0
6.1.1 000,00 0 |,[00 pi3?
000 00 O 00 O
000 00 p3°—1 00 0
6.1.2 000,00 0 ;100 p1s?—1
000 00 0 00 0
000 00 p1g?+1 00 0
6.1.3 000|,]00 0O ;100 prs?+1
000 00 0 00 0
000 00 go3° 00 O
5.2.1 000,00 0 |[,]00 go32
000 00 O 00 O
000 00 g23%+ g2,3 — A\g23 00 0
5.2.2 000],]00 0 ;100 g23%+q03— Ag23
000 00 0 00 0
000 00 g3>+1 00 0
5.2.3 000].|0o0 0 ;100 gs?+1
000 00 0 00 0
000 00 P1,373,3 — T1,1P1,3 00 0
4.1.1 000],]00 0 [ 00 p13r3s—r1,1p1,3
000 00 0 00 0
Pair Torsion tensor
6.1.1 (0,0,0), (p1,3 = 71,1,0,0), (0, p13 — r1,1,0)
6.1.2 (0,0,0), (=p1,3+71,1,0,0) , (0, =p1,3 + 71.1,0)
6.1.3 (0,0,0),(=p1,3 +711,0,0), (0, =p1,3 + 71.1,0)
5.2.1 (0,0,0), (¢2,3 = 71,1,0,0),(0,q2,3 — r1,1,0)
5.2.2 (0 0 0), (q2 3—T1,1 — )\, 0,0) s (O,QQ,3 —T11— )\,0)
5.2.3 (0 0 0), (QQ 3—T1,1 — )\, 0,0) s (O,QQ,3 —T11— )\,0)
4.1.1 (0,0,0), (p1,3 —71,1,0,0), (0, p1.3 — r1,1,0)
Pair Holonomy algebra Pair Holonomy algebra
6.1.1 | pig#0 p 6.1.2 | pi3®#1 p
P13 =70 is equal to zero ps?=1 is equal to zero
6.1.3 p 5.2.1 72,3 # 0 p
q2,3 =10 is equal to zero
5.2.2 q2,3 75 0,A—1 p 4.1.1 P1,3 75 0,7’373 75 1,1 p
23 =0,A—1 is equal to zero p1,3(r33—ri1) =0 is equal to zero
5.2.3 p
00 py
Herep =10 0 py
000

In this case if the g is not semisimple then the radical of g is not commutative and commutant of the
radical of g is commutative.
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Theorem 20. /] the pair (g,g) allows nontrivial affine connections, the curvature and torsion
tensors are not zero for some connections, g is not semisimple (or solvable), g is solvable and the
radical of g is commutative then (g, g) is equivalent to one and only one of the following pairs:

Pair Levi decomposition
3.19.14 [ {{—ez, u1, es}, {—u1 + ua, —us, e1 — e2}}
3.21.6 {{—63,62,U1},{—U3,—u1+UQ,81 —63}}
3217 |{{u1,e2, —es}, {—us,u1 +uz, —e1 —es}}
3.25.30 | {{2u1, e1, 2}, {4e3, 2 + 4us, ur + dus}}
2.7.2 | {{ur,u}, {er, e2 +ui,uz}}
2.17.27 | {{ua, e2}, {2e1, e2 + u1, 2e2 + 2us}}
1.1.5 | {{us},{—e1, —u1, —ua}}
1.1.7 | {{us}, {—e1 — us, —u1, —u2}}
1.3.3 | {{us}, {e1 + us,u1,uz}}
1.3.4 | {{us}, {—e1 +us, —u1, —us}}
1.35 | {{us}, {e1,u1,u2}}
1.3.6 | {{us}, {—e1, —u1, —u2}}
1.5.19 | {{u2}, {e1,u1,us}}
1.82 |{{—e1+wi}, {ui,uo,us}}
Pair Connection

000 00 q1,3 0 T1,2 0
3.19.14|{o00],l00 O , {0 0 O
000 00 O 0 0 O
000 0 q12 q1,3 0 —q1,3 q1,2
210 000),(0 ; 0),(0 ; 0)
000 0 0 0 0 0 0
0 -1 p13 (0 0 qi3 Tid —q1,3 71,3
32530010 0 0 |,{0 =1 pis) | O ri 0
0 0 0 0 0 1 0 -1 r1,1+ D13
-1/2 p12 O ) (ql,l g2 O ) ( 0 0 0)
2.7.2 0 0 0 0 g2 O |, 0 0 0
0 0 -1/2 0 0 qia —1/2 p12 0
=10 p13 0 0qz3 T1,1 —q1,3 71,3
2.17.27 0 0 p23),|{ =10 q3],|—p23 ri,1+p13—¢q23 2,3
0 01 0 0 O —1 0 1,1+ D13
115 0 O P1,3 0 0 O 71,1 0 0
117 00 0 0 0 g3, O 72 O
0 p32 0 31 0 0 0 0 733
1.3.3 0 pi3 0 0 —p23 ri1 T2 0
1.3.4 0 p23 0 0 p13 s | —ri2 M1 O
31 D3,2 —P3,2 P3,1 0 0 733
135 0 p13 0 0 —p23 ri1 T2 0
1.3.6 0 p23 ) 0 0 pi3 |s|-"T27m,: O
3,1 D3,2 —p3z2 p31 O 0 0 733
—1/2 p12 P13 q1,1 41,2 41,3 T, T1,2 71,3
1.5.19 2,3 sl 0 @2 g3 || —p23 2o 79,3
0 p11+1 0 0 g —1/2 p12 T11+D13
0 P12 P1,3 —P12 41,2 q1,3 T1,1 1,2 71,3
1.8.2 0 0 pi2f; 0 0 qua2+pi3]s| —Pi2 "11+4q12 ri,2+q1,3
0 0 0 0 0 P12 0 —p12 T3 +2¢2+ D13
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Pair Curvature tensor
00 -1\ [0 -10\ [0 0 0
3.19.14 00 (0 .10 =1 0
00 0 0 0 1
0—-10 00 —1 00 O
3.21.6 0 (0 {00 -1
0 0 0 01 0
010 001 0 0 0
3.21.7 000],1]000}],]0 0 1
000 000 0 —-10
00 ps 0 —p1,3 p1,32 —2r1 1 0 2q1,3p1,3 — 31,3
3.25.30 00 0 [-/0 0 0 |, 0 —piz—2r, p13?
00 O 0 O 0 0 0 —p1,3 = 2r1,1
0 —q1,2/2+p1,2g2,2 — q1,1p1,2 O 000
2.7.2 0 0 01,100 0},
0 0 0 000
0 0
0 0 )
0 qiip12+q1,2/2 —p12g22 O
00 —3q1,3
2.17.27 00 p13—2q3 |-
00 0
—p1,3 — 2111 3q1,3 =4r1 54 p13% + q1,3D2,3
0 —2r11 — 2p1,3 +2G2,3 P2:3P1,3 + P2,3G2,3 — 32,3 | >
0 0 —p1,3 —2ri1
—2q13 0 q1,3P1,3 + q1,392,3
p1,3 — 2(]2,3 Q1,3 —71,3+ q1,3pP2,3 + (]2,32
0 0 q1,3
P1,3931 — 1 0 0 0 0 D1,373,3 — T1,1P1,3
1.1.5 0 —p3agas +1 0 ;10 0 0
0 0 D3,242,3 — D1,3G3,1 0 p3.2r22 —173,3P32 0
0 0 0
0 0 g23733 —T22q23
g3,17r1,1 — 13,3¢3,1 0 0
P1,3q3,1 — 1 — 111 0 0
117 0 —P32q23+1—729 0 )
0 0 D3,242,3 — D1,3¢3,1 — 73,3
0 0 D1,373,3 — T1,1D1,3
0 0 0 )
0 p32r22 — T33D3,2 0
0 0 0
0 0 g23733 —T22q23
g3,1m1,1 — 13,3¢3,1 0 0
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—P1,3P3,2 +P23P3,1 —T1,1 P1,3P3,1 +P23p32 —1—112 0
1.3.3 —D2,3P3,2 — P1,3P3,1 + 1+ 712 —p13p3,2+D2,3P31 — 71,1 0 )
0 0 —2p2.3p3,1 + 2p1,3P3,2 — 3,3
0 0 P1,373,3 — T1,1P1,3 — T1,2P2,3
0 0 D2,373,3 +T1,2P1,3 — T1,1P2,3 | »
P3.17T1,1 —P3,271,2 — 7'3,3P3,1 P3,171,2 + D3,271,1 — 73,3P3,2 0
0 0 —P2,373,3 — T1,2P1,3 + 71,1P2,3
0 0 P1,373,3 — T1,1P1,3 — T'1,2D2,3
—P3,2T1,1 — P3,171,2 + 73,3P3,2 P3,171,1 — P3,271,2 — 7'3,3D3,1 0
—P1,3P3,2 +P23P3,1 —T1,1 P1,3P3,1 +P23p32+1—r12 0
1.3.4 —P2.3P3,2 —P1,3P3,1 — L+ 712 —p13p32 +D23p31 —T11 0
0 0 —2p2.3p3,1+ 2p1,3P3,2 — 13,3
0 0 D1,373,3 — T1,1P1,3 — T1,2DP2,3
0 0 P2,373;3 + T1,2P1,3 — T1,1P2,3
P3,1T1,1 — P3,2T1,2 — T3,3P3,1 P3,171,2 + P3,271,1 — 73,3P3,2 0
0 0 —P2,373,3 — T1,2P1,3 + 71,1P2,3
0 0 P1,373,3 — T1,1P1,3 — T'1,2D2,3
—P32T1,1 —P3,171,2 + 73,3P32 P3,171,1 — P3,271,2 — 73,3D3,1 0
—Pp1,3P3,2 T P2,3P3,1  P1,3P3,1 T P2,3p32 — 1 0
1.3.5 —P2.3P3,2 —P1,3P3,1 +1  —p1.3p3.2 + D2,3p31 0 )
0 0 —2p2 3p31 + 2p1,3P3,2
0 0 D1,373,3 — T1,1P1,3 — T1,2DP2,3
0 0 D2,373,3 +T1,2P1,3 — T1,1P2,3 | >
P3,1T1,1 — P3,2T1,2 — T3,3P3,1 P3,171,2 £ P3,271,1 — 73,3P3,2 0
0 0 —P2,373,3 — T1,2P1,3 + 71,1P2,3
0 0 P1,373,3 — T1,1P1,3 — T'1,2P2,3
—P32T1,1 —P3,171,2 + 73,3P32 P3,171,1 — P3,271,2 — 73,3D3,1 0
—P1,3P3,2 + P2,3P3,1  P1,3P3,1 + P2,3p3z2 +1 0
1.3.6 —PD2,3P3,2 — P1,3P3,1 — 1 —p1.3p3,2 + P2,3P3,1 0 )
0 0 —2p2 331 + 2p1,3P3,2
0 0 D1,373,3 — T1,1P1,3 — T1,2DP2,3
0 0 D2,373,3 +T1,2P1,3 — T1,1P2,3 |»
P3,171,1 — P3,2T1,2 — T3,3P3,1 P3,171,2 + P3,271,1 — 7'3,3P3,2 0
0 0 —P2,373,3 — T1,2P1,3 + 71,1P2,3
0 0 P1,373,3 — T1,1P1,3 — T'1,2P2,3
—P3,2T1,1 — P3,171,2 + 73,3P3,2 P3,171,1 — P3,271,2 — 7'3,3D3,1 0
0 —(11,2/2 +P1,2022 — Q1,1P1,2 —q1,3 +P1,2G2,3 — q1,2D23
1.5.19 0 0 P2,3q1,1 — G2,2P2,3 — 42,3/2 | »
0 0 0
—P1,2P2,3 — p1,3/2 —Ti1 —37‘1,2/2 +p1,2722 +P1,3P1,2 — T1,1P1,2 A
0 2p1,2p23 —T22 B,
0 0 C
A= —2r13+p1aras+p13>—ri2p2s,
B =po3ri1+ 2p23piz — T2,2P2,3 — 3r2.3/2,
C = —p1ap2,3 —p1,3/2 — i1,
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—q1,2D2,3 — q1,3/2 qi1,171,2 + q1,272,2+ D
+q1,3P1,2 —T1,191,2 — 71,2422
P2,391,1 — 42,2P2,3 — (I2,3/2 D1,292,3 + q1,2D2,3 H 7
0 QP12+ @12/2 = Pir2ge2  q1,3/2 — P1292.3

D = qi272,3 + q1,3P1,3 — 71,2G2,3,
H = q227123 + q2,371,1 + q2,3P1,3 + P2,3G1,3 — 72,242,3 — 72,3G1,1
0 p122—pi2 3p13pi2—Dis

1.8.2 0 0 p1,22 —P1,2 ’

0 0 0

—2?1722 + P12 q1,2P1,2 —P1,3P1,2 — 41,2 P1,2G1,3 + 2]91,3(]1,2 + ]91,32 —q1,3
0 0 qi1,2p1,2 +2p13p1,2 —q1,2.— P13 | >
0 0 p1,22 —P1,2

—q1,2P1,2 — 71,1 —T12P1,2 + f11722 —P1,291,3 —T1,2 A

—p122 + P12 —P1,3P1,2 — T1,1 — q1,2 B |4
0 —p122 4+ p12 C

A= —2p1or13+3q1,2q1,3 + ¢1,3P1,3 — T1,2P1,3 — 71,3,
B=q 22 +2p13q12+D1,3% —T12p12 — T12 — G135
C=q2pi2+p1,3P1,2—T1,1 — 21,2 — P1,3

Pair Torsion tensor

3.19.14(0,0,0),(0,0,0), (q1,3 — r1,2,0,0)
3.21.6 |(0,0,0),(0,0,0),(2¢1,3,0,0)
3.21.7 1(0,0,0),(0,0,0), (2¢1,3,0,0)
3.25.301(0,0,0), (p1,3 — r1,1,0,0), (2¢1,3,p1,3 = 71,1,0)
27.2 (p1,2 —¢1,1,0,0),(0,0,0),(0,0,g1.1= p1,2)
2.17.27((0,0,0), (p1,3 — r1,1,2p2.3,0) , (2¢1,3,2¢2,3 — 71,1 — P1,3,0)
LS |(0,0,p32—¢31), (P1,3 =71,1,0,0),(0,g2,3 —72,2,0)
L7 (0,0,p32—g31=1),(p1,3—71,1,0,0),(0,g2,3 — 72,2,0)
1.3.3  [(0,0,2p32 — 1), (p1,3 = r1,1,P2,3 +71,2,0), (—=p2,3 — r1,2,P1,3 — 71,1,0)
1.34 |(0,0,2p32—1),(p1,3 —r1,1,p2,3 +71,2,0), (=p2,3 —71,2,01,3 — 71,1,0)
1.3.5 |(0,0,2p32),(pis —ri,1,p2,3 +71,2,0), (—p2,3 —T1,2,p1,3 —71,1,0)
1.3.6 71(0,0,2p32),(p1,3 —ri,1,p2,3 +71,2,0), (—p2,3 —71,2,P1,3 — 71,1,0)
1.5.19 | (p1,2 —1,1,0,0), (p1,3 — 71,1,2p2,3,0) , (1,3 — 71,2, G2,3 — 2,2, 41,1 — P1,2)
1.8.2 | (2p12—1,0,0), (p1,3 —71,1,2p1,2 —1,0),(q1,3 — r1,2,p1,3 — T1,1,2p1,2 — 1)
Pair Holonomy algebra
0 p2 p:
3.19.14 0ps O
0 0 —ps
3.21.6 09z po
3.21.7 00 —ps
0 Ps 0
p; 0 O
3.26.30 |p13=m1,3=0,m,1#0 0 p; O
0 0 D1
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0 p1 pe
p13=r1,1=0,7r13#0 00 0
0 0 O
b1 P2 Ps
p13=0,713#0,r11#0 0 p; O
0 0 py
(2r1,1/p1,3)P6 D2 D1
p13#0 0 py; + (1 +2r11/p1,3)ps D3
0 D5 —p; + (14 2r1,1/p13)ps
else is equal to zero
0 P1 0
272 | 2p12(qe2 —q11) # Q1.2 0 0O
0 P2 0
2p12(q22 —q1,1) = Q12 is equal to zero

Theorem 21. If the pair (g,g8) allows nontrivial affine connections, the curvature and torsion tensors are
not zero for some connections, g is not semisimple (or solvable), g is solvable and the radical of g is not
commutative then (g, g) is equivalent to one of the following pairs:

Pair Levi decomposition
42111, 0=0 {{8e4, —8ea — Buy, e1,us }, {=32es5,8e4 + 16us, 16e2 + 16u; — 32uz}}
3.13.6,u=0 {{2u, e3,e1}, {4ea, €3 + dus, uy +4us}}
287, A#£0 {H{ug, —(1/N)ea + u1 }, {IN3er; A2ug, Mug}}
A=0 {{ua, e2}, {er, ur,us}}
2.18.3 {{uz, ur}, {er €2 +ur,ush}
2214 {{e1 +ua, —e2 +us }, {ur, —us, u2}}
Pair Connection
00 p1;3 00 O ri1 0 0
42111, p=0 000 [>|01pig]-] O 71 0
00 O 00 —1 0 1 7m1+pis
0 -1 p13 0 0 O r11 0 0
3.136,u=0 00 0 |10 -1g3]|:] 0 7,1+p1,3—Ge3 72,3
0 0 0 00 1 0 -1 71,1 + P1,3
0 -1 0 0 0 0 0 0 0
3.13.6, u=—1 0 0 pes|-[0—-10|:f-p2s 0 0O
0 0 0 0 0 1 0 —-10
—1/2 0 p13 00 O rin 0 1,3
287, A=0 0 0 0 [5]100 g23]> 0 7ropo 0
0 0 1/2 00 O -1/2 0 7ri1+4+p13
-1/20 0 00 q1,3 0 m20
287, A=-1 0O 0 0 |-]00 O | 0 0 0
o 01/2/ \oo o ~1/2 0 0
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0 p12 0 q1,1 q1,2 0 6 0 O
2.18.3 00 00 gratpz O [-JO 0 O
0 0 O 0 0 Q1,1 0 pr2+10
0 pr2 O —p12 0 0 0 0 0
2.21.4 0 0 piafs] 0 0 0 |:[-p2a 0 0
0 0 O 0 0 pio 0 -pi20
Pair Curvature tensor
00 —p13 0 p13 p1,3> 2r11 0 0
4211, p=011o0 0 |-/0 0 0 |:| 0 pis+2r1  p1s°
00 O 0 O 0 0 0 p1,3 +2r11
00 —g23+2p1,3 0 —2p13+qe3 —T2.3+ P13’
3.136,1=0 |0 0 0 o 0 0 :
00 0 0 0 0
—2r1 4 0 0
0  qo3—2ri1—2p13 —4ras+qos”
0 0 92,3 —2r1,1 — 2p13
00 O P23 0 0 0 00
3136, p==1100 3paz|:| 0 —2p23 0 |:[3p23 00
00 0 0 0 pis 0 00
00 0 —p13/2—riqn 0  —2ri3+p13?
287,A=0 00 —q23/2 |+ 0 —T2,2 0 ’
00 0 0 0 —p13/2—r11
0 0 0
—q2,3/2 0 g2.371,1 + G2,3P1,3 — 72,242,3
0 0 0
00 —q3 0 —3r1,2/2 0 -13/20 0
287, =~ 00 0 |-fo o of: 0 0 0
0 0 0 0 0 q1,3/2
0 p12 +p12 0 000 0
2.18.3 0 ) 00 0) 0
0 000 0 —p122—pi2 O
0 p12% —pi12o —p12%+p12 0 0
2.21.4 0 0 pm?_pm : 0 0 0 :
0 0 0 0 0 p12%—pio
0 0 0
—p122 + P12 0 0
0 —p122+pi2 0
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Pair Torsion tensor
42111, p=0 (0,0,0), (p1,3 = 7r1,1,0,0), (0, p1,3 —71,1,0)
3136, on = 0 (0 0 0), (p1’3 —T1,1, 0, O) y (0, 2(]273 —T1,1 — P1,3, 0)
3.13.6, u=—-1 (0,0,0), (0,2p23,0),(0,0,0)
287,12 =0 (0,0,0), (p1,3 — r1,1,0,0), (0, g2,3 — r2,2,0)
287, \=— (0,0,0),(0,0,0), (g1,3 — r1,2,0,0)
2.18.3 (pl 2—q1,1+ 1,0, 0) (0,070), (0,07(]1,1 — P12 — 1)
2214 (2p1,2—1,0,0),(0,2p1 2 —1,0),(0,0,2p; 2 — 1)
Pair Holonomy algebra
pr 0 O
42111, pu=0 r117#0,p1,3=0 0 p; O
0 0 P1
YPe b2 b1
p13#0,y=2r11/p13 | 0 ps+(1+7)ps D3
0 Py =5+ (1+7)ps
else is equal to zero
pr 0 0
3.136,u=0 G2,3 = 2p1,3,723 = pig,T11 #0 0 p; O
0 0 py
Ps P2 p1
G2,3 = 2p1,3,72,3 # P13, m1,1 70 0 ps+ ps D3
0 T e
0 p2 ps
G23=2p13,723F Piasme=0 [0 ps ps
0 p; —ps
42,3 7# 2p1,35723 = (433 + a7 3)/4,7 = 2r1,1/(2p1,3 — 2,3)
TPs P2 P1
0 (y+1)ps 0
0 0 (v+ Dps
Q3 F#2013,723 # (633 + a7 3)/4 7 =2r11/(2p13 — 42.3)
YP6 b2 P
0 (y+1)ps+ps D3 , else is equal to zero
0 Py (v+Lps —ps
3.13.6, p =—1 P23 # 0 sl(3,R)
p2,3 =0 is equal to zero
b2 ps Pi1
287, A =-1 q1,3 75 0,7‘172 75 0 0O O 0
by b5 —DP2
p2 0 py
@13 #0,7112=0 00 O
ps 0 —pg
0 P1 0
@13=0,712#0 000
0 D2 0
else is equal to zero
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0 D1 0
2.18.3 pr2# 0,1 000
0 P2 0
p12=0,-1 is equal to zero
ps p1 O
2214 P12 #0,1 pe 0 p;
0 p2 —ps
p12=0,1 is equal to zero

[f the radical of g is not commutative then commutant of the radical of g is commutative.

We describe all invariant affine connections on three-dimensional homogeneous spaces with non-
solvable transformation group together with their curvature, torsion tensors and holonomy algebras. In
this work we use the algebraic approach for description of connections, methods of the theory of Lie
groups, Lie algebras and homogeneous spaces.

ACKNOWLEDGMENTS

[ would like to thank my teacher Boris Komrakov for sharing his vast knowledge in differential
geometry.

REFERENCES

B. Komrakov, A. Tchourioumov, N. Mozhey, et al., Preprints nos. 35—37, Univ. Oslo (1993).

. K. Nomizu, Amer. J. Math. 76, 33 (1954).

. S. Kobayashi and K. Nomizu, Foundations of Differential Geometry (John Wiley and Sons, New York,
vol. 1, 1963; vol. 2, 1969).

4. S.Kobayashi, Transformation Groups in Differential Geometry (Springer Verlag, Berlin—Heidelberg—New

York, 1972).

W N —

LOBACHEVSKII JOURNAL OF MATHEMATICS Vol.35 No.3 2014




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 600
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 5.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice




